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AUTHOR’S PREFACE 


This book contains, with slight variations, the material given in 
my course at the University of Paris. I have modified somewhat 
the order followed in the lectures for the sake of uniting in a single 
volume all that has to do with functions of real variables, except 
the theory of differential equations. The differential notation not 
being treated in the ‘‘ Classe de Mathematiques sp^ciales,” * I have 
treated this notation from the beginning, and have presupposed only 
a knowledge of the formal rules for calculating derivatives. 

Since mathematical analysis is essentially the science of the con- 
tinuum, it would seem that every course in analysis should begin, 
logically, with tlie study of irrational numbers. I have supposed, 
however, that the student is already familiar with that subject. The 
theory of incommensurable numbers is treated in so many excellent 
well-known Arorks f that 1 have thought it useless to enter upon such 
a discussion. As for the other fundamental notions which lie at the 
basis of analysis, — such as tlie upper limit, the definite integral, the 
double integral, etc., — I have endeavored to treat them with all 
desirable rigor, seeking to retain the elementary character of the 
work, and to avoid generalizations which would be superfluous in a 
V>ook intended for purposes of instruction. 

Certain paragraphs which are printed in smaller type tlian the 
body of the book contain either problems solved in detail or else 

♦An interesting account of French methods of instruction in ma 
ho found in an article by Pierpont, Btdltttin Atner. Math. Socletp^ Vol. VI, 3d series 
(IfKX)), p. 225.— Trans. 

t Such books are not common in English. The reader is referred to Pierpont, 
Theory of Functions of Real Variables^ Ginn & Company, Boston, 1906; Tannery, 
lte*!ons d*arUhm^tique, 1900, and other foreign works on arithmetic and on real 
functions. 
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supplementary matter which the reader may omit at the first read- 
ing without inconvenience. Each chapter is followed by a list of 
examples which aie directly illustrative of the methods treated in 
the chapter. Most of these examples have been set in examina- 
tions. Certain others, which are designated by an asterisk, are 
somewhat more dilficiilt. The latter are taken, for the most pail, 
from original memoirs to which references are made. 

Two of my old students at the Ecole Normale, M. l^mile Cotton 
and M. Jean Clairin, have kindly assisted in the correction of proofs; 
I take this occasion to tender them my hearty thanks. 


Januaky 27, 1902 


E. GOURSAT 



TRANSLATOR’S PREFACE 


The translation of this Course was undertaken at the suggestion 
of Professor W. F. Osgood, whose review of the original appeared 
in the July number of the Bulletin of the American Mathematical 
Society in 1903. The lack of standard texts on mathematical sub- 
jects in the English language is too well known to require insistence. 
I earnestly hope that this book will help to fill the need so generally 
felt throughout the American mathematical world. It may be used 
conveniently in our system of instruction as a text for a second course 
in calculus, and as a book of reference it will be found valuable to 
an American student throughout his work. 

Few alterations have been made from the French text. Slight 
changes of notation have been introduced occasionally for conven- 
ience, and several changes and additions have been made at the sug- 
gestion of Professor Goursat, who has very kindly interested himself 
in the work of translation. To him is due all the additional matter 


not to be found in the French text, except the footnotes which are 
signed, and even these, though not of his initiative, were always 
edited by him. I take this opportunity to express my gratitude to 
the author for the permission to translate the work and for the 
sympathetic attitude which he has consistently assumed. I am also 
indebted to Professor Osgood for counsel as the work progressed 
and for aid in doubtful matters pertaining to the translation. 

The publishers, Messrs. Ginn & Company, have spared no pains to 
make the typography excellent. Their spirit has been far from com- 
mercial in the whole enterprise, and it is their hope, as it is mine, 
that the publication of this book will contribute to the advance of 


mathematics in America. 


£. R. HEDRICK 


August, 1904 
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A COURSE IK MATHEMATICAL 
AKALY8IS 

CHAPTER I 

DERIVATIVES AND DIFFERENTDILS 

L FUNCTIONS OF A SINGLE VARIABLE 

1* Limits. When the successive values of a variable x approach 
nearer and nearer a constant quantity a, in such a way that the 
absolute value of the difference x — a finally becomes and remains 
less than any preassigned number, the constant a is called the 
limit of the variable x. This definition furnishes a criterion for 
determining whetlier a is the limit of the variaVde x. The neces- 
sary and sufficient condition that it should be, is that, given any 
positive number e, no matter how small, the absolute value of x — a 
should remain less than c for all values which the variable x can 
assume, after a certain instant. 

Numerous examples of limits are to be found in Geometry 
and Algebra. For example, the limit of the variable quantity 
X = (a® — m*) / (a — w), as m approaches ci, is 2 a ; for x — 2 a will 
be less than c whenever m — a is taken less than e. Likewise, the 
variable x = a — 1 / w, where n is a positive integer, approaches the 
limit a when n increases indefinitely ; for a — x is less than c when- 
ever n is greater than 1 /c. It is apparent from these examples that 
the successive values of the variable x, as it approaches its limit, may 
form a continuous or a discontinuous sequence. 

It is in general very difficult to determine the limit of a variable 
quantity. The following proposition, which we will assume as self- 
evident, enables us, in many cases, to establish the existence of a limit. 

Any variable quantity which never decreases^ and which always 
remains less than a constant quantity L, approaches a limit Z, which 
is less than or at most equal to h. 

Similarly, any variable quantity which never increases^ and which 
always remains greater than a cotisUmt qnantity L\ approaches a 
limit l\ ivhii'h is greater than or else equal to L\ 

1 



2 DEllIVATIVES AND DIFFERENTIALS [I, § 2 

For example, if each of an infinite series of positive terms is 
less, respectively, than the corresponding term of another infinite 
series of positive terms which is known to converge, then the first 
series converges also ; for the sum of the first n terms evidently 
increases with n, and this sum is constantly less than the total sum 

of tlie second series. 

2. Functions. When two variable quantities are so related that 
the value of one of them depends upon the value of the other, they 
are said to be functions of each other. If one of them be sup- 
posed to vary arbitrarily, it is called the independent variable. Let 
this variable be denoted by Xy and let us suppose, for example, 
that it can assume all values between two given numbers a and h 
(a < b). Let y be another variable, such that to each value of x 
between a and />, and also for the values a and b themselves, there 
corresponds one definitely determined value of y. Then y is called 
a function of defined in the interval («, b)y and this dependence 
is indicated by writing the equation y =/(jr). For instance, it may 
happen that y is the result of certain arithmetical operations per- 
formed upon X, Such is the case for the very simplest functions 
studied in elementary mathematics, e.g. polynomials, rational func- 
tions, radicals, etc. 

A function may also be defined graphically. Let two coordinate 
axes Ox, Oy be taken in a plane ; and let us join any two points A 
and B of this plane by a curvilinear arc A CB, of any shape, which 
is not cut in more than one point by any parallel to the axis Oy. 
Then the ordinate of a point of this curve will be a function of the 
abscissa. The arc ACB may be composed of several distinct por- 
tions which belong to different curves, such as segments of straight 
lines, arcs of circles, etc. 

In short, any absolutely arbitrary law may be assumed for finding 
the value of y from that of x. The word function, in its most gen- 
eral sense, means nothing more nor less than this : to every value of 
X corresponds a value of y. 

3 . Continuity. Tlie definition of functions to which the infini- 
tesunal calculus applies does not admit of such broad generality. 

et y _/(*) be a function defined in a certain interval (a, 6), and 
let ®o and a:* + h be two values of a: in that interval. If the difter- 
ence/(x„ + /,) _ approaches zero as the absolute value of h 
approaches zero, the function /fa-) i.s said to be continuous for the 
* 0 * loni the very definition of a limit we may also say that 
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a function f(x) is eontinuons for x Xaif, corresponding to every 
positive number c, no matter how small, we can find a positive num- 
ber If, such that 

\f{xn 4- A) — /(*o) I < < 

for every value of h less than r) in absolute value,*^ We shall say that 
a function f{oc^) is continuous in an interval (a, h) if it is continuous 
for every value of x lying in that interval, and if the difEerences 

f(a + A) - /(a), f{h - h) ~ f{h) 

each approach zero when A, which is now to be taken only positive, 
approaches zero. 

In elementary text-books it is usually shown that polynomials, 
rational functions, the exponential and the logarithmic function, 
the trigonometric functions, and the inverse trigonometric functions 
are continuous functions, except for certain particular values of 
the variable. It follows directly from the definition of continuity 
that the sum or the product of any number of continuous functions 
is itself a continuous function ; and this holds for the quotient of 
tw'o continuous functions also, except for the values of the variable 
for which the denominator vanishes. 

It seems superfluous to explain here the reasons which lead us to 
assume that functions which are defined by physical conditions are, 
at least in general, continuous. 

Among the properties of continuous functions we shall now state 
only the two following, which one might be tempted to think were 
self-evident, but which really amount to actual theorems, of which 
rigorous demonstrations will be given later, t 

I. If the function y =^(x) is continuous in the interval (a, 6), and 
if N is a number between f(n) and f(h')y then the equation f{x) = N 
has at least one root between a and b, 

II. There exists at least one value of x belonging to the interval 
(a, 6), inclusive of its end points, for which y takes on a value M 
which is greater than, or at least equal to, the value of the function at 
any other point in the internal. Likewise, there exists a value of x 
for which y takes on a value in, than which the function assumes no 
smaller value in the interval. 

The numbers M and m are called the maximum and the minimum 
values of f(x), respectively, in the interval (a, b). It is clear that 

* The notation | a | denotes the absolute value of a. 
t See Chapter IV. 
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the value of x for which f(x) assumes its maximum value Jl/, or the 
value of X corresponding to the minimum m, may be at one of the 
end points, a or b. It follows at once from the two theorems above, 
that if iNT is a number between M and m, the equation f(x) =s AT has 
at least one root which lies between a and b, 

4. Examples of discontinuities. The functions which we shall study 
will be in general continuous, but they may cease to be so for 
certain exceptional values of the variable. We proceed to give 
several examples of the kinds of discontinuity which occur most 
frequently. 

The function y = 1 / (a: — a) is continuous for every value Xq of 
X except a. The operation necessary to determine tlie value of y 
from that of x ceases to have a meaning when x is assigned the 
value a ; but we note that when x is very near to a the absolute 
value of 7/ is very large, and y is positive or negative with x — a. 
As the difference x a diminishes, the absolute value of y increases 
indefinitely, so as eventually to become and remain greater than any 
preassigned number. This phenomenon is described by saying that 
y becomes infinite when a; = a. Discontinuity of this kind is of 
great importance in Analysis. 

Let us consider next the function y = sin 1 /x. As x approaches 
zero, \/x increases indefinitely, and y does not approach any limit 
whatever, although it remains between -f 1 and — 1. The equation 
sinl/a; = A, where |A | < 1, has an infinite number of solutions 
which lie between 0 and c, no matter how small c be taken. What- 
ever value be assigned to y when ar = 0, the function under con- 
sideration cannot be made continuous for 5 c = 0. 

An example of a still different kind of discontinuity is given by 
the convergent infinite series 


5(x) = x» H ?! L . . 

X approaches zero, 5(x) approaches the limit 1, although 
(0) - 0- ^'or, when x = 0, every term of the series is zero, and 

hence i (0) _ 0. But if x be given a value different from zero, a 
g.o^tric progression is obtained, of whi<>.h the ratio is 1/(1 4- ,•). 

S(x) = _ a^’^Cl + x«) 

^ 1 


= 1 -h a?* 


1 -h X* 
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and the limit of iS? (x) is seen to be 1. Thus, in this example, the 
function approaches a definite limit as x approaches zero, but that 
limit is different from the value of the function for a; = 0. 

5. Derivatives. Lety*(x) be a continuous function. Then the two 
terms of the quotient 

fCx -h h) —fix) 
h 

approach zero simultaneously, as the absolute value of h approaches 
zero, while x remains fixed. If this quotient approaches a limit, 
this limit is called the derivative of the function f(x), and is denoted 
by y', or by f* (x), in the notation due to Lagrange. 

An important geometrical concept is associated with this analytic 
notion of derivative. Let us consider, in a plane XOY^ the curve 
AMBy which represents the function y = /*(«), which we shall assume 
to be continuous in the interval (a, V). Let M and be two points 
on this curve, in the interval (a, &), and let their abscissae be x and 
X -h A, respectively. The slope of the straight line MM' is then 
precisely the quotient above. Now as h approaches zero" the point 
M' approaches the point M\ and, if the function has a derivative, 
the slope of the line MM' approaches the limit y'. The straight line 
MM', therefore, approaches a limiting position, which is called the 
tangent to the curve. It follows that the equation of the tangent is 

Y-y = y'{X-x), 

where X and Y are the running coordinates. 

To generalize, let us consider any curve in space, and let 

= f(f)y 2/ = * (0^ « = ^ (0 

be the coordinates of a point on the curve, expressed as functions of 
a variable parameter t. Let M and M' be two points of the curve 
corresponding to two values, t and r A, of the parameter. The 
equations of the chord MM' are then 

f(t -h h)^f{t) + h) iKt-h h) - ^(t) 

If we divide each denominator by h and then let A approach zero, 
the chord MM' evidently approaches a limiting position, which is 
given by the equations 

X -fit) ^ r - »(0 ^ ^ 
fit) ^'(0 ’ 
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provided, of course, that each of the three functions /(«), 
possesses a derivative. The determination of the tangent to a curve 
thus reduces, analytically, to the calculation of derivatives. 

Every function which possesses a derivative is necessarily con- 
tinuous, but the (‘inverse is not true. It is easy to give examples 
of continuous functions which do not possess derivatives for par- 
ticular values of tlie variable. The function y == sin 1 /a*, for 
example, is a perfectly continuous function of x, for x = 0,* and y 
approaches zero as x approaches zero. But the ratio y Jx = sinl Jx 
does not approach any limit whatever, as we have already seen. 

Let us next consider the function y = a**. Here y is continuous 
for every value of x\ and y = 0 when x = 0. But the ratio y / x = x~^ 
increases indefinitely as x approacdies zero. For abbreviation the 
derivative is said to be infinite for x = 0; the curve which repre- 
sents the function is tangent to the axis of y at the origin. 

Finally, the function 

1 

xe/^ 

= i 

1 c® 

is continuous at x = 0,* but the ratio y /x approaches two different 
limits according as x is always positive or always negative while 
it is approaching zero. When x is positive and small, is posi- 
tive and very large, and the ratio y/x approaches 1. But if x 
is negative and very small in absolute value, is very small, and 
the ratio v / x approaches zero. There exist then two values of the 
derivative according to the manner in which x approaches zero : the 
curve which represents this function has a corner at the origin. 

It is clear from these examples that there exist continuous func- 
tions which do not possess derivatives for particular values of the 
variable. But the discoverers of the infinitesimal calculus confi- 
dently believed that a continuous function had a derivative in yen- 
eral. Attempts at proof were even made, but these were, of course, 
fallacious. Finally, Weie-rstrass succeeded in settling the question 
conclusively by giving examples of continuous functions which do not 
possess derivatives for any values of the variable whatever. t But 
as these functions have not as yet been employed in any applications, 

• After the value zero has been assigned to p for x = 0. — Translator. 

t Note read at the Academy of Sciences of Berlin, July 18, 1872. Other examples 
are to be found in the memoir by Darboux on discontinuous functions (AnncUea de 
VEcole Normale Superieure, Vol. IV, 2d series). One of Weierstrass’s examples is 
Kiven later (Chapter IX). 
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we shall not consider them here. In the future, when we say that 
a function f{x) has a derivative in the interval (a, 6), we shall mean 
that it has an uniqite finite derivative for every value of x between 
a and h and also for x = a (A. being positive) and for x ■=.}} (h being 
negative), unless an explicit statement is made to the contrary. 

6. Successive derivatives. The derivative of a function f(x) is in 

general another function of x, y*'(x). If /“'(x) in turn has a deriva- 
tive, the new function is called the second derivatioe of and is 

represented by y” or by /*"(x). In the same way the third deriva- 
tive or is defined to be the derivative of the second, and 

so on. In general, the nth derivative or is the deriva- 

tive of the derivative of order — 1). If, in thus forming the 
successive derivatives, we never obtain a function which has no 
derivative, we may imagine the process caiTied on indefinitely. In 
this way we obtain an unlimited sequence of derivatives of the func- 
tion f(x) with which we started. 8uch is the case for all functions 
which have found any considerable application up to the present 
time. 

The above notation is due to Lagrange. The notation or 

D^f(x)y due to Cauchy, is also used occasionally to represent the 
nth derivative. Leibniz’ notation will be given presently. 

7. Rolle’s theorem. The use of derivatives in the study of equa- 
tions depends upon the following proposition, which is known as 
Rollers I'heorem : 

Let a and h he two roots of the equation 0. If the function 
f(x) is continuous and possesses a derivative in the interval (a, ft), 
the equation f*(pc) = O has at least one root which lies between a and ft. 

For the function /(x) vanishes, by hypothesis, for x = </ and x = ft. 
If it vanishes at every point of the interval (a, ft), its derivative also 
vanishes at every point of the interval, and the theorem is evidently 
fulfilled. If the function y*(x) does not vanish throughout the inter- 
val, it will assume either positive or negative values at some points. 
Suppose, for instance, that it has positive values. Then it will have 
a maximum value M for some value of x, say Xi, which lies between 
a and ft (§ 3, Theorem II). The ratio 
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where h is taken positive, is necessarily negative or else zero. 
Hence the limit of this ratio, i.e. cannot be positive; i.e. 

/'(aji) < 0. But if we consider as the limit of the ratio 

- h ' 

where h is positive, it follows in the same manner that ^*'(*0 « 
From these two results it is evident that ^'(^0 ~ 


8. Law of the mean. It is now easy to deduce from the above 
theorem the important law of the mean : * 

Let f{x) he a continuous function which has a derivative in the 
interval (a, ^). Then 

(1) /(*)-/(«)= (6 -«)/'(c), 

where c is a number between a and h. 


In order to prove this formula, let </> (jr) be another function which 
has the same properties as/(.r), i.e. it is continuous and possesses a 
derivative in the interval (a, h). Let us determine three constants, 
A, B, C, such that the auxiliary function 

vanishes for x = a and for x = 6. The necessary and sufficient 
conditions for this are 


A/(a)-fB </»(«)+ C = 0, Af{h)-Jt B4>{b)+ C = 0; 
and these are satisfied if we set 


A = 4, (b), Ji = /(*) _ /(a), r- = /(o) ^ (h) - f(h) 4, (o), 

The new function thus defined is continuous and has a derivative 
lu the interval (a, b). The derivative ^'(a;) = ,1 /'(*) + B 4>'(x) there- 
fore vanishes for some value e which lies between a and b, whence, 
replacing A and B by their values, we find a relation of the form 

(!’) 14, (b) - i#> (a) J /'(«) = [/(*) - /(a)] 4,'(e). 

It is merely necessary to take 4 , (r) = a: in order to obtain the equality 
w 1 C was to be pioved. It is to be noticed that this demonstration 
does not presuppose the continuity of the derivative /'(x). 


• “ Forraule des accroissements finis.*' 
moyenne ” as a synonym. Other Enjflish 
and “ Mean value theorem.” — Tuans 


The French also use “ Formule de la 
synonyms are Average value theorem ” 
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From the theorem just proven it follows that if the derivative 
fXx) is zero at each point of the interval (a, ^), the function f(x) 
has the same value at every point of the interval ; for the applica- 
tion of the formula to two values x^y belonging to the interval 
(a, ft), gives =y’(»s). Hence, if two functions have the same 

derivative, their difference is a constant; and the converse is evi- 
dently true also. If a function F(x) he given whose derivative is 
f(pci)y all other functions which have the same derivative are found hy 
adding to -F(x) an arbitrary constant * 

The geometrical interpretation of the equation (1) is very simple. 
Let us draw the curve A MB which represents the function y = f(pc) 
in the interval (a, b'). Then the ratio \_f(h ') — — ®) is the 
slope of the chord AB, while f*(c) is the slope of the tangent at a 
point C of the curve whose abscissa is c. Hence the equation (1) 
expresses the fact that there exists a point C on the curve AMBy 
between A and By vjhere the tangent is parallel to the chord AB. 

If the derivative f'(x) is continuous, and if we let a and b approach 
the same limit Xq according to any law whatever, the number c, 
which lies between a and by also approaches Xq, and the equation (1) 
shows that the limit of the ratio 

b — a 

is The geometrical interpretation is as follows. Let us 

consider upon the curve y = a point M whose abscissa is Xo, 
and two points A and B whose abscissee are a and by respectively. 
The ratio {_f(h) — f{o.')'] / (h — a) is equal to the slope of the chord 
ABy while fX^^ is the slope of the tangent at AT. Hence, when 
the two points A and B approach the point M according to any law 
whatever, the secant approaches, as its limiting position, the 
tangent at the point M, 


* This theorem is sometimes applied without due regard to the conditions imposed in 
its statement. L»et /(a:) and 0(a;), tor example^ be two continuous functions which have 
derivatives ^'{x) in an interval (a, b). If the relation /'(*) 0(a:) — /(aj> = 0 

is satisfied by these tour functions^ it is sometimes accepted as proved that the deriva- 
tive of the function// 0 , or [f'(x) 0 (*) - /(*) 4>'(x)^ / 0 «, is zero, and that accordingly 
//0 is constant in the interval (a, b). But this conclusion is not absolutely rigorous 
unless the funotlon 0 (ac) does not vanish in the interval (a, 6). Suppose, for Instance, 
that 0 (x) and 0'(a!) both vanish tor a value c between a and 6 . A function /(aj) equal 
to Oj^(x) between a and c, and to C^ 90 (®) between c and b, where Oi and Cj are dif- 
ferent constants, is continuous and has a derivative in the interval (a, 6 ), and we have 
I'(x)^(x) — f{x)^'{x) = 0 for every value of x in the interval. The geometrical 
interpretation is apparent. 
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This does not hold in general, however, if the derivative is not 
continuous. For instance, if two points be taken on the curve 
y _ on opposite sides of the y axis, it is evident from a figure 
that the direction of the secant joining them can be made to approach 
any arbitrarily assigned limiting value by causing the two points to 
approach the origin according to a suitably chosen law. 

The equation (!') is sometimes called the generalized law of the 
mean. From it de ^Hospital’s theorem on indeterminate forms fol- 
lows at once. For, suppose f{a) = 0 and = 0. Replacing h 

by £c in (!'), we find 

where lies between a and x. This equation shows that if the 
ratio f\x) approaches a limit as x approaches a, the ratio 

f{x) / if> (x') approaches the same limit, if f(a) = 0 and (a) = 0. 


9. Generalizationa of the law of the mean. Various generalizations of the law 
of the mean have been suggested. The following one is due to Stieltjes {Bulletin 
de la Soci^t^ Matfuimatique^ Vol. XVI, p. 100). For the sake of definiteness con- 
sider three functions, /(x), g(x), A(a;), each of which has derivatives of the first 
and second orders. Det u, 6, r be three particular values of the variable (o < 6 < c). 
Let A be a number defined by the equation 


and let 



/(“) 

a (a) 

h (a) 


1 

a 

a* 


/(b) 

9(b) 

h(b) 

- A 

1 

b 

6* 


/(«) 

9(c) 

h(c) 


1 

c 

c2 


/(a) 

9(u.> 

h(a) 


1 

a 

a* 

0(x) = 

f(b) 

9(b) 

h(b) 

- A 

1 

b 

62 


/(*) 

9(x) 

h(x) 


1 

X 

X2 


be an auxiliary function. Since this function vanishes when x = 6 and when 
X = c, its derivative must vanish for some value i* between b and c. Hence 


f (a) 

g (a) 

h(a) 


1 

a a* 

f(b) 

9(b) 

h{b) 

- A 

1 

6 62 

/'(f) 

g'd) 

A'(f) 


0 

1 2r 


If h be replaced by x in the left-hand side of this equation, we obtain a function 
of X which vanishes when x = a and when x =■ b. Its derivative therefore van- 
ishes for some value of x between a and 6, which we shall call The new 
equation thus obtained is 


/(«> 

9 (o) 

h(a) 


1 

a 

a2 

/'(«) 

»'(«) 

A'(f) 

- A 

0 

1 

2f 

/'(f) 

ff'(f) 

A'(f) 


0 

1 

2r 


Finally, replacing by x in the left-hand side of this equation, we obtain a func- 
tion of X which vanishes when x = f and when x = f*. Its derivative vanishes 
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for Bomo value i|, which lies between £ and and therefore between a and c. 
Hence A must have the value 

/ (a) g (a) h (a) 

rU) *'(€) , 
r'iyi) rW h"{n) 

where ( lies between a and b, and 17 lies between a and c. 

This proof does not presuppose the continuity of the second derivatives 
/"(X), g''(x), h"(x). If those derivatives are continuous, and if the values a, b, c 
approach the same limit xo, we have, in the limit, 

/ (Xo) g (xo) h (xo) 
r(xo) g'(xo) h' (Xo) 
r'(Xo) g"(Xo) hr'(xo) 

Analogous expressions exist for n functions and the proof follows the same 
lines. If only two functions /(x) and g(x) are taken, the formulae reduce to the 
law of the mean if wo set g(x) = 1. 

An analogous generalization has been given by Schwarz (Animli di Mathe^ 
matica, 2d series, Vol. X). 


UtuA = 


1.2 



JL FUNCTIONS OF SEVERAL VARIABLES 

10. Introduction. A variable quantity w whose value depends on 
the values of several other variables, x, t/, t, which are in- 

dependent of each other, is called a function of the independ~ 
cut variables x, y, .“s, • • •, t; and this relation is denoted by writing 
to f 'i/j * * * t F^or dehniteness, let us suppose that to 
is a function of the two independent variables x and y. If we think 
of X and y as the Cartesian coordinates of a point in the plane, 
each pair of values (x, y) determines a point of the plane, and con- 
versely. If to each point of a certain region A in the xy plane, 
bounded by one or more contours of any form whatever, there 
corresponds a value of w, the function /’(■r, y) is said to be defined 
in the region A. 

Let (xo, yo) be the coordinates of a point 3/^ lying in this region. 
T?ie function f(x^ y) is said to be continuous for the pair of values 
(^o> yo) ifj corresponding to any preassigned positive number c, another 
positive number -q exists such that 

\f{^o + yo + k) — /(a?o, yo) I < € 
whenever | /*- ] < 17 cmd | A; | < 17. 

This definition of continuity may be interpreted as follows. T^et 
us suppose constructed in the xy plane a square of side 217 about 
Mq as center, with its sides parallel to the axes. The point 
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whose coordinates are Xo -I- A, y® + A, will lie inside this square, if 
I A| < 17 and | A| < 1;. To say that the function is continuous for the 
pair of values (®o> Vo) amounts to saying that by taking this square 
sufficiently small we can make the difference between the value of 
the function at Afo and its value at any other point of the square less 
than c in absolute value. 

It is evident that we may replace the square by a circle about 
(a-o, yo) as center. For, if the above condition is satisfied for all 
points inside a square, it will evidently be satisfied for all points 
inside the inscribed circle. And, conversely, if the condition is 
satisfied for all points inside a circle, it will also be satisfied for all 
points inside the square inscribed in that circle. We might then 
define continuity by saying that an 17 exists for every c, such that 
whenever "n/A® + <. 17 we also have 

l/(®o + A, yo -* A) yo) j < «• 

The definition of continuity for a function of 3 , 4 , - • • , n inde- 
pendent variables is similar to the above. 

It is clear that any continuous function of the two independent 
variables x and y is a continuous function of each of the variables 
taken separately. However, the converse does not always hold.* 

11 . Partial derivatives. If any constant value whatever be substi- 
tuted for y, for example, in a continuous function f{x^ y), there 
results a continuous function of the single variable x. The deriva- 
tive of this function of x, if it exists, is denoted by fj^ixy y) or by <i>,. 
Likewise the symbol or (ac, y), is used to denote the derivative 
of the function f(xy y) when x is regarded as constant and y as the 
independent variable. The functions (ac, y) and yj, (ac, y) are called 
the partial derivatives of the function f{Xy y). They are themselves, 
in general, functions of the two variables x and y. If we form their 
partial derivatives in turn, we get the partial derivatives of the sec- 
ond order of the given function f(Xy y). Thus there are four partial 
derivatives of the second order,/^(x, y),f^(x, y),f^(x, y),fy,(x, y). 
The partial derivatives of the third, fourth, and higher orders are 

• Consider, for instance, the function /'(a;, y), which is equal to ^xy / (a:* -H y*) when 
the two variables a; and y are not both zero, and which is zero when ac = y = 0. It is 
evident that this is a continuous function of a: when y is constant, and vice versa. 
Nevertheless it is not a continuous function of the two iudependent variables ac and y 
tor the pair of values a; = 0, y = 0 . For, if the point (ac, y) approaches the origin upon 
the line ac = y, the function/ (a:, y) approaches the limit 1, and not zero. Such functions 
have been studied by Baire in bis thesis. 



I. § 11] FUNCTIONS OF SEVERAL VARIABLES IS 

defined similarly. In general, given a function «i> = y, 0 

of any number of independent variables, a partial derivative of the 
nth order is the i*e8ult of n successive differentiations of the function 
f, in a certain order, with respect to any of the variables which occur 
in f. We will now show that the result does not depend upon the 
order in which the differentiations are carried out. 

Let us first prove the following lemma : 

Let o} = y) a function of the two variahles x and y. Then 
f^ == f^^ ^ provided that these two derivatives are continuous. 

To prove this let us first write the expression 

u =/(® + Aa-, y + Ay) —f(x, y -f- Ay) —f(x + Ax, y) +/(x, y) 

in two different forms, where we suppose that x, y, Aar, Ay have 
definite values. Let us introrluce the auxiliary function 

^ ('0 =/(* H - /(^> 

where v is an auxiliary variable. Then we may write 
u =il>iy + Ay)— <#>(y). 

Applying the law of the mean to the function 4^ (v), we have 

U = Ay ^y(tf + ^Ay), where 0 < d < 1 ; 

or, replacing by its value, 

^ = Ay H- Acc, y -|- B^y) — fy(x, y d^Ay)]. 

If we now apply the law of the mean to the function fy(uy y 4- BAy), 
regarding u as the independent variable, we find 

U = Ax Ayfy^(x -f Ax, y + ^Ay), 0 < d' < 1. 

From the symmetry of the expression U in x, y, Ax, Ay, we see that 
we would also have, interchanging x and y, 

U = Ay Axf^y (x + B[ Ax, y + Ay), 

where Bj and B[ are again positive constants less than unity. Equat- 
ing these two values of U and dividing by Ax Ay, we have 

4- ^Ax, y + 6>,Ay)=/„*(x + 0'Ax, y + dAy). 

Since the derivatives f^y (x, y) and (x, y) are supposed continuous, 
the two members of the above equation approach f^y (x, y) and 
fyx(j^j y), respectively, as Ax and Ay approach zero, and we obtain 
the theorem which we wished to prove. 
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It is to be noticed in the above demonstration that no hypothesis 
whatever is made concerning the other derivatives of the second order, 
and The proof applies also to the case where the function 
f(x^ y) depends upon any number of other independent variables 
besides x and y, since these other variables would merely have to 
be regarded as constants in the preceding developments. 

Let us now consider a function of any number of independent 
variables, .. 


and let O be a partial derivative of order n of this function. Any 
permutation in the order of the differentiations which leads to D 
can be effected by a series of interchanges between two successive 
differentiations ; and, since these interchanges do not alter the 
result, as we have just seen, the same will be true of the permuta- 
tion considered. It follows that in order to liave a notation which 
is not ambiguous for the partial derivativ^es of the 7ith order, it is 
sufficient to indicate the number of differentiations performed with 
respect to each of the inde^jendent variables. For instance, any nth 
derivative of a function of three variables, o> = y, z), will be 
represented by one or the other of the notations 


where 4- y 4- »* = w-* Either of these notations represents the 
result of differentiating f successively p times with respect to ac, 
q times with respect to y, and r times with respect to z, these oper- 
ations being carried out in any order whatever. There are three 
distinct derivatives of the first order, ; six of the second 

order, /^, /^, ; and so on. 

In general, a function of p independent variables has just as many 
distinct derivatives of order 7i as there are distinct terms in a homo- 
geneous polynomial of order n in p independent variables ; that is, 

(w -f 1) (n -f 2) — 1) 

1 . 2 ':" ' 

as is shown in the theory of combinations. 

JE*ractical rvles, A certain number of practical rules for the cal- 
culation of derivatives are usually derived in elementary books on 


* The uotatioii r (.p, y, z) is used instead of the notation (a*, y, z) f<»r 
simplicity. Thus the notaiiou y)^ used in place of y), is simpler and 

equally clear. — 
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the Calculus. A table of such rules is appended^ the function and 
its derivative being placed on the same line : 

y = a* y' = a* log a, 

where the symbol log denotes the natural logarithm ; 


y = log 5C, 

2/' = -; 

y = sin X, 

y' = cos X ; 

y = cos X, 

y' = — sin X ; 


r 1 

y = arc sin x. 

y ~ t • 


± VI - X* 

y = arc tan x. 

^ ~ 1 + X* ’ 

y = uvy 

y' = u'v 4- itv ' ; 

u 

u' V — 

V 

II 

y 

y* =/'(“) “.r i 

S 

II 

Vx = + 'v/.. 


The last two rules enable us to find the derivative of a function 
of a function and that of a composite function f,yf rtf u, con- 

tinuous. Hence we can find the successive derivatives of the func- 
tions studied in elementary niatheiaatics, — polynomials, rational 
and irrational functions, exponential and logarithmic functions, 
trigonometric functions and their inverses, and the functions deriv- 
able from all of tliese by combination. 

For functions of several variables there exist certain formulm 
analogous to the law of the mean. Let us consider, for definite- 
ness, a function y) of the two independent variables x and y. 

The difference f (x h, y k) — f(Xy y) may be written in the form 

/(« + A, y + k) y) = [/(a: + A, y + A) —f(x, y + A)] 

+ [/(»•> y + A)— /(x, y)], 

to each part of which we may apply the law of the mean. We 
thus ffnd 


/(x + A, y + A) — /(x, y) = hf^(x + dh, y + A) + kf^(x, y + tf'A), 

where $ and O' each lie between zero and unity. 

This formula holds whether the derivatives and^/^ are continu- 
ous or not. If these derivatives are continuous, another formula, 
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similar to the above, but involving only one undetermined number 
0, may be employed.* In order to derive this second formula, con- 
sider the auxiliary function 4- y -4- kt), where x, y, A, 

and k have determinate values and t denotes an auxiliary variable. 
Applying the law of tlie mean to this function, we find 

<#> ( 1 ) - ( 0 ) = <t>xe), 0 <$<1. 

Now ^(0 Is a composite function of t, and its derivative is 

equal to (x kt, y kt) + kfy (x 4- hf, y -|- kt ) ; hence the pre- 

ceding formula may be written in the form 

f(x -f- A, y + /:) — /(a;, y) == hf^ (x + Oh, !/ + 0k)-\- kf^(x ^eh,y + Bk). 


12. Tangent plane to a surface. We have seen that the derivative 
of a function of a single variable gives the tangent to a plane curve. 
Similarly, the partial derivatives of a function of two variables occur 
in the determination of the tangent plane to a surface. Let 

(2) = F(x, y) 

be the equation of a surface S, and suppose that the function F(x, y), 
together with its first partial derivatives, is continuous at a point 
(*o) yo) of the xy plane. Let Zq l)e the corresponding value of «, 
and Mo (xoy yo, «o) the corresponding point on the surface 5. If 
the equations 


(3) a!=/(0. y = » = 

represent a curve C on the surface S through the point Mq, the 
three functions y(i), which we shall suppose continuous 

and differentiable, must reduce to x., yo> *o> respectively, for some 
value <0 of the parameter t. The tangent to this curve at the point 
Mo ia given by the equations (§ 6) 


( 4 ) 


^ — Xq _ Y — I/O Z 

/'(«o) “■ 


Since the curve C lies on. the surface S,the equation ^(0=^[yT0» 
must hold for all values of t ; that is, this relation must be an identity 

““y obtained which involves only one undetermined number 0, 
tn h^Ws even when the derivatIvesAand/,, are discontinuons. For the applical 
gives ' *** anxlliary function «(«)=/(* + Af, y + *)+/{*, y + te) 

or 0(i)-«(o) = d.qy). o<y<i, 

/(* + A, y + fc) —/(X, y) = h/„(x + eh,y + k) + */,(*, y + fit), 0<g<^ 

•>*“« the Anal formula, all hold provided the deriva- 
Uves/, and/„ merely exist at the polnte (* + A<, y + *), (x, p + *«), 0 g t ^ 1 . — Tkawb. 
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in t. Taking the derivative of the second member by the rule for 
the derivative of a composite function, and setting t =: toy we have 

(6) =/'(<<.) + *'(*«) 

We can now eliminate between the equations (4) 

and (5), and the result of this elimination is 

(6) z-zo = (x-xo)r,^ + (r- Vo) F,.. 

This is the equation of a plane which is the locus of the tangents to 
all curves on the surface through the point Mq. It is called the tan- 
gent plane to the surface. 


13. Passage from increments to derivatives. We have defined the successive 
derivatives in terms of each other, the derivatives of order n being derived from 
those of order (n — 1), and so forth. It is natural to inquire whether we may 
not define a derivative of any order as the limit of a certain ratio directly, with- 
out the intervention of derivatives of lower order. We have already done some- 
thing of this kind for f^f, (§ 11); for the demonstration given above shows that/^y 
is the limit of the ratio 


/( X 4- Ax, y -H Ay ) -/(x H- Ax, 2/ ) -/(x, y H- Ay) +/(x, y) 

Ax Ay 

as Ax and Ay both approach zero. It can be shown in like manner that the 
second derivative f" of a function /(x) of a single variable is the limit of the 
ratio 

/(X + hi hz) —f(x + hi) —f{x + ^2) +/(g) 
h\h2 

as hx and both approach zero. 

For, let us set 

/i(x)=/(x + Ax)-/(x), 
and then write the above ratio in the form 

/i(x + h^) -/i(x) ^ fi{x + eh%) O<0<1; 

hi h^ hy 

” =/-(x + fl'h^ + Sh^), 0<e'<i. 

hi 


The limit of this ratio is therefore the second derivative provided that 
derivative is continuous. 

Passing now to the general case, let us consider, for definiteness, a function of 
three independent variables, w =/(x, y, z). Let us set 

aJw =/(x -h ft, y, z) -/(X, y, z), 
aJw =/(x, y + ft, *) -/(X, y, z>, 

Ajw =/(x, Vy z + 1) -/(X, y, z), 

where A* w, ta are the^rsf increments of «. If we consider h, ky I aa given 

constants, then these three first increments are themselves functions of x, y, z, 
and we may form the relative increments of these functions corresponding to 
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increments hj, h of the variables. This gives us the second increments, 
This process can be continued indefinitely ; an increment 
of order n would be defined as a first increment of an increment of order (n — 1). 
Since we may invert the order of any two of these operations, it will be suffi- 
cient to indicate the successive increments given to each of the variables. An 
increment of order n would be indicated by some such notation as the following : 

AC»)<- = A> • A*' aJ> . . • aJ* a'’ ■ - . a'-/(x, V, z), 

where p + g -h r = n, and where the increments h. A:, I may be either equal or 
unequal. This increment may be expressed in terms of a partial derivative of 
order n, being equal to the product 

A-i Ag • • ‘ Aj, li • • • li 

X yxPtflz^ "i~ Ai + • • • Bphp^ y B{ hi • • • + Bgkq^ z + Bi^li + • * • + Ir)» 
where every 6 lies between 0 and 1. This formula has already been proved for 
first and for second increments. In order to prove it in general, let us assume 
that it holds for an increment of order (n — 1), and let 

y, 2 ) = A** • ■ ■ A>aJ< • . • aJ*a'' • - . Ai'/- 

Then, by hypothesis, 

0 (x, y^z) — As * • hp k\ • hq l\ • • • It f tp~ * tflz^ (x “1* ^2 Ag + * ' Bp Ap, y ^ ^ z-{- • • •), 
But the nth increment considered is equal to 0(x -f Ai, y, z) — 4»{x^ y, z) ; and if we 
apply the law of the mean to this increment, we finally obtain the formula sought. 
Conversely, the partial derivative is the limit of the ratio 
^*1 ^*1 . . . A^* • • • y 

_x “z •' 

Aj Ag • Ag • • • Jcq li • • If 

as all the increments A, fc, I approach zero. 

It is interesting to notice that this definition is sometimes more general than 
the usual definition. Suppose, for example, that w r=/(x, y) = 0(x) + ^(y) is a 
function of x and y, where neither 0 nor ^ has a derivative. Then a/ also has 
no first deriiative, and consequently second derivatives are out of the question, 
in the ordinaiy sense. Nevertheless, if we adopt the new definition, the deriva- 
tive /xj, is the limit of the fraction 

f(x + A. y + A) -/(X -h A, y) — /(x, y + A) -h/(x, y) 

AA 

which is equal to 

0 (X -f A) -t- vf' (y -f A ) — 0 (x + A) — ^ (y) — 0 (x) — vf' (y + A) + 0 (x) + ^ (y) 

” ■ A A 

But the numerator of this ratio is identically zero. Hence the ratio approaches 
zero as a limit, and we find /j-,,. = 0.* 


* A similar remark may be made regarding functions of a single variable. For 
example, the fanctiony‘(a:) = aj* cos 1 /x has the derivative 

/'’(x) = 3 x*co 8^ 4- xsin-* 

X X 

^ud/''(x) has no derivative for x — 0. But the ratio 

/p nr) - 2/(nr) -f f (0) 

or 8 a cos (1 / 2 or) — 2 nr cob (1 / a), has the limit zero when or approaches zero. 
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III. THE DIFFERENTIAL NOTATION 

The differential notation, which has been in use longer than any 
other,* is due to Leibniz. Although it is by no means indispensable, 
it possesses certain advantages of symmetry and of generality which 
are convenient, especially in the study of functions of several varia- 
bles. This notation is founded upon the use of infinitesimals. 

14. Differentials. Any variable quantity which approaches zero as 
a limit is called an infinitely small quantity^ or simply an infinitesir- 
mal. The condition that the quantity be variable is essential, for 
a constant, however small, is not an infinitesimal unless it is zero. 

Ordinarily several quantities are considered which approach zero 
simultaneously. One of them is chosen as the standard of compari- 
son, and is called the principal infinitesivi^L Let or be the principal 
infinitesimal, and another infinitesimal. Then is said to be an 
infinitesimal of higher order with respect to or, if the ratio / ac 
approaches zero with a. On the other hand, 0 is called an infini- 
tesimal of the first order with respect to tr, if the ratio P / cc 
approaches a limit K different from zero as a approaches zero. In 
this case 


where c is another infinitesimal with respect to or. Hence 
P = a (K + c) = Ka -f- ac, 

and Ka is called the principal part of p. The complementary term 
ac is an infinitesimal of higher order with respect to cr. In general, 
if we can find a positive power of or, say a*, such that )8/a" 
approaches a finite limit K different from zero as or approaches 
zero, p is called an infinitesimal of order n with respect to or. Then 
we have 

or 

iS = a" (/l + c) = A\«r» -f 

The term Ko^ is again called the principal part of 

Having given these definitions, let us consider a continuous func- 
tion y = y*(2c), which possesses a derivative Let Aa: be an 


* With the possible exception or Newton’s notation. — Trans. 
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increment of x, and let Ajy denote tlie corresponding increment of y. 
From the very definition of a derivative, we have 


Ay 

Ax 






where c approaches zero with Ax. If Ax be taken as the principal 
infinitesimal, Ay is itself an infinitesimal whose principal part is 
f'(x) Ax.* This principal part is called the differential of y and is 
denoted by dy. 

dy=fXx)Ax, 

When /(x) reduces to x itself, the above formula becomes dx = Ax ; 
and hence we shall write, for symmetry, 

where the increment dx of the independent variable x is to be given 
the same fixed value, which is otherwise arbitrary and of course 

variable, for all of the several dependent 
functions of x which may be under consid- 
eration at the same time. 

Let us take a curve C whose equation is 
y=^/‘(x), and consider two points on it, M 
and M', whose abscissm are x and x -f- dx, 
-- respectively. In the triangle MTN we have 

NT = MN tan Z TMN = dxf\x). 

Hence NT represents the differential dy, 
while Ay is equal to NM\ It is evident from the figure that M*T 
is an infinitesimal of higher order, in general, with respect to NT, 
as ^T approaches M, unless MT is parallel to the x axis. 

Successive differentials may be defined, as vrerc successive deriv- 
atives, each in terms of the preceding. Thus we call the differ- 
ential of the difftirential of the first order the differential of the 
second order, where dx is given the same value in both cases, as 
above. It is denoted by d^y\ 

J^y = d (dy) = [/"(*) rfx] dx = f’'(x) (dxy. 

Similarly, the third differential is 



<Py = d (d^y) = [/"'(*) dx^-] dx =/"'(*) {dx)*, 


• Stnctly speaking, we should here exclude the case where /'(*) = 0. It is, how> 
over, convenient to retain the same doflnition of rfj, = /"(*) A* in this case also, 
even though it is not the principal part of Ay, — Trans, 
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and so on. 
(ti — 1) is 


In general, the differential of the differential of order 


The derivatives /'(a?), • ■ • ean be expressed, on 

the other hand, in terms of differentials, and we have a new nota- 
tion for the derivatives : 





dx^ ’ 




dx^ * 


To each of the rules for the calculation of a derivative corresponds 
a rule for the calculation of a differential. For example, we have 


dx”^ = mx”^~^dXi 


d log X = — 9 
X 


d log a dx ; 

d sin X = cos x dx \ 


d arc sin x = 


dx 


±vr^ 


d arc tan x = 


dx 

i -f X* 


Let us consider for a moment the case of a function of a function. 
Let y = y*(w), where « is a function of the independent variable sr. 
Then . 

whence, multiplying both sides by dx, we get 


that is, 


y^dx =/'(w) X u^dx-, 
=f^(u)du. 


The formula for dy is therefore the same as if u were the inde- 
pendent variable. This is one of the advantages of the differential 
notation. In the derivative notation there are two distinct formulae, 


y. = /'(*)» Vx = /'(“) w 

to represent the derivative of y with respect to x, according as y is 
given directly as a function of x or is given as a function of x by 
means of an auxiliary function u. In the differential notation the 
same formula applies in eacih case.* 

If y z^f(u, V, w) is a composite function, we have 

y^ = W:./„ + Vx/v -b 

at least if are continuous, or, multiplying by dx, 
y^dx = U^dxf^ + V^dxf^ -f w^dxf^ ; 


* This particular advantage is Rliffht, however ; for the. last formula above is equally 
well a general one and covers both the cases mentioned. — Trans. 
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that is, 


^1/ +f„dv 


Thus we have, for example, 

\ j I j vdu — udv 

d (uv) = udv V dUy rf f — 1 = 

The same rules enable us to calculate the successive differentials. 
Let us seek to calculate the successive differentials of a function 
y =y(w), for instance. We have already 

dy = f*(%C)du. 

In order to calculate cPy, it must be noted that du cannot be regarded 
as fixed, since u is not the independent variable. We must then 
calculate the differential of the composite function f^(u)du^ where u 
and du are the auxiliary functions. We thus find 


d^y =^r\u)du^ -i-/Xu)(Pu. 

To calculate d^y, we must consider (Py as a composite function, with 
u, du^ cPu auxiliary functions, which leads to the expression 

<Py ^f^\u)du^ + dudPu + fXu)cPu ; 

and so on. It should be noticed that these formulas for (Py, 
etc., are not the same as if u were the independent variable, on 
account of the terms d'^u, d^Uy etc.* 

A similar notation is used for the partial derivatives of a function 
of several variables. Thus the partial derivative of order n of 
y*(*j t/i ^)f which is represented by in our previous notation, 

is represented by 

dx-drdz’’ P + 9 + r=n, 

in the differential notation. f This notation is purely symbolic, and 
in no sense represents a quotient, as it does in the case of functions 
of a single variable. 


15. Total differentials. Let =f(x, y, s?) be a function of the 
three independent variables ar, y, n;. The expression 


dft> = ~ dx -p — dy 
vx dy ^ 


ds 


d^ 


* This disadvantage would seem completely to offset the advantage mentioned 
above. Strictly speaking, we should distinguish between d^y and djj/, etc. — Trans. 

t This use of the letter 0 to denote the partial derivatives of a function of several 
variables is due to Jacobi. Before his time the same letter d was used as is used for 
the derivatives of a f unciion of a single variable. 
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is called the total differential of cd, where dx^ dy^ dz are three fixed 
increments, which are otherwise arbitrary, assigned to the three 
independent variables x, y, z. The three products 




¥dy, ¥d. 

dy dz 


are called partial differentials. 

The total differential of the second order d^m is the total differ- 
ential of the total differential of the first order, the increments 
dx, dy, dz remaining the same as we pass from one differential to 
the next higher. Hence 


d^m 

or, expanding. 


= 


4 - 

4 


= d(dai)=^rfa- 


ddui 

dy 


dy 


dd<o 

'd^ 


dz ; 


( 1 ^*’+ 


dx + 


dx dy 

dy 

d\f 


dy + 


\^x dy 

^\dx da ^ dy dz 

»*/ , , a*/ . , 


«dy 


dy + 
*' dz^ 




d. 


dz^ 


dx 

dy 

dz 


2 dxdy + 2 dx dr. + 2 dy dz. 

dx dy dx dz </y dz 


If be replaced by dff, the right-hand side of this equation 
becomes the square of 


^ dx + ^dy + 
dx ^dy^ 



We may then write, symbolically, 

it being agreed that dff is to be replaced by d'^f after expansion. 

In general, if we call the total differential of the total differential 
of order (n — 1) the total differential of order n, and denote it by 
we may write, in the same symbolism, 

dru> = (^dx + ^^dy + ^dzy”\ 

where dff is to be replaced by d**f after expansion ; that is, in our 
ordinary notation. 
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d^dy<d>r, p + q + T^n, 

where . 

A = ”• 

jE> ! ^ ! r! 

Is the coefficient of the term in the development of (a -|- 6 -f-c)". 

For, suppose this formula holds for We will show that it then 

holds for and this will prove it in general, since we have 

already proved it for w = 2. From the definition, we find 


+ = d(d^u>) 

^» + 1 /• T 

+ o ^ dxPdy^dz^^' ; 

aa:pa//»a'=^ + i */ j 

whence, replacing right-hand side becomes 

i — ?J T. .jj^p ffyQ ^ I ^y* I ^ 

dx>‘ di/> d.~.' ^ Vax ^dt/ } ' 


25i^« 


or 


+ £/y + if if • 

Hence, using the same symbolism, we may write 




dx + -,- - dy + 




Note. Let us suppose that tlie expression for du>, obtained in any 
way whatever, is 

(7) d<o = P dx Qdf/ R dzj 

where Pj Q, R are any functions a:, y, z. Since by definition 

, dm d du> _ 

doi = ^ dx -h du — dz, 

Ox oz 

we must have 


(fe - +(fc - ^■‘y + (te - *)* - 0. 

where dx^ dy^ dz are any constants. Hence 


(8) 



The single equation (7) is therefore equivalent to the three separata 
equations (8); and it determines all three partial derivatives at once. 
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In general, if the nth total differential be obtained in any way 
whatever. 


then the coefficients are respectively equal to the corresponding 
nth derivatives multiplied by certain numerical factors. Thus all 
these derivatives are determined at once. We shall have occasion 
to use these facts presently. 


16. Successive differentials of composite functions. Let o> = F(n, v, w) 
be a composite function, n, v, w being themselves functions of the 
independent variables y, f. The partial derivatives may then be 
written down as follows : 


dm dF I I 

dx du dx dv dx dw dx * 
dFdv dFdw 
dy du dy dv dy dw dy * 

dw dFdu dFdv dFdw 

dz du dz dv dz dw dz * 

dm dFdu dFdv dFdw 

dt du dt dv dt dw dt 


If these four equations be multiplied by dx, dy, dz, dt, respectively, 
and added, the left-hand side becomes 


dm t j I 


that is, dm ; and the coefficients of 


dF dF dF 

du * dv^ dw 

on the right-hand side are du, dv, dw, respectively. 


( 9 ) 


dm = - 5 — du dv dw, 

du dv dw 


Hence 


and we see that the expression of the total differential of the first 
order of a composite function is the same as if the auxiliary functions 
were the independent variables. This is one of the main advantages 
of the differential notation. The equation (9) does not depend, in 
form, either upon the number or upon the choice of the independent 
variables ; and it is equivalent to as many separate equations as 
there are independent variables. 

To calculate d^m, let us apply the rule just found for dm, noting 
that the second member of (9) involves the six auxiliary functions 
u, V, w, du, dv, dw. We thus find 
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c£^o> = 


d^r 

du^ 
d^F 
du dv 
d^F 
du dw 


du^ 


du dv 


dudw -H 


d^F 
du dv 
d^F 
do^ 
d^F 
dv dw 


dudv -H 


dv^ 


dv dw 


d^F 
du dw 
d^F 
dv dw 
d^F 


du dw 


dv dw 


dF 

du 

dF 

dv 


€Fu 


cPv 


dw^ 


dF 


or, simplifying and using the same symbolism as above, 




(dF ^ ^dF , , dF V 

du dv + — dw ) 

\^€U OV CW / 


<2) dF 
+ ^ d^u 
cu 


do 


d^v 


dw 


d^ur. 


This formula is somewhat complicated on account of the terms in 
d^u, d^v, d^w, which drop out when v, w are the independent 
variables. This limitation of the differential notation should be 
borne in mind, and the distinction l>etween d^tD in tlie two cases 
carefully noted. To determine (Ftny we would apply the same rule 
to d^ oi, noting that <i^<o depends upon the nine auxiliary functiongi^ 
Uy Vy Wy duy dv y dw y d^ Uy d^ V y d^ w \ and so forth. The general expres- 
sions for these differentials become more and more complicated ; 

is an integral function of dUy dvy dw, d^Uy • • •, d^ii, d^Vy d^Wy and 
the terms containing d^Uy d^Vy d**w are 


dF , dF ^ dF , 

<Fu -f- d^'v + 7^ — d'^w, 
du dv dw 


If, in the expression for c?"ai, w, v, Wy du, dVy dw, • • • be replaced by 
their values in terms of the independent variables, a?" ci> becomes an 
integral polyiiomial in dx, dy, dz, • - • whose coefficients are equal 
(ci. Note, §15) to the partial derivatives of o> of order n, multiplied 
by certain numerical factors. We thus obtain all these derivatives 
at once. 

Suppose, for example, that we wished to calculate the first and 
second derivatives of a composite function a> = f(ii)y where is a 
function of two independent variables u <f> (Xy y). If we calculate 
these derivatives separately, we find for the two partial derivatives 
of the first order 


( 10 ) 


d CO du d u> d to du 

dx du dx dy du dy 


Again, taking the derivatives of these two equations with respect 
to Xy and then with respect to y, we find only the three following 
distinct equations, which give the second derivatives ; 
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8*<o / dtp 

du^\^) 

^*ci> ^a> 

du^ doc, dy du dx dy^ 

aw® \ay / dxi dy^ 

The second of these equations is obtained by differentiating the 
first of equations (10) with respect to y, or the second of them with 
respect to x. In the differential notation these five relations (10) 
and (11) may be written in the form 


( 11 ) 


dx^ 
a«a> 
dx dy 

dy^ 


( 12 ) 


i: 


dm = ^ du. 


du 

t>= dxi^ -h 7^- dru, 

our Ou 


If du and d^u in these lormulas be replaced by 


du _ , du _ 

dx dy 

dij 


dx 


and 


a*tt 

dx^ 


dx^ H- 2 


d^u 
dx dy 


dx dy -f 


dy^ 


dy\ 


respectively, the coefficients of dx and dy in the first give the first 
partial derivatives of cu, while the coefficients of da?*, 2 dx dy^ and 
d?y“ in ,the second give the second partial derivatives of ci>. 


17. Differentials of a product. The formula for the total differential 
of order n of a composite function becomes considerably simpler 
in certain special cases which often arise in practical applications. 
Thus, let us seek the differential of order n of the product of two 
functions <u = uv. For the first values of n we have 


deu = V dxi -|- u dv, d^ oj = v d® -I- 2 dw dw H- w d® v, • — ; 

and, in general, it is evident from the law of formation that 

d"a> = v dTu -h C^dv d"~’?/ -H C^d^,v dr~^u -f- - - • -f- w 

where C^y • • • are positive integers. It might be shown by alge- 
braic induction that these coefficients are equal to those of the 
expansion of (a -h ; but the same end may be reached by the 
following method, which is much more elegant, and which applies 
to many similar problems. Observing that C\y • • • do not depend 
upon the particular functions u and v employed, let us take the 
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Bp6cisil functions v = wliorc x snd. y ftrc tlio two indo- 

pendent variables, and determine the coefficients for this case. We 
thus find 

o> = 6*-*- •'j dw = e^-^^(dx -h <fy), • • •, cP* a> = + (dx -j- dfy)*, 

<£w = iPu — ^dx'^y •••, 

rf/; = c?* = e^dy^, * • • ; 

and the general formula, after division by becomes 

(dx -H c?y)" = dx^ + C^dy dx^-^ + C^dy^dx'*'^ + •• -!- d^. 

Since dx and dy are arbitrary, it follows that 

^^“”1 1.2 ’ — 1.2 •••p * 

and consequently the general formula may be written 

(13) d^(uv') =v d^u-j- ^ dvd”^^u -h d^vd^'^^u H hud^v. 

This formula applies for any number of independent variables. 
In particular, if u and v are functions of a single vai’iable x, we 
have, after division by dx^, the expression for the nth derivative of 
the product of two functions of a single variable. 

It is easy to prove in a similar manner formulas analogous to 
(13) for a product of any number of functions. 

Another special case in which the general formula reduces to a 
simpler form is that in which n, v, tu are integral linear functions 
of the independent variables x, y, z, 

u= ax + by-h cz ^ f ^ 

V = a/x -t- b'y H- c'z -h/', 
w == a*^x -H b'*y 

where the coefficients a, a\ a", b, 6', • * • are constants. For then we 
have 

du = a dx 4 - b dy 4 - c dz^ 
dv = a*dx 4" b*dy c^dz^ 
dw = dx 4- h^*dy 4- c^^dzy 

and all the differentials of higher order rf"M, d^v^ d^Wy where n>.l, 
vanish. Hence the formula for d^ta is the same as if v, w were 
the independent variables ; that is, 
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<r“ai =5 1 ^ / • 

We proceed to apply this remark. 

18. HomogeneouB functions. A function ^(x, y, z) is said to be 
homogeneous of degree m, if the equation 

^ («, », w) = <*^ (*, y, *) 

is identically satisfied when we set 

u — tXj V = ty^ w = tz. 

Let us equate the differentials of order n of the two sides of this 
equation with respect to t, noting that u, w are linear in and that 

du X dt^ dv — y dtj dw = z dt. 

The remark just made shoves that 

(* ^ I? * 1^)' »»(»» -1) •••(»»- « +!)<"— ^(x, y, «). 

If we now set f = 1, -m, v, w reduce to Xy y^ and any term of 
the development of the first member, 

du»d^dur ^ 

becomes 

a*- *'’*'**”' 

whence we may write, symbolically, 

^ ^ ^ ^ ■■■(m-n +l)^(x, y, *), 

which reduces, for n = 1, to the well-known formula 

d4> dd> dA 

«»« (X, y, *) = X + y ^ . 

Various notations. We have then, altogether, three systems of nota- 
tion for the partial derivatives of a function of several variables, — 
that of Leibniz, that of Lagrange, and that of Cauchy. Each of 
these is somewhat inconveniently long, especially in a complicated 
calculation. For this reason various shorter notations have been 
devised. Among these one first used by Mouge for the first and 



80 


DERIVATIVES AND DIFFERENTIALS 


[L § 19 


second derivatives of a function of two variables is now in common 
use* If * be the function of the two variables x and we set 

dz dz d^z d^z d^z . 

^ dx^ ^ ^ dy* ^ dx^^ ^ dxdij dy* ’ 

and the total differentials dz and d^z are given by the formulse 

dz = pdx q dy, 
d!^z = r dx^ 2 s dx dy -f- t dy^. 

Another notation which is now coming into general use is the 
following. Let 2 ; be a function of any number of independent vari- 
ables aci, x^y Xay • • ; then the notation 

is used; where some of the indices n-i, erg, • • may be zeros. 


19. Applications. Let y = f{x) be the equation of a plane curve C with 
respect to a set of rectangular axes. The equation of the tangent at a point 
M (X, y) is 

Y^y = y'(jr-x). 

The slope of the normal^ which is perpendicular to the tangent at the point of 
tangency, is — l/y' and the equation of the normal is, therefore, 

(Ar-x) = 0. 


Let P be the foot of the ordinate of the point 3f, and let T and N be the 
points of intersection of the x axis with the tangent and the normal, respectively. 

The distance PN is called the subnormal ; 
PT, the Bubtangent; ATN, the normal; and 
AfP, the tangent. 

From the equation of the normal the ab- 
scissa of the point N is x yy\ whence the 
subnormal is ± yy'. If we agree to call the 
length PN the subnormal, and to attach the 
sign + or the sign — according as the direc- 
tion PN is positive or negative, the subnormal 
will always be yy' for any position of the cui*ve 
C, Likewise the subtangent Is — y /y\ 
mN and UT are given by the triangles UTN and JtfPT: 



XN = + jpjvr* = y Vl + y'a, 

IT = i- Wr* = ILvi + w-*. 

y' 

nay be given regarding these lines. Let us find, for 
for which the subnormal is constant and equal to a given 
unts to finding all the functions y = fix') which satisfy 
The left-hand side is the derivative of y*/2, while the 
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right-hand side is the derivative of ax. These functions can therefore differ 
only by a constant ; whence 

= 2 cm: + C, 

which is the equation of a parabola along the x axis. Again, if we seek the 
curves for which the subtangent is constant, we are led to write down the equa- 
tion y* /y = 1/a; whence 

X 

logy =r + log C, or y = Cc», 


which is the equation of a transcendental curve to which the x axis is an asymp- 
tote. To find the curves for which the normal is constant, we have the equation 

y Vi 4- y^ = a, 
or 

yy' _ y 

Vu2 _ y l 

The first member is the derivative of — — y 2 ; hence 

— Va* — y2 = X + C, 
or 

(X 4- C)a 4- y* = a®, 

which is the equation of a circle of radius a, whose center lies on the x axis. 

The curves for which the tangent is constant are transcendental curves, which 
we shall study later. 

Let y = /(x) and Y = F(x) be the equations of two curves C and and let 
3f, M' be the two points which correspond to the same value of x. In order that 
the two subnormals should have equal lengths it is necessary and sufficient that 

rr'= ±yy'; 

that is, that F* = ± y* + C, where the double sign admits of the normals' being 
directed in like or in opposite senses. This relation is satisfied by the curves 


and also by the carves 


F2 






which gives an easy construction for the normal to the ellipse and to the hyperbola. 


EXERCISES 

1. Let p = f{&) be the equation of a plane curve in polar coordinates. Through 
the pole O draw a line perpendicular to the radius 
vector OJf, and let T and N be the points where this 
line cuts the tangent and the normal. Find expres- 
sions for the distances OT, ON^ MN^ and MT ia 
terms of f{Bf) and f\0). 

Find the curves for which each of these distances, 
in turn, is constant. 

2. Let y = /(x), z = ^ (x) be the equations of a 
skew curve F, i.e. of a general space owcye. Let N" 
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be point where the normal plane at a point JIT, that is, the plane perpendicu* 
Uu’ to the tangent at if, meets the z axis ; and let P be the foot of the perpen- 
dicular from M to the z axis. Find the curves for which each of the distances 
PN and JfN, in turn, is constant. 

[Note. These curves lie on paraboloids of revolution or on spheres.] 

3. Determine an integral polynomial /(x) of the seventh degree in x, given 
that fix) + 1 is divisible by (x — 1)* and /(x) — 1 by (x+l)^. Generalize the 
problem. 

4. Show that if the two integral polynomials P and Q satisfy the relation 

Vl - pa= Q Vl - xa, 

then 

dP _ ndx 
Vl - pa ~ Vl - x**’ 


where a is a positive integer. 

[Note. From the relation 

(a) 1 -pa = Qa(l -x®) 
it follows that 

(b) - 2PP'= Q[2e(l -x®) - 2Qx]. 

The equation (a) shows that Q is prime to P ; and (b) shows that P' is divisible 
by Q.] 

6*. Let R (x) be a polynomial of the fourth degree whose roots are all dif- 
ferent, and let X ^ 17/ V be a rational function of f, such that 

where Ri (t) is a polynomial of the fourth degree and P/ Q is a rational function. 
Show that the function U / V satisfies a relation of the form 


dx 


kdt 


where Ic is a constant. 


Vit(x) VBi (Q 

[Jaoobi.] 

[Note. Each root of the equation R(17/ V) = 0, since it cannot cause R'(x) 
to vanish, must cause UV' - VU% and hence also dx/df, to vanish.] 

6«. Show that the nth derivative of a function y = 0 (u), where u Is a func- 
tion of the independent variable x, may be written in the form 


(a) 

where 

<b) 


g = at ♦'(u) + ^ ♦"(„) + , 


1. 2...n 


0‘“)(U), 


a* = ^ - * U ‘ 

1 dx» 1 . 2 dx" 


+ (- l)*-iA:tt*-i 


d"u 

dx** 


[k — 1, 2, • • • , n). 


[First notice that the nth derivative may be written In the form (a), where the 
coefficients Aj, A,, • • •, are independent of the form of the function 0(u). 
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To find their values, set ^ (u) equal to ti, u^, • • - , u** successively, and solve the 
resulting equations for ^i, At, • • • , An. The result is the form (b).] 


7*. Show that the nth derivative of ^ (x®) is 
Jx)"0(«){x®) + n(n - 1)<2 

n (n — 1 ) • ■ (n — 2 p + 1) 


^ (2x)»0(»)(a:») + n(n - 1) (2x)«-*0("-')(a:*) + . . . 


1 . 2 - • JJ 


(2x)«-®/»0<«“^»>(x®) + ■ 


where p varies from zero to the last positive integer not greater than n/2, and 
where ^0)(x*) denotes the ith derivative with respect to x. 

Apply this result to the functions arc sin x, arc tan x. 


8*. If X = cos u, show that 

dm- 1.3.5- • <2m-l) 


cZx"»- 

9. Show that Legendre's polynomial, 

1 


[Ol^lNOK KoDKIOITKS.] 




d" 


2 . 4 . 6 • • * 2 n dx" 


(X® - 1)«, 


satisfies the differential equation 


+ »(»+ = 0- 

Hence deduce the coefficients of the polynomial. 


10. Show that the four functions 

l/i = sin (n arc sin x), ya = sin (n arc cos x), 

ya = cos (n arc sin x), y* = cos (n arc cos x), 

satisfy the differential equation 

(1 — X®) y" — xy' H- n® y = 0. 

Hence deduce the developments of these functions when they reduce to poly* 
nomials. 


11*. Prove the formula 




X»+l 


[Halphbn.] 


12. Every function of the form z = x 0 (y /«) 4- 0 (y /*) satisfies the equation 
rx® + 2 8xy + iy® = 0, 
whatever be the functions 0 and 0. 

18. The function z = x 0(x 4- y) + y 0(® 4- y) satisfies the equation 

r— 2sH-f = 0, 

whatever be thQ functions 0 and 0, 
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14. The function * =/[x + 0 (y)] satisfies the equation ps = qr, whatever 
be the functions /and 0. 

16. The function * = x» 0 (y/z) + ^"0(y/x) satisfies the equation 
rx* + 2 sxy + tyo + px + qy = n^z, 
whatever be the functions 0 and 

16. Show that the function 

y = (x - ai(0i(x) -f- |x ~ 02(02 (X) + • • • + |x - a..| 0 n(x), 

where 0 i (x), 02 (x), • • • , 0 „(x), together with their derivatives, 0 i (x), 02 (®), • • • , 
0 ;(x), are continuous functions of x, has a derivative which is discontinuous 
for X = Oi , 02 , * - * , On . 

17 . Find a relation between the first and second derivatives of the function 
=/(Xi, u), where u = 0(X2, x«); Xi, X2, X3 being three independent variables, 

and /and 0 two arbitrary functions, 

18. Let/'(x) be the derivative of an arbitrary function /(x>. Show that 

1 d^u _ 1 d^v 
u dx2 ~ V dx^* 

where u = [/''(x)]-i and v =/(z) [f'(x)]-h. 

19*. Tlie nth derivative of a function of a function w = 0 (y), where v = ^ 
may be written in the form ' 

- (rFb)‘. 

[Faa db Bruno, Quarterly Journal of Mathematics, Vol. I, p. 869.] 
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UtPUClT FUNCTIONS FUNCTIONAL DETERMINANTS 
CHANGE OF VARIABLE 

L IMPLICIT FUNCTIONS 

20. A particular case. We frequently have to study functions for 
which no explicit expressions are known, but which are given by 
means of unsolved equations. Let us consider, for instance, an 
equation between the three variables a:, y, z, 

(1) F(x, y, «) = 0. 

This equation defines, under certain conditions which we are about 
to investigate, a function of the two independent variables x and y. 
We shall prove the following theorem : 

Let X Xq, 1 / = yo, z = ® set of values which satisfy the equa- 

tion ( 1 ), and let us suppose that the function F, together with its first 
derivatives, is eontimwus in the neighborhood of this set of values,^ 
If the derivative F^ does not vanish for x = Xq, y = y©, « = there 
exists one and only one continuous function of the independent variables 
X and y which satisfies the equation ( 1 ), and which assumes the value Zq 
when X and y assume the values x© and y©, respectively. 

The derivative F^ not being zero for x = Xq, y = y©, s = «©, let us 
suppose, for definiteness, that it is positive. Since F, F^, F^ are 
supposed continuous in the neighborhood, let us choose a positive 
number I so small that these four functions are continuous for all 
sets of values x, y, z which satisfy the relations 

(2) i* — — 1« — 

and that, for these sets of values of x, y, z, 

*) > Py 


•In a recent article {Bulletin de la Society Mathematique de France, Vol. XXXI, 
1903, pp. 184-192) Goursat has shown, by a method of successive approximations, that 
it is not necessary to make any assumption whatever regarding Fg, and F^, even as to 
their existence. His proof makes no use of the existence of Fy. and Fy. His general 
theorem and a sketch of his proof are given in a footnote to § 25. — Trans. 

35 




36 


FUNCTIONAL, RELATIONS 


[11, §20 


where P is some positive number. Let Q be another positive num- 
ber greater than the absolute values of the other two derivatives 
Fy in the same region. 

Giving a:, y, z values which satisfy the relations (2), we may then 
write down the following identity : 


y> *) — -^(* 0 , Vo, «o) = y, *) — F^Xo, y, «) + FiXa, y, *) 

— F(x„, yo, z) + F(Xo, yo, z) —F{Xo, yo, «o) ; 

or, applying the law of the mean to each of these differences, and 
observing that F(Xa, yo, a,,) =0, 

F(x, y, a) = (x- a:,) ^^[*0 + 0{x - a:,), y, *] 

+ (y — yo) F„[xo, yo + tf'(y — yo). «] 

+ (» — *o) F^ [ajo, yo, *0 + B'\» — *»)J- 
Hence F(x, y, z) is of the form 

/gN ^ y. *) ~ (^. y» *) (* ~ ®o) 

c + ^ (*> y> «) (y — yo) + c (a;, y, ») (« — *„), 

where the absolute values of the functions A(x, y, z), D(x, y, *), 
^(*j y. *) satisfy the inequalities 


|^|<Q, 1«1<Q, 

for all sets of values of x, y, z which satisfy (2). Now let c be a 
positive number less than I, and the smaller of the two numbers 
I and Pt./2Q.. Suppose that x and y in the equation (1) are given 
definite values which satisfy the conditions 


* — X, 


l<y. \y — yo\<v, 


and that we seek the number of roots of that equation, « being 
regarded as the unknown, which lie between * and < In 
the expression (3), for F(x, y, z) the sum of the first two terms is 
always less than 2Q,, in absolute value, while the absolute value of 
ime third term is greater than P* when z is replaced by z„ ± «, From 
the manner m which , was chosen it is evident that this last term 
determines the sign of F. It follows, therefore, that F(x, y, *„ - «) <0 
and J (*, y Zo + e) > 0 ; hence the equation (1) has at least one root 
which hes between - « and + «. Moreover this root is unique, 
since the derivative F, is positive for all values of * between - * 
and *„ + «. It 18 therefore clear that the equation (1) has one and 
only one root, and that this root approaches «, as * and y approach 
and respectively. 
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Let us investigate for just what values of the variables x and y 
the root whose existence we have just proved is defined. Let h be 
the smaller of the two numbers I and PI/2Q; the foregoing reason- 
ing shows that if the values of the variables x and y satisfy the 
inequalities |x — a:o| < A, |y ■— yol < equation (1) will have one 

and only one root which lies between I and + L Let be a 
square of side 2h, about the point Mo(Xof y^), with its sides parallel 
to the axes. As long as the point (x, y) lies inside this square, 
the equation (1) uniquely determines a function of x and y, which 
remains between Zq — I and Zq + L This function is continuous, by 
the above, at the point Af®, and this is likewise true for any other 
point Ml of R ; for, by the hypotheses made regarding the func- 
tion F and its derivatives, the derivative F^(xif yi, «i) will be posi- 
tive at the point Myy since \xi—Xq\<,1, |yi— 

The condition of things at Afi is then exactly the same as at Afo, 
and hence the root under consideration will be continuous for 

X = Xi, y == yi. 

Since the root considered is defined only in the interior of the 
region /2, we have thus far only an element of an implicit function. 
In order to define this function out- 
side of R, we proceed by successive 
steps, as follows. Let Z be a con- 
tinuous path starting at the point 
(Xo, yo) and ending at a point (X, F) 
outside of R, Let us suppose that 
the variables x and y vary simul- 
taneously in such a way that the 
point (x, y) describes the path L. 

If we start at (xq, y©) with the value 
Zq of Zy we have a definite value of this root as long as we remain 
inside the region R, Let Mi (x,, yi) be a point of the path inside Ry 
and Zi the corresponding value of s. The conditions of the theorem 
being satisfied for x = x^, y = yj, z^zi, there exists another region 
Riy about the point Miy inside which the root which reduces to Zi for 
* = y = Fi is uniquely determined. This new region Ri will 
have, in general, points outside of R, Taking then such a point A/j 
on the path Z, inside Ri but outside R, we may repeat the same con- 
struction and determine a new region J?*, inside of which the solu- 
tion of the equation (1) is defined; and this process could be 
repeated indefinitely, as long as we did not find a set of values of 
X, y, z for which F, = 0. We shall content ourselves for the present 
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with these statements; we shall £nd occasion in later chapters to 
treat certain analogous problems in detail. 

21. DeriTatlves of implicit functions. Let us return to the region 
R, and to the solution « = ^(a;, y) of the equation (1), which is a 
continuous function of the two variables x and y in this region. 
This function possesses derivatives of the first order. For, keeping 
y fixed, let us give x an increment Aa?. Then « will have an incre- 
ment and we find, by the formula derived in § 20, 

F(x -h Ax, y, « + A«) — F(x, y, «) 

= Aa; Fa.(x H- ^Ax, y, 4- A«) H- A« F, (x, y, « + B^Az) = 0. 

Hence 

^ _ F^(x+BAx, y, g4-Ag) . 

Ax F,(x, y, z B'Az) 

and when Ax approaches zero, Az does also, since s is a continuous 
function of x. The right-hand side therefore approaches a limit, 
and z has a derivative with respect to x : 

dx 

In a similar manner we find 

dz 

dy f/ 

Note. If the equation F = 0 is of degree m in «, it defines m 
functions of the variables x and y, and the partial derivatives dz /^x, 
dz/dy also have m values for each set of values of the variables 
X and y. The preceding formulse give these derivatives without 
ambiguity, if the variable z in the second member be replaced by 
the value of that function whose derivative is sought. 

For example, the equation 

4- y* 4- — 1 = 0 

defines the two continuous functions 

4- Vl — x^ — y* and — Vl — x* — y® 

for values of x and y which satisfy the inequality x® 4- y* < 1. 
The first partial derivatives of the first are 
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and the partial derivatives of the second are found by merely change 
ing the signs. The same results would be obtained by using the 
formulae 

dx z dy z 

replacing z by its two values, successively. 

22. Applications to surfaces. If we interpret a;, y, as the Cartesian 
coordinates of a point in space, any equation of the form 

(4) Fix,y,z)=^0 

represents a surface S. Let (x©, the coordinates of a point 

A of this surface. If the function F, together with its first deriva- 
tives, is continuous in the neighborhood of the set of values Zq^ 

and if all three of these derivatives do not vanish simultaneously 
at the point Ay the surface has a tangent plane at A, Suppose, 
for instance, that F^ is not zero for x = y — z Accord- 

ing to the general theorem we may think of the equation solved 
for z near the point A, juid we may write the equation of the surface 
in the form 

« = ^ (x, y), 

where ^ (x, y) is a continuous function ; and the equation of the 
tangent plane at A is 

^ “ (i). -“■•>+ (Ij). <’■ - »>■ 

Replacing dz/dx and dz /dy by the values found above, the equation 
of the tangent plane becomes 

(l?)„ ~ ^ (If )„ ( + (If )„ 

If F^ = 0, but F^ ^ 0, at A, we would consider y and z as inde- 
pendent variables and x as a function of them. We would then 
find the same equation (5) for the tangent plane, which is also evi- 
dent a priori from the symmetry of the left-hand side. Likewise 
the tangent to a plane curve F{Xy y) = 0, at a point (x„, y^y is 

If the three first derivatives vanish simultaneously at the point A, 
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the preceding reasoning is no longer applicable. We shall see later 
(Chapter III) that the tangents to the various curves which lie on 
the surface and which pass through A form, in general, a cone and 
not a plane. 

In the demonstration of the general theorem on implicit functions 
we assumed that the derivative did not vanish. Our geometrical 
intuition explains the necessity of this condition in general. For, 
if == 0 but F^ 0, the tangent plane is parallel to the z axis, 
arid a line parallel to the z axis and near the line x =. a;^, y = y© 
meets the surface, in general, in two points near the point of 
tangency. Hence, in general, the equation (4) would have two 
roots which both approach Zq when x and y approach and y^, 
respectively. 

If the sphere x“ -h y^ H- — 1 = 0, for instance, be cut by the line 
y = 0, X = 1 -he, we find two values of which both approach zero 
with c ; they are real if c is negative, and imaginary if c is positive. 

23. Successive derivatives. In the formulae for the first derivatives, 
dx dy ■ f/ 

we may consider the second members as composite functions, * being 
an auxiliary function. We might then calculate the successive deriv- 
atives, one after another, by the rules for composite functions. The 
existence of these partial derivatives depends, of course, upon the 
existence of the successive partial derivatives of F(x, y, z). 

The following proposition leads to a simpler method of determin- 
ing these derivatives. 

If several functions of an independent variable satisfy a relation 
F = 0, their derivatives satisfy the equation obtained by equating to 
zero the derivative of the left-hand side formed by the rule for differ^ 
entiating composite functions. For it is clear that if F vanishes 
identically when the variables which occur are replaced by func- 
tions of the independent variable, then the derivative will also van- 
ish identically. The same theorem holds even when the functions 
which satisfy the relation F = 0 depend upon several indej>endent 
variables. 

Now suppose that we wished to calculate the successive derivatives 
of an implicit function y of a single independent variable x defined 
by the relation 

y) = 0 . 
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dF , dF , 

d^F ^ d^F , d^F dF 


dx dy ^ dy^ 

d^F , ^ d^F , . ^ d^F ^ d^F „ . 0»F 

3 o"'o ^ y ^ 4" 3 y ' * 4“ 3 y 


dx^ 


dx^ dy * 


dx dy^ 


dx dy ^ di^ 


y' 


d^F 


+ fe"»"' = o. 


from which we could calculate successively y\ y", y^'', 


Example. Given a function y =/<x), we may, inversely, consider y as the 
independent variable and x as an implicit function of y defined by the equation 
^ = / (x). If the derivative f'{x) does not vanish for the value Xo, where 
yo = /(Xo), there exists, by the general theorem proved above, one and only one 
function of y which satisfies the relation y = / (x) and which takes on the value 
Xo for y = 2 / 0 - This function is called the inverse of the function f (x). To cal« 
culate the successive derivatives Xy^ X|^, x^a, • • • of this function, we need merely 
differentiate, regarding y as the independent variable, and we get 


1 — 

0 = /-(X) (x,,)2 H- /'(x)av, 

0 =/'"(x) (Xy)« + 3/''(x)xyXy» -h/'(x)X|^, 


whence 




1 


, _ 3[/-(x)]» -r(»)/-(x) 
[/'(*)]* [/'(»)]* 


It should be noticed that these formules are not altered if we exchange Xy and 
/'(x), x^ and/''(x), x^ and/'''(x), • • • , for it is evident that the relation between 
the two functions y = /(x) and x = ^ (y) is a reciprocal one. 

As an application of these formulas, let us determine all those functions 
y=^/(x) which satisfy the equation 


y'Y" — Sy"® = 0. 


Taking y as the independent variable and x as the function, this equation 
becomes 

XyB = 0. 

But the only functions whose third derivatives are zero are polynomials of at 
most the second degree. Hence x must be of the form 

X = Ciy* -h Cay *4 Cs, 

where Ci, Ct, Cs are three arbitrary constants. Solving this equation for y, 
we see that the only functions y = /(x) which satisfy the given equation are 
of the form 

y = a 4; V 6x c, 
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where a, 6, c are three arbitrary constants. This equation represents a parabola 
whose axis is parallel to the x axis. 

24. Partial derivatives. Let us now consider an implicit function 
of two variables, defined by the equation 

( 6 ) Vy *) = 

The partial derivatives of the first order are given, as we have seen, 
by the equations 

dx dz dx ’ dy dz dy 

To determine the partial derivatives of the second order we need 
only differentiate the two equations (7) again with respect to x and 
with respect to y. This gives, however, only three new equations, 
for the derivative of the first of the equations (7) with respect to y 
is identical with the derivative of the second with respect to x. 
The new equations are the following ; 

d^F ^ d^F dz d^F d^z _ 

dx^ ^ dxdz dx dz^ * 

d^F d^F d^ d^F ^ ^ ^ ^ ^ ^ 

^ ^ J ^x^y dxdz dy dy dz dx dz^ dx dy dz dxdy * 

d^F ^ d^F dz d^ — O 

I dy^ "dydz dy ■*" dz* \dl/ / ^ ^ 

The third and higher derivatives may be found in a similar manner. 

By the use of total differentials we can find all the partial deriva- 
tives of a given order at the same time. This depends upon the 
following theorem : 

ly several functions u, v, Wy of any mirriber of independent vari- 
ables Xy yy z, ■ satisfy a relation F* = 0, the total differentials satisfy 
the relation dF = 0, tvhich is obtained by forming the total differential 
of F as if all the variables which occur in F were independent variables. 

In order to prove this let F(uy v, w') = 0 be the given relation between 
the three functions w, v, w of the independent variables x, y, t. The 
first partial derivatives of Uy Vy w satisfy the four equations 

dF d u dF dj^ dF dw 

duL dx dv dx dw dx ^ 


dF du dF dv dF dw 
du dy dv dy dw dy 
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du dz dv dz 


dw dz 


dF du dF d_F djv ^ 

du dt dv dt dw dt 

Multiplying these equations by dx^ dy, dz, dt, respectively, and 
adding, we hnd 

dF dF dF 

du dv dw = dF — 0. 

Cu ov ow 

This shows again the advantage of the differential notation, for the 
preceding equation is independent of the choice and of the number 
of independent variables. To find a relation between the second 
total differentials, we need merely apply the general theorem to the 
equation c3?F=0, considered as an equation between u, v, w, du, 
dv, dw, and so forth. The differentials of higher order than the 
first of those variables which are chosen for independent variables 
must, of course, be replaced by zeros. 

Let us apply this theorem to calculate the successive total differ- 
entials of the implicit function defined by the equation (6), where 
X and y are regarded as the independent variables. We find 

dF . ,dF, ^dF . ^ 

cx dy ^ dz ^ 


and the first two of these equations may be used instead of the five 
equations (7) and (8) ; from the expression for dz we may find the 
two first derivatives, from that for d'^z the three of the second order, 
etc. Consider for example, the equation 

/Ix^ + A'y^ -h = 1, 

which gives, after two differentiations, 

Ax dx A- A' ydy + A ”z dz = 0, 

A dx^ A- A^dtf A- A^^ dz^ A- A'^ z z 

whence 


= — 


Axdx A- A' y dy . 


and, introducing this value of dz in the second equation, we find 
A(Ax^A-A dx^ A- 2 A A*xy dx dy -h A \A 'y* -|- A dy 
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Using Monge’s notation, we have then 


Ax A'y 

jp = jj7-> </ = 7Tr-» 




^ M®* 4- AA'o^y ^ _ ^ ^(AV + 

A"*«* 


This method is evidently general, whatever be the number of the 
independent variables or the order of the partial derivatives which 
it is desired to calculate. 


Sxample. Let z =/(x, y) be a function of x and y. Let us try to calculate 
the differentials of the first and second orders dx and <JPx^ regarding y and z as 
the independent variables, and 2 as an implicit function of them. First of all, 
we have 


dz = — dx + —dy. 
dx dy 


Since y and z are now the independent variables, we must set 

d^y = = 0 , 


and consequently a second differentiation gives 


0 = ^<fcr» + 2 


Azdy + 

dx dy dy^ dx 


In Mongers notation, using p, g, r, a, t for the derivatives of /(x, ]/), these 
equations may be written 10 the form 


dz =: p dx + 9 dy, 

0 = r dx® + 2 a dx dy + t dy® + p d*x. 

From the first we find 

p 

and, substituting this value of dx In the second equation, 

cPx = — 4- 2 (p a — qr)dydz -f (g®r — 2pga -h p®t)dy® 

p8 

The first and second partial derivatives of x, regarded as a function of y and 
X, therefore, have the following values : 

dx __ 1 „ Q 

dz p ’ dy p * 

^ 0®x qr — pa c>®x 2pga — p*f — g®r 

az® p« * dy^ “ p« ’ 

As an application of these formules, let us find all those functions ^(x, y) 
which satisfy the equation 

g®r + pH — 2pga. 

If, in the equation z =:/(x, y), x be considered as a function of the two inde- 
pendent variables y and z, the given equation reduces to xyt = 0. This means 
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that Xy ia independent of y \ and hence Xy = 0(z), where 0(e) ia an arbitrary 
function of z. Thia, in turn, may be written in the form 

^ - »«(*)] = 0, 

which shows that x — y 0(z) is independent of y. Hence we may write 

X = y0(z) + 0(z), 

where 0 (e) is another arbitrary function of a. It is clear, therefore, that all the 
functions z =/(x, y) which satisfy the given equation, except those for which 
vanishes, are found by solving this last equation for z. This equation represents 
a surface generated by a straight line which is always parallel to the xy plane. 


25. The general theorem. Let us consider a system of n equations 


(*1, acj, • • •, OTp } M,) = 0, 

Xt, • • •, x,; Mj, • • ■, w.)= 0, 



**. • ••> *p ; «i, “i. • ■ ■» «-) = 0. 

between the n p variahles u^, Xi, x^. Suppose 

that these equations are satisfied for the values x^ = . . . , 

Ui = 1 ^ 1 , • • ' f u^ = u^f that the functions are continuous and possess 
first partial derivatives which are continuous ^ in the neighborhood of 
this system of values; and, finally^ that the determinant 


(E) 




dF, 

8F, 


dui 

du^ 

du^ 



dF, 

8F, 

A = 

duj 

dug 

du. 






dui 

du2 

8u^ 

does not vanish for 




X, = xj, == <, 

(» 

= 1, 2, .. 

■,P\ 


Under these conditions there exists one and only one system of con- 
tinuous functions u^ = x,, • sc^), • u^ = "’y ®p) 

which satisfy the equations (£) and which reduce to Uif «*»•••> «s. 
/or X, = X?, • • •, X, == a^.* 


* In his paper quoted above (ftn., p. 35) Goursat proves that the same conclusion 
may be reached without making any hypotheses whatever regarding the derivatives 
dFi/dXj of the functions FV with regard to the x*s. Otherwise the hypotheses remain 
exactly as stated above. It is to Im noticed that the later theorems regarding the 
existence of the derivatives of the functions 0 would not follow, however, without 
some assumptions regarding dFi/dxj. The proof given is based on the following 
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The determinant A is called the Jcuiohian,* or the Functional Deter- 
minant, of the w functions Fa, - - 7\ with respect to the n vari- 

ables Ui, • • •, It is represented by the notation 

f>(F„ Fa. •• > F„) 
iu, ■ • O 

We will begin by proving the theorem in the special case of a 
of two et^uations in three independent variables y, 2 ? and 
two unknowns ti and v. 

(9) Fi (x, y, z, v) = 0, 

(10) Fa (x, y, 2 ;, u, v) ^ 0. 

These equations are satisfied, by hypothesis, for x = Xq, y = yo, « = a:©, 
u = Mq, V = Vq ; and the determinant 

dP\ dl^ __ 

d7L CO do dll 

does not vanish for this set of values. It follows that at least one 
of the derivatives dh\/do, dh\/dv does not vanish for these same 
values. Suppose, for definitcmess, that dF^/do does not vanish. 
According to the theorem proved above for a single equation, the 
relation (9) defines a function v of the variables x, y, t«, 

which reduces to for x = y = z = ?/ = Keplacing v 

in the equation (10) by this function, we obtain an equation between 
X, y, Zy and \Cy 

^(X, y, yy fi^y Vy ^y = ^y 


lemma: Let Wi.Wa, ,w„), • X 2 , - .a:,,; Wg. ■, m„) &<• 7i. 

functions of t?ie n p variables x* and Uk^ which^ together with the 71 ^ partial d&riva~ 
tives df^/du/cy are continuous near a-j = o, xg == O, - • , Xf, ~ O, = 0, • • , m„ = 0. If 
the n functions f I and the derivatives dfi/tu^ all vanish for this system of values^ 
then the n equations 

Ml =/l, W2 =/2, , =/„ 

admit one and only one system of solutions of the form 

wj = 0i(a:i, xg, , X,,), W2 = ^2(*i. «2. •» a:,,), w» == (xi, Xg, , Xp), 

where 0i, ^g, • , are cont f nuous fnncfions of the p variables Xj, xg, •• •, Xp which 
all approach zero as the variables all approach zero. The lemma is proved by means of 

asuiteof functions w<”*^=/,(Xi,X2, . -,Xp; "*“*>. - , -*>)(£ = 1, 2, n). 

where -aj = 0. It is shown that the suite of functioDS thus defined approaches a 
limiting function Z7*, which 1) satisfies the given equations, and 2) constitutes the only 
solution. The passage from the lemma to the theorem consists in an easy transforma- 
tion of the equations (E) into a form similar to that of the lemma. — Tkans. 
•Jacobi, Crelle*s Journal y Vol. XXII. 
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which is satisfied for x = x^y ^ c; = u = 'tig. Now 

du du dv du * 

and from equation ( 9 ), 

du dv du'^ * 

whence, replacing df /du by this value in the expression for d^ /duy 
we obtain 

F/) 

_ _ I>{Uy 

du dFx 

dv 


It is evident that this derivative does not vanish for the values a;„, 
yo> ^o» ^^0* Hence the equation ^ = 0 is satisfied when u is replaced 
by a certain continuous function u = (x, y, «), which is equal to 

when X — x^y y = and, replacing u by <t>(xy y, z) in 

X(x, y, Zy '#/), we obtain for v also a certain continuous function. 
The proposition is then proved for a system of two equations. 

We can show, as in § 21 , that these functions possess partial 
derivatives of the first order. Keeping y and z constant, let us 
give X an increment Aj?, and let A//^ and Aw be the corresponding 
increments of the functions u and v. The equations ( 9 ) and ( 10 ) 
then give us the equations 


where c, c', c", 17, 77', 77" approach zero with Ax, Au, Av. It follows 
that 


A?/ 

Ax 



When Ax approaches zero, Au and Av also approach zero ; and hence 
e, e', c”, 77, 77^, 77'' do so at the same time. The ratio Aw/ Ax therefore 
approaches a limit; that is, u possesses a derivative with respect to x ; 
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dF^ dF^ dFy dr, 

d u dx dv dv dx 

^ ^ ~~ aFt dF^ dFi dFg 

du dv dv du 

It follows in like manner that the ratio Av/Ax approaches a finite 
limit dv/dx, which is given by an analogous formula. Practically, 
these derivatives may be calculated by means of the two equations 

dFi dFi du dFj dv_ 

dx du dx dv dx ^ 

dF^ dFjdu dF^dv 

dx du dx dv dx ’ 

and the partial derivatives with respect to y and z may be found in 
a similar manner. 

In order to prove the general theorem it will be sufficient to show 
that if the proposition holds for a system of {yi — 1) equations, it 
will hold also for a system of n equations. Since, by hypothesis, 
the functional determinant A does not vanish for the initial values 
of the variables, at least one of the first minors corresponding to the 
elements of the last row is different from zero for these same values. 
Suppose, for definiteness, that it is the minor which corresponds to 
dF^/du^ which is not zero. This minor is precisely 

U 7^2, • * *, 

and, since the theorem is assumed to hold for a system of (n — 1) 
equations, it is clear that we may obtain solutions of the first (n — 1) 
of the equations (E) in the form 

where the functions <f>i are continuous. Then, replacing Wi, • • - , w,., 
by the functions <^i, • ■ - , in the last of equations (E), we obtain 
a new equation for the determination of u„, 

^(xi, aja, • • - , Xj, ; ?/^) = F^ (x^, x^f ' • •, ar^ ; 02» *9 

It only remains for us to show that the derivative d^ /du^ does 
not vanish for the given set of values x®, xj, • . a;®, ; for, if so, we 

can solve this last equation in the form 

= ^(xi, xa, • x^), 

where ^ is continuous. Then, substituting this value of in 
would obtain certain continuous functions for 
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^ 3 > ' ' also* In order to show that the derivative in ques- 

tion does not vanish, let us consider the equation 


( 11 ) 


du„ 8m, 8m„ dv^-i du^ 8m, 


The derivatives 8^, /8m,, 8^,/8m., •••, 8«^„_,/8m, are given by the 
(n — 1) equations 


( 12 ) 


dit^ du^ du^_i du^ du^ 


y dlty du^ ^W«-l ’ 


and we may consider the equations (11) and (12) as n linear equa- 
tions for from which we find 


£5 K-i) ^ I>(i^„ F^) 

du^ D(u^y u^y -y U„^l) I>(Uiy 1 ^ 2 , • ••,«/„) ’ 

It follows that the derivative does not vanish for the initial 

values, and hence the general theorem is proved. 

The successive derivatives of implicit functions defined by several 
equations may be calculated in a manner analogous to that used in 
the case of a single equation. When there are several independent 
variables it is advantageous to form the total differentials, from 
which the partial derivatives of the same order may be found. 
Consider the case of two functions u and v of the three variables 
X, y, « defined by the two equations 


r(x, y, Uy v) = 0, 

2/y «, v) = 0. 


The total differentials of the first order du and dv are given by the 
two equations 


dF , A 

i; ^ ^ ^ ajT 


8x 


^dx + ^dy + ^dz + ~^du+-^dv = 0. 


dz 


du 


dv 


Liikewise, the second total differentials (Pu and d^v are given by the 
equations 
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-r— ete + 

ox 


dx + 
ox 


I?-) 


dF* dF ^ 

4- U + If = 0, 


and so forth. In the equations which give d*^u and d'^v the' deter- 
minant of the coefficients of those differentials is equal for all values 
of n to the Jacobian Z>(F, a>) /D(uy r), which, by hypothesis, does not 
vanish. 


26. Inversion, bet ui, - • *, u„ be n functions of the n independent vari- 
ables * 1 , X 2 , • ■ x„, such that the Jacobian X)(ui, i^a, * • , w„)/Z)(Xi, X 2 , • • • , x«> 

does not vanish identically. The n equations 

..QV ( Wi = 01 (Xi, X2| • - , X,t), t/a = 02(^1 1 ' ' ** ®n)» 

' ^ I = 0u(j;i, Xa, • *, X„) 

define, inversely, Xi, x^, • • •, x„ as functions of mi, U 2 , • • • , Un. For, taking any 
system of values Xj, Xa, * * *, xj|, for which the Jacobian does not vanish, and 
denoting the corresponding values of i<i, Uo, • • * , u„ by mJ, mJ, • . - , mJ, there 
exists, according to the general theorem, a system of functions 


Xi — 0 i(Mi, W2i * * • » ^n)» X 2 — 02(‘M’1» '*^2t * ’ * 1 ^n)i ’ ' ' 1 * * ' » 


which satisfy (13), and which take on the values xJ, xJ, • ■ • , xJ, respectively, 
when = aj, • • • , u,* = wj. These functions are called the inverses of the func- 
tions 01 , 0 a, • ••, 0 „, and the process of actually determining them is called 
an inversion. 

In order to compute the derivatives of these inverse functions we need merely 
apply the general rule. Thus, in the case of two functions 


n =/(x, y)y 


w = 0(x, y), 


if we consider u and v as the independent variables and x and y as inverse 
functions, we have the two equations 


whence 


du = -— dx -h — dy, 
dx dy ’ 


d„ _ ^ dv 


dx = 


ay 




0/00 
0 x 0 y 


dy 'dx 


We have then, finally, the formules 


00 

0 x 0 y 

0 u d^ 00 ^ 0 / di> * 
0 x 0 y dy dx 


dv = ~ dx -f — dy, 
dx dy 


dy 


?^du+ — dv 
dx dx 


0/^ _ 0/^ 

dx dy dy dx 


- ^ 
dx dy 

dv ^ 00 0 / 00 ’ 

0 x 0 y 0 y ax 
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du 

dx dy 


Bx 


£/a^ 

By Bx 


By 

Bv 


Bx 


Btft 
Bx By 


Bf B^ 
By Bx 


27. Tangents to skew curves. Let us consider a curve C repre- 
sented by the two equations 


(14) 




(«, y, «) = 0 , 
y, «) = 0 ; 


and let be the coordinates of a point of this curve, such 

that at least one of the three Jacobians 


dF^ dF^ 
dy dz 


dFi 

dz dy ' 


dF^ dF^ 
dz dx 


dFi dF^ 
dx dz 


dF\ dF^ 
dx dy 


cF^ dFt 
dy dx 


does not vanish when x, y, z are replaced by yo> respectively. 
Suppose, for definiteness, that />(Fi, F^/D(i/y z) is one which does 
not vanish at the point A/,,. Then the equations (14) may be solved 
in the form 

y = «#>(*), ^ = >f>(pc), 

where </> and ^ are continuous functions of x which reduce to y^ and 
Zfyy respectively, when x = Xq. The tangent to the curve C at the 
point Mq is therefore represented by the two equations 

X -x„ 


where the derivatives and may be found from the two 

equations 

dF^ , dF^ ^ ^ o 


dFa . dF, 


dF. 


In these two equations let us set x = Xq, y = y^y z = z^, and replace 
<#»'(Xo) and ^'(xo) by (V — y^') / (X — Xy) and (Z — z^ / (A' — Xo), 
respectively. The equations of the tangent then become 


( 16 ) 
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or 



The geometrical interpretation of this result is very easy. The 
two equations (14) represent, respectively, two surfaces Si and 5,, of 
which C is the line of intersection. The equations (15) represent 
the two tangent planes to these two surfaces at the point and 
the tangent to C is the intersection of these two planes. 

The formulae become illusory when the three Jacobians above all 
vanish at the point Mq. In this case the two equations (15) reduce 
to a single equation, and the surfaces Si and are tangent at the 
point Mq. The intersection of the two surfaces will then consist, in 
general, as we shall see, of several distinct branches through the 
point Mq. 


II. FUNCTIONAL DETERMINANTS 

28. Fundamental property. We have just seen what an important 
rdle functional determinants play in the theory of implicit functions. 
All the above demonstrations expressly presuppose that a certain 
Jacobian does not vanish for the assumed set of initial values. 
Omitting the case in which the Jacobian vanishes only for certain 
particular values of the variables, we shall proceed to examine the 
very important case in which the Jacobian vanishes identically. 
The following theorem is fundamental. 

Let Uij 24a, ” ’ y Vfi ^ functions of the n independent variahles 
^99 ' "9 In order that there e^ist between these n functions 

a relation n (ui, • • - , = 0, which does not involve explicitly any 

of the variahles Xi, • • • , it is necessary and sufficient that the 
functional determinant 

D(ui, Ma, - 70 

D{xi, aJa, •••,0:,,) 

should vanish identically. 

In th3 first place this condition is necessary. For, if such a rela- 
tion n(i4i, Ma, • • ?4„) = 0 exists between the n functions i 4 i, i 4 „, 

the following n equations, deduced by differentiating with respect to 
each of the sc’s in order, must hold : 
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dn dui dU da^ djl ^ « 

dui dxi du2 dxi du^ dxx ’ 

^ an ^ an a^, 

a^i ax, ai^a ^ 

and, since we cannot have, at the same time, 

— = — = =£11 = 0 
dtfi du2 du^ ’ 

since the relation considered would in that case reduce to a trivial 
identity, it is clear that the determinant of the coefficients, which is 
precisely the Jacobian of the theorem, must vanish.* 

The condition is also sufficient. To prove this, we shall make 
use of certain facts which follow immediately from the general 
theorems. 

1) Let Uf V w be three functions of the three independent variables 
X, y, Zf such that the functional determinant D{u, v, w) / D(Xj y, z) 
is not zero. Then no relation of the form 

X du + fjL dv + V dw = 0 

can exist between the total differentials duy dv, dwy except for 
X = /A = V = 0. For, equating the coefficients of d,Xy dy, dz in the 
foregoing equation to zero, there result three equations for X, fi, v 
which have no other solutions than X = /it = v = 0. 

2) Let o>, 7/, Vy w be four functions of the three independent 
variables x, y, s, such that the determinant />(«, Vj 7c)//)(x, y, «) 
is not zero. We can then express x, y, z inversely as functions of 
u, V, w \ and substituting these values for x, y, z in <i>, we obtain 
a function 

(w, V, tv) 

of the three variables u, v, tv. If by any process whatever we can 
obtain a relation of the form 

(1C) dio = P du Qdv It dw 

* As Professor Osgood lias pointed out, the reasoning here supposes that the 
partial derivatives 011 /5wj, 011 •, do not all vanish simultaneously 

for any system of values which cause iK^i, 7 / 2 , ■, “«) vanish. This supix>sition 

is certainly justified when the relation 11 = 0 is solved for one of the variables u,. 
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between the total differentials da, du, dv, dw, taken with respect to the 
independent variables x, y, », then the eoeffieients P, Q, R are equal, 
respectively, to the three first partial derivatives of 4 (u, v, w) : 



^ a* 


For, by the rule for the total differential of a composite function 
(§ 16), we have 


3 ^ 3 ^ 

do} = du -h — dv ■+■ dw ; 
3u ov dw 


and there cannot exist any other relation of the form (16) between 
dm}, du, dv, dw, for that would lead to a relation of the form 


X du iJL du V dw = 0, 

where X, v do not all vanish. We have just seen that this is 
impossible. 


It is clear that these remarks apply to the general case of any 
number of independent variables. 

Let us then consider, for definiteness, a system of four functions 
of four independent variables 

y, *, «)» 
y, 0 > 

0 > 

F^^x, y, z, t), 

where the Jacobian J)(F„ F„ F„, i?.) //>(*, y, z, t) is identically 
zero by hypothesis ; and let us suppose, first, that one of the first 
minors, say D(F,, Fj)/i>(x, y, *), is not zero. We may then 

think of the first three of equations (17) as solved for x, y, « as 
functions of X, Y, Z, t; and, substituting these values for x, y, z in 
the last of equations (17), we obtain T as a, function of X, Y,Z,t-. 

( 1 ®) T= ♦(JT, r, if, <). 

We proceed to show that this function ♦ does not contain the vari- 
able t, that is, that d^b/dt vanishes identically. For this purpose 
let us consider the determinant 
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A = 


dFi 

dFi 

dFi 

dx 

dy 

d» 

BFt 

dF, 

dF, 

dx 


dz 

dF, 

dFt 

dF, 

dx 

dy 

dz 

dFt 

dF^ 


dx 

r\ 

oy 

dz 


dX 

dY 

dZ 

dT 


If, in this determinant, dX, dVy dZy dT he replaced by their values 


dFi 

dx 


dy 


dx = dx -h dy 4- ^ dz -|- dty 


dz 


dFi 

dt 


and if the determinant be developed in terms of dx, dy^ dzy dty it turns 
out that the coefficients of these four differentials are each zero ; the 
first three being determinants with two identical columns, while the 
last is precisely the functional determinant. Hence A = 0. But if 
we develop this determinant with respect to the elements of the last 
column, the coefficient of d7’is not zero, and we obtain a relation of 
the form 

dT=^ PdX ^ QdY + RdZ. 


By the remark made above, the coefficient of dt in the right-hand 
side is equal to d<P / dt. But this right-hand side does not contain 
dty hence d^ /dt = 0. It follows that the relation (18) is of the form 

T=<I>(X, YyZ)y 

which proves the tlieorem stated. 

It can be shown that there exists no other relation, distinct from 
that just found, between the four functions -Y, Y, Zy T, independent 
of Xy y, Zy t. For, if one existed, and if we replaced T by Y, Z) 

in it, we would obtain a relation between X, F, Z of the form 
n(X, F, Z) = 0, which is a contradiction of the hypothesis that 
D{Xy Yy Z) / D(Xy z) doos not vanish. 

Let us now pass to the case in which all the first minors of the 
Jacobian vanish identically, but where at least one of the second 
minors, say F,) /£)(«, y), is not zero. Then the first two of 

equations (17) may be solved for x and y as functions of X, F, ty 
and the last two become 


Z = Yy Zy 0, 4»a(X, Yy Zy t). 
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On the other hand we can show, as before, that the determinant 

^ ^ 

dx dy 

?Ij 

aac dy 
dx dy 

vanishes identically ; and, developing it with respect to the elements 
of the last column, we hnd a relation of the form 


dZ = PdX H- QdYy 


whence it follows that 


' dt 

In like manner it can be shown that 

^==0 ^ = 0 - 

dr. dt 

and there exist in this case two distinct relations between the four 
functions A, F, Z, T, of the form 


F), T=4»2(A, F). 

There exists, however, no third relation distinct from these two; 
for, if there were, we could find a relation between A" and F, which 
would be in contradiction with the hypothesis that D{X, F) / D(x, y) 
is not zero. 

Finally, if all the second minors of the Jacobian are zeros, but 
not all four functions A', Z, Y, T are constants, three of them are 
functions of the fourth. The above reasoning is evidently general. 
If the Jacobian of the n functions F^. F^ of the n independ- 

ent variables xj, x„ ■ x„ together with all its (n — r l)-rowed 
minors, vanishes identically, but at least one of the (n — r)- rowed 
minors is not zero, there exist precisely r distinct relations between 
the n functions •, and certain r of them can be expressed in terms 
of the remaining (w — r'), between which there exists no rolation. 

The proof of the following proposition, which is similar to the 
above demonstration, will be left to the reader. The necessary and 
sufficient condition that n functions of n + p independent varuibles he 
connected by a relation which does not involve these varuibles is that 
every one of the Jacobians of these n functions, with respect to any n 
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of the independent variables^ shoxild vanish identically. In par- 
ticular^ the necessary and sufficient condition that two functions 
Fi(x,, a:*, • x„) and £c„) should be functions of each 

other is that the corresponding partial derivatives dF^/dx^ and 
dF^/dx, should be proportional. 

Note, The functions F^, Fa, • • •, F„ in the foregoing theorems may 
involve certaki other variables ?/i, 3 / 2 ? • ?A«, besides x^, x„. 

If the Jacobian X>(Fi, Fg, a-.j, x,^') is zero, the 

functions Fi, Fa, • • • , F„ are connected by one or more relations 
which do not involve explicitly the variables a-j, Xg, •••, but 
which may involve the other variables y^, •••, 


Applications. The preceding theorem is of great importance. The funda- 
mental property of the logarithm, for instance, can be demonstrated by means 
of it, without using the arithmetic definition of the logarithm. For it is proved 
at the beginning of the Integral Calculus that there exists a function which is 
defined for all positive values of the variable, which is zero when x = 1 , and 
whose derivative is 1 /x. Let /(x) be this function, and let 


Then 


u = /(x) + f(y), V = xy. 


U (u , u) 
(i, y) 


\ 1 

X y 

y X 


= 0 . 


Hence there exists a relation of the form 


/{*) +/(y) = 0(xy) : 

and to determine 0 we need only set 2/ = 1 , which gives /(x) = 0 (x). Hence, 
since x is arbitrary, 

/(*) +/(y) =/(ajy)- 


It is clear that the preceding definition might have led to the discovery of 
the fundamental properties of the logarithm had they not been known before the 
Integral Calculus. 

As another application let us consider a system of n equations in n unknowns 


Wl, Wfi, • • - , w„ : 


^ 9 ) 


( Fi(Wi, W2, • 

’ * 1 nn) — U\ , 

1 Fz (Mi, W 27 * 

• • , W«) = 772, 

1 F„(Mi, M2, • 

• * • • > 

* ' » ^w) “ TT,}, 


where 7 /i, 7/2 » •••* Nn are constants or functions of certain other variables 
Xm, which may also occur in the functions F,. If the Jacobian 
D(Fi, F2, - • F„)/D(ui, U2, • • - , vanishes identically, there exist between 

the n functions F,- a certain number, say n — /c, of distinct relations of the form 


Fjt+ 1 = Hi (Fi, • • • , Ft), • • • , F„ = n»-jfc (Fi, • • • , Fa.). 
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In order that the equations (10) be compatible, it is evidently necessary that 

+ i = lli(^i. • • • • •, ^« = Un-tiHy, . . fir*), 

and, if this be true, the n equations (19) reduce to h distinct equations. We 
have then the same cases as in the discussion of a system of linear equations. 

29. Another property of the Jacobian. The Jacobian of a system of n 
functions of n variables possesses properties analogous to those of 
the derivative of a function of a single variable. Thus the preceding 
theorem may be regarded as a generalization of the theorem of § 8. 

The formula for the derivative of a function of a function may be 
extended to Jacobians. Let F^y • F’,, be a system of n func- 
tions of the variables u^y u^y • and let us suppose that 

• • •, ?/„ themselves are functions of the n independent variables 
Then the formula 

7)(Fi, Fa, • - , _ 1>( Fxy Fg, F„) •, 

l)(Xiy Xa, • • •, u^y . . x®, - • x„) 

follows at once from the rule for the multiplication of determinants 
and the formula for the derivative of a composite function. For, 
let us write down the two functional determinants 

a_Fi ^Fi 

dii^ du2 

... .^5. 

dici du^ du^ 

where the rows and the columns in the second have been inter- 
changed. The first element of the product is equal to 

du^ fJXi €)2i„ dXi €?Xi ' 

that is, to dF^/dxi, and similarly for the other cdements. 

30. Hessians. Let /(x, y, z) be a function of the three variables x, y, z. Then 
the functional determinant of the three first partial derivatives / tXy tf /cy^ 
df/tz, 

cix €>y vx dz 
€^f l^f 
lx cy c)y 2 Ify ^2 

ly ly 

lx cz cy cz fz'-^ 



di/i 

du^ 


dx^ 

dxi 

dxi 

d'tt^ 



€)X 

n 


dx„ 
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is Cftll6d the Hessian of y^(x, y, s). The Hessian of a fanction of n variables is 
defined in like manner, and plays a r6ie analogous to that of the second deriva- 
tive of a function of a single variable. We proceed to prove a remarkable 
invariant property of this determinant. Let us suppose the independent vari- 
ables transformed by the linear substitution 


f*= "-*■+ yz, 

(!»') -j w= a'J!:+ fi'ir+ yz, 

I * = or" AT + /S" T + y"Z, 

where JT, T, Z are the transformed variables, and cr, -y, • • • , y" are constants 
such that the determinant of the substitution. 


A = 


« /3 y 

y' , 
y" 


is not zero. This substitution carries the function /(x, z) over into a new 
function T, Z) of the three variables T, Z. Let II (JT, Y, Z) be the 

Hessian of this new function. We shall show that we have identically 


II {Xy Yy Z) =r A-/a(X, y, Z)y 

where x, 2 /, z are supposed replaced in h{Xy ?/, z) by their expressions from (19'). 
For we have 

ya-y* ar* pz) __ Vex’ ay’ bz) d(i, y, z) . 

D(x, r, z) D{x, 1/, *) ■ z>(Ar, r, z) ’ 


and if we consider cf/dXy Z'f /cVy c\f/dZy for a moment, as auxiliary variables, 
we may write 


H = 


pz, 

?F 

^F\ 




Ut’ 


c)Z/ 

\Sx 




T>{Xy y, z) 

H{Xy Vy Z) Iy{Xy Yy Z) 

But from the relation F{Xy Yy Z) =/(x, y, z), we find 



vf 

1 

^l\ 

\dx 

c)y 

dz) 


whence 


i)F cf , ,c)/ , 

- - = a h « - + nr" — , 

0A Ty c!z 

c)l cx cy 


c>f ^ ^ 

= T — y y 

cZ ox <>y 


^/0F f)F PF\ 


and hence, finally, 




c^x c^y 


a a 
/3 ^ 
y v' 


€f 

S’ 

V' 


It is'olear that this theorem is general. 


= A; 


D(jr, r, z) 
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Let us now consider an application of this property of the Hessian. Let 

/(X, y) = ax« + 3 6x«y + 3 c»y2 -h dy» 

be a given binary cubic form whose coefl&cients a, b, c, d are any constants. 
Then, neglecting a numerical factor, 

I aa + *« + c*' I = (ac - 6»)aS + (ati - 6c)xy + (M - c»)w», 

I bx + cy car + dy I 

and the Hessian is seen to be a binary quadratic form. First, discarding the 
case in which the Hessian is a perfect square, we may write it as the product of 
two linear factors : 

h = (mx -h ny) (px + qy). 

If, now, we perform the linear substitution 

mx ny — px qy = T, 

the form /(x, y) goes over into a new form, 

F(X, Y) = AX^ + 3 BX^ r + 3 CXY^ + DF®, 
whose Hessian is 


H{X, F) = (AC - B2) xa + {AD - BC) XY + {BD - C*) F^, 

and this must reduce, by the invariant property proved above, to a product of 
the form KXY. Hence the coefficients A, B, C, 2> must satisfy the relations 

B2-AC = 0, BD-C2 = 0. 


If one of the two coefficients B, C be different from zero, the other must be so, 
and we shall have 


A = 


B^ 
C ’ 


2> = 


C2 


Y) = — + + 3SC*xra + C»r») = 

BC BC 


whence F(A’, F), and hence /(x, y), will be a perfect cube. Discarding this 
particular case, it is evident that we shall have B = C = 0 ; and the polynomial 
F{X, Y) will be of the canonical form 

AX^ -f BFs 

Hence the reduction of the form /(x, y) to its canonical form only involves the 
solution of an equation of the second degree, obtained by equating the Hessian 
of the given form to zero. The canonical variables X, Y are precisely the two 
factors of the Hessian. 

It is easy to see, in like manner, that the formy(x, y) is reducible to the form 
AX^ -4“ BX^ F when the Hessian is a perfect square. When the Hessian van- 
ishes identically /(x, y) is a perfect cube : 


/(a:* V) = {OCX H- /3y)«. 
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III. TRANSFORMATIONS 

It often happens, in many problems which arise in Mathematical 
Analysis, that we are led to change the independent variables. It 
therefore becomes necessary to be able to express the derivatives 
with respect to the old variables in terms of the derivatives with 
respect to the new variables. We have already considered a problem 
of this kind in the case of inversion. Let us now consider the 
question from a general point of view, and treat those problems 
which occur most frequently. 


31. Problem I. Let y he a function of the independent variable x, 
and let t be a new indepe'tvd.ent variable connected with x by the relation 
X = ^(^). It is required to express the successive derivatives of y with 
respect to x in terms of t and the successive derivatives of y with 
respect to t. 

Let y = f(y^ be the given function, and F(^) = func- 

tion obtained by replacing x by in the given function. By the 
rule for the derivative of a function of a function, we find 


whence 


dy dy 

dt dx 


= X <^’(0, 


dy 

dt y, 


This result may be stated as follows : To find the derivative of y 
with respect to x, take the derivative of that function with respect to t 
and divide it by the derivative of x with respect to t. 

The second derivative d^y/dx^ may be found by applying this 
rule to the expression just found for the first derivative. We find : 


d^y _ dt — </»"(<) . 

[<#►'(<)]* 

and anotbex application of the same rule gives the third derivative 
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or, performing the operations indicated, 

dx* [^'( 03 * 

The remaining derivatives may be calculated in succession by 
repeated applications of the same rule. In general, the Tith deriva- 
tive of y with respect to x may be expressed in terms of 
. . and the first n successive derivatives of y with respect to 
t. These formiilse may be arranged in more symmetrical form. 
Denoting the successive differentials of x and y with respect to t by 
dxy dy, d^x, d^y, ■ ■ d" y, and the successive derivatives of y 

with respect to x by y*, y^\ • • • , we may write the preceding 

formulae in the form 


( 20 ) 




y” = 




dx d^y — dy cPx 
dx^ ' 

d^y dx^ — 3 d^y dx (Px -f- 3 dy (d^x)^ — dy d^x dx 
dx^ ' ‘ ' 


The independent variable t, with respect to which the differentials 
on the right-hand sides of these formulae are formed, is entirely 
arbitrary ; and we pass from one derivative to the next by the 
recurrent formula 

the second member being regarded as the quotient of two differen- 
tials. 

32. Applications. These formulae are used in the study of plane 
curves, when the coordinates of a point of the curve are expressed in 
terms of an auxiliary variable t, 

y = <l>(ty 

In order to study this curve in the neighborhood of one of its points 
it is necessary to calculate the successive derivatives y*, y", • • • of y 
with respect to x at the given point. But the preceding formulae 
give us precisely these derivatives, expressed in terms of the succes- 
sive derivatives of the functions y(^) and <^(^), without the necessity 
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of having recourse to the explicit expression of y as a function of 
which it might be very difficult, practically, to obtain. Thus the 
first formula 




^d7j ^ i,\t) 
dx f\t) 


gives the slope of the tangent. The value of occurs in an impor- 
tant geometrical concept, the radius of curvaturey which is given by 
the formula 


R = 


g + y'* )* 
\y"\ ' 


which we shall derive later. In order to find the value of /?, when 
the coordinates x and y are given as functions of a parameter ^, we 
need only replace y' and y" by the preceding expressions, and we 
find 


I dx d^y — dydrx\ 


where the second member contains only the first and second deriva- 
tives of X and y with respect to t. 


The following interesting remark is taken from M. Bertrand's Traiti de 
Calcul diffl^rerUiel et irtUgral (Vol. I, p. 170). Suppose that, in calculating some 
geometrical concept allied to a given plane curve whose coordinates x and y are 
supposed given in terms of a parameter we had obtained the expression 


F(x, Vj dx, dy, d^y, * • -, d»*x, d"y), 

where all the differentials are taken with respect to i. Since, by hypothesis, 
this concept has a geometrical significance, its value cannot depend upon the 
choice of the independent variable t. But, if we take x = i, we shall have 
dx = d^x = d*x = • • • = d^x = 0, and the preceding expression becomes 

/(», V, y\ ; 

which is the same as the expression we would have obtained by supposing at the 
start that the equation of the given curve was solved with respect to y in the 
form y = (x). To return from this particular case to the case where the inde- 

pendent variable is arbitrary, we need only replace y', y", • • • by their values 
from the formulee (20). Performing this substitution in 

/(*. V, 

we should get back to the expression F(x, Vs dx, dy, d*x, d®y, • • •) with which 
we started. If we do not, we can assert that the result obtained is incorrect. 
For example, the expression 

■ dxd^y dyd^ x 
(dx* H- dyS)* 
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cannot have any geometrical significance for a plane curve which is independent 
of the choice of the independent variable. For, if we set x = t, this expression 
reduces to y"/{l + ; and, replacing y' and y" by their values from (20), we 

do not get back to the preceding expression. 


33. The formulcB (20) are also used frequently in the study of 
differential equations. Suppose, for example, that we wished to 
determine all the functions y of the independent variable x, which 
satisfy the equation 


( 21 ) 




dx^ 




where n is a constant- Let us introduce a new independent variable 
f, where x = cos t. Then we have 

dy dt 

dx — sin t 


dx^ 


sin®^ ^ 


and the equation (21) becomes, after the substitution, 

( 22 ) ^ = 0 . 


It is easy to find all the functions of t which satisfy this equation, 
for it may be written, after multiplication by 2 dy /dty 


whence 




dt 


5S + ^->--S-s[(S)‘+”v]-0, 



-f- 


where a is an arbitrary constant. Consequently 


or 



Va® — y\ 


d^ 

dt 

■>/a® — y® 


n = 0. 
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The left-hand side is the derivative of arc sin (f/ / a) ^ nt It follows 
that this difference must be another arbitrary constant b, whence 

2 / = a sin (nt + b), 

which may also be written in the form 

7/ A sin nt B cos nt. 

Returning to the original variable x, we see that all the functions of 
X which satisfy the given equation (21) are given by the formula 

7/ = A sin (n arc cos jc) 4- ^ cos (71 arc cos x), 

where A and JJ are two arbitrary constants. 


34. Problem II. To every 7'elation betiveen x and y there corresponds^ 
by means of the transfer mat io7x x = f{t^ u)^ y = w), cl relation 

between t and ?/. It is required to express the derivatives of y with 
respect to x in terms of t^ u, and the demvatives of u with respect to t. 

This problem is seen to depend upon the preceding when it is 
noticed that the formulae of transformation^ 


=/(<> w). y = <#> (<> «)» 

give us the expressions for the original variables x and y as func- 
tions of the variable t^ if we imagine that u has been replaced in 
these formulae by its value as a function of We need merely 
apply the general method, therefore, always regarding x and y as 

We 

find then, first, 


dy 

dx 


and 

'll as 

an auxiliary ; 



d<f, 

_L 

dff> du 

dy 

dx 

dt 


du dt 

dt 

dt ~ 

'' 

-f 

df du 



dt 

du dt 


and then 


€py _ dx 

dx^ dt\dx) ' dt * 

or, performing the operations indicated, 


/ if ^ d^<f> du V ^0 /d<t» ■ "I 

dudt) 



66 


FUNCTIONAL, RELATIONS [II, § 35 


In general, the nth derivative 2 ^"> is expressible in terms of t, n, and 
the derivatives dte / dtj / dt^y - • d*^u/ dV*. 

Suppose, for instance, that the equation of a curve be given in 
polar coordinates p =y*(<o). The formulae for the rectangular coor- 
dinates of a point are then the following : 

X = p cos cu, 1/ = P 

Liet p\ p”, • • • be the successive derivatives of p with respect to o>, 
considered as the independent variable. From the preceding formulae 
we find 

dx = cos o> dp — p sin to dto, 
dy = sin a> dp H- p cos ct> c?a>, 

d^x = COSai p — 2 sinoj dto dp — p COSco 

d?‘y — sin<*j -|- 2 cos<o dto dp — p sinco 

whence 

dx^ 4- dif = dp^ 4- p^ dto% 
dx d^y — dy <d^x = 2 dto dp^ — p dto p 4” p* 


The expression found above for the radius of curvature becomes 


i2 = zh 




35. Transformations of plane curves. Let us suppose that to every 
point of a plane we make another point M of the same plane cor- 
respond by some known construction. If we denote the co5rdinates 
of the point m by (x, y) and those of M by (AT, F), there will exist, 
in general, two relations between these coordinates of the form 

(23) X = /(*, y), Y= 4, (X, y). 

These formulae define a point transformation of which numerous 
examples arise in Geometry, such as projective transformations, the 
transformation of reciprocal i*adii, etc. When tlie point m describes 
a curve c, the corresponding point M describes another curve C, whose 
properties may be deduced from those of the curve c and from the 
nature of the transformation employed. Let y\ y", • • • be the suc- 
cessive derivatives of y with respect to x, and Y\ F", — the succes- 
sive derivatives of Y with respect to X, To study the curve C it 
is necessary to be able to express F', F'', • • ■ in terms of x, y, y\ 
— • This is precisely the problem which we have just discussed ; 
and we find 
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don 


y; « 


dx by • 
0a? 0y 


r„ _ _ \0a? dy^/\dx^ / 

/^+!/yV 

\ga: } 


dx 

dx 


and so forth. It is seen that Y' depends only on ar, y, y\ Hence> 
if the transformation (23) be applied to two curves c, c\ which are 
tangent at the point (a:, ?/)> the transformed curves C, C' will also 
be tangent at the corresponding point (A^, K). This remark enables 
us to replace the curve c by any other curve which is tangent to it 
in questions which involve only the tangent to the transformed 
curve C. 

Liet us consider^ for example^ the transformation defined by the 
formulae 


a: = 


h^x 

x^ -h y® 


** + y* 


which is the transformation of reciprocal radii, or inversion, with 
the origin as pole. Ijet ni be a point of a curve c and M the cor- 
responding point of the curve C. In 
order to find the tangent to this curve 
C we need only apply the result of 
ordinary Geometry, that an inversion 
carries a straight line into a circle 
through the pole. 

Let us replace the curve c by its 
tangent mt. The inverse of mt is a 
circle through the two points M and O, 
whose center lies on the perpendicular 

Ot let fall from the origin upon nU, The tangent MT to this circle 
is perpendicular to AM, and the angles Mmt and rnMT are equal, 
since each is the complement of the angle mOt, The tangents mt 
and MT are therefore antiparallel with respect to the radius vector. 



36. Contact transformations. The preceding transformations are 
not the most general transformations which carry two tangent 
curves into two other tangent curves. Let us suppose that a point 
M is determined from each point m of a curve c by a construction 
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which depends not only upon the point nt, but 8>lso upon the tsmgent 
to the curve c at this point. The formulae which define the trans- 
formation are then of the form 


(24) -Y =/(a;, y, y% V = 4>(x, y, y ') ; 

and the slope Y' of the tangent to the transformed curve is given 
by the formula 




d 

~dx 




dx dy dy^ 


In general, F' depends on the four variables a:, y, y\ y^’ ; and if we 
apply the transformation (24) to two curves c, c' which are tangent 
at a point (x, y), the transformed curves C, C will have a point 
(A", y) in common, but they will not be tangent, in general, unless 
y” happens to have the same value for each of the curves c and 
In order that the two curves C and (Y should always be tangent, it 
is necessary and sufficient that F' should not depend on y'*] that is, 
that the two functions f(x, y, y*) and <^(x, y, y') should satisfy the 
condition 

.A = ^ . 

8y'\dx 3 ^*^/ 8y'\dx dy* J 


In case this condition is satisfied, the transformation is called a 
contact transformation. It is clear that a point transformation is a 
particular case of a contact transformation.* 

Let us consider, for example, Legendre^s transformation, in which 
the point M, which corresponds to a point (x, y) of a curve c, is given 
by the equations 

A' = y', F = ccy' — y ; 

from which we find 


F' 


dY XI/” 

'~dX “1^ “ 


which shows that the transformation is a contact transformatiozL 
In like manner we find 


Y” = 


Y”' 


rfF' 

dX 

dY” 

Zy” 


dx 1 

y” dx y^'’ 



and Ampere gave many examples of contact transformations. Sophus 
Lie developed the general theory in various works ; see in particular his 
der Beruhrungstrans/ormationen. See also Jacobi, Vorleaungen uber Bpnamilb, 
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x = y', y = = 

which shows that the transformation is involutory.’*^ All these prop- 
erties are explained by the remark that the point whose coordinates 
are X = y\ Y = xy^ — y is the pole of the tangent to the curve c at 
the point (x, y) with respect to the parabola as* — 2 y = 0. But, in 
general, if Af denote the pole of the tangent at m to a curve c with 
respect to a directing conic 2, then the locus of the point M is a 
curve C whose tangent at M is precisely the polar of the point m 
with respect to 2. The relation between the two curves c and C is 
therefore a reciprocal one ; and, further, if we replace the curve c by 
another curve c', tangent to c at the point m, the reciprocal curve 
will be tangent to the curve C at the point Af. 

Pedal curves. If, from a fixed point O in the plane of a curve c, a perpen- 
dicular OM be let fall upon the tangent to the curve at the point m. the locus of 
the foot M of this perpendicular is a curve C, which is called the pedal of the 
given curve. It would be easy to obtain, by a direct calculation, the coordinates 
of the point Af. and to show that the trans- 
formation thus defined is a contact transfor- 
mation. but it is simpler to proceed as follows. 

Liet us consider a circle y of radius R, de- 
scribed about the point O as center; and let mi 
be a point on OM such that Omi x OM = 

The point mi is the pole of the tangent mt t 
with respect to the circle ; and hence the 
transformation which carries c into C is the 
result of a transformation of reciprocal po- 
lars. followed by an inversion. Wlien the 
point m describes the curve c, the point mi, 
the pole of mt, describes a curve Ci tangent Fio. 6 

to the polar of the point m with respect to 

the circle y, that is. tangent to the straight lino miti, a perpendicular let fall 
from mi upon Om. The tangent MT to the curve C and the tangent miti to the 
curve Cl make equal angles with the radius vector OmiM. Hence, if we draw 
the normal MA, the angles A MO and A OM are equal, since they are the comple- 
ments of equal angles, and the point A is the middle point of the line Om. It 
follows that the normal to the pedal is found by joining the point M to the center 
of the line Om. 

37. Projective transformations. Every function y which satisfies the equation 
y" = 0 is a linear function of x, and conversely. But, if we subject x and y to 
the projective transformation 

♦That is, two successive applications of the transformation lead us back to the 
original coordinates. — Trams. 
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aX + by + c _ a'X + b'y + o' 

®“ o"X + I»"r+c"’ ^ a" X + V' y -{■ cT'' 


a straight line goes over into a straight line. Hence the equation y" = 0 should 
become d^T/dX^ = 0. In order to verify this we will first remark that the 
general projective transformation may be resolved into a sequence of particular 
transformations of simple form. If the two coefficients a" and }/' are not both 
zero, we will set JTi =i a" X + b" Y c" ; and since we cannot have at the same 
time <ib" — ba" = 0 and a'b" — b'a" = 0, we will also set Yi = a'X + b' + c', 
on the supposition that a' b" — b' a" is not zero. The preceding formulae may 
then be written, replacing X and T by their values in terms of X\ and Yi, in 
the form 


V = 


Y^ 

X^' 


*= 


y 

x^' 


It follows that the general projective transformation can be reduced to a 
succession of integral transformations of the form 


X = a.Y + br + c. y = a'X-^b'Y-^c\ 


combined with the particular transformation 


X = 


\ 

x' 



Performing this latter transformation, we find 


and 



XY'- r. - 1 
X^ ' A's* 


= r - XY\ 



XY"{- X*) = X^Y". 


Likewise, performing an integral projective transformation, we have 

, _dy _a' -\-b'Y' 

~ “ "a + bY' ’ 

, ^ ^ {ab'-ba')Y" 

dx (a + bF')® 

In each case the equation y" = 0 goes over into Y" = 0. 

We shall now coTisider functions of several indei>endent variables, and, for 
definiteness, we shall give the argument for a function of two variables. 

38. Problem in. Let to =y*(x, y) be a function of the two independ- 
ent variables x and y, and let u and v be two new variables connected 
with the old ones by the relations 

X = tft (u, t?), y = v). 

It is required to express the partial derivatives of to with respect to the 
variables x and y in terms of u, v, and the partial derivatives of a> with 
respect to u and v. 
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Let <i> = F’Cw, v) be the function which results from /"(x, t/) by the 
substitution. Then the rule for the differentiation of composite 
functions gives 


do> d dia d%f/ 
du dx du dy dti 


dta dw d do> dtp 

dv dx do dy dv^ 


whence we may find do^/dx and du>/dy; for, if the determinant 
^')/D(u, v) vanished, the change of variables performed 
would have no meaning. Hence we obtain the equations 


( 26 ) 



A 


dtii du> 

du dv ^ 


du 


dio 


where A, B, C, D are determinate functions of u and v; and these 
formulae solve the problem for derivatives of the first order. They 
show that the derivative of a function with respect to x is the sum of 
the two products formed by multiplying the two derivatives with respect 
to u and v by A and By respectively. The derivative with respect to 
y is obtained in like manner, using C and D instead of A and J5, 
respectively. In order to calculate the second derivatives we need 
only apply to the first derivatives the rule expressed by the preced- 
ing formulae ; doing so, we find 



or, performing the operations indicated, 

^*ci> A ( A -4-/? dAduf dB ^ci>\ 

dx^ \ du^ du do du du du dv ) 

/ d^io 

\ du dv dv^ dv du dv dv / ^ 


and we could find d^ia/dxdy, d^m/dy^ and the following derivatives 
in like manner. In all differentiations which are to be carried out 
we need only replace the operations d /dx and d/dyhy the operations 


A 


du 
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respectively. Hence everything depends upon the calculation of the 
coefficients A, Bj C, D. 


Example I. Let us consider the equation 


(26) 




2 6 ^ h c ~— 


dx dy 


cy^ 


= 0 , 


where the coefficients a, 6, c are constants ; and let us try to reduce this equa- 
tion to as simple a form as possible. We observe lirst that if a = c = 0, it would 
be superfluous to try to simplify the equation. We may then suppose that c, 
for example, does not vanish. Let us take two new independent variables u 
and 17, defined by the equations 

u = x + ay, V = X + ^y. 


where a and ft are constants. Then we have 

du) du> ^ cut 

cix cu dv 

rut cut ^ w 

_ _ ir - - -h ft — y 

cy du cv 


and hence, in this case, A = B — C = a, I) = ft. The general formulae then 
give 

d'^ut d^uf 2 d’^ut 

dx^ du'^ du cv dv'^ 


02 W f}^U} , «v , a 

— — — + (tr ”1“ ft) ~ ' — ft — 

dx dy du dv dv^ 

d’^ut o " . « « 

- z= ct^ — - -f- 2 <xft + — - 1 

0y2 ^1^2 ^1,2 


and the given equation becomes 

+ 26a: + ca®)*^ + 2 [a + 6(a + /?) + ca/3] / + (a + 25/3 + = 0. 

du^ du dv cv^ 


It remains to distinguish several caises. 

First case. Let 6^ — ac> 0. Taking for a and ft the two roots of the equation 
a H- 2 6r + cr'-* = 0, the given equation takes the simple form 

— = 0 . 

du dv 


Since this may be written 

dv\du^ 

we see that dur/du must be a function of the single variable, u, sayy(i 4 ). Let 
F(u) denote a function of it such that F'{u) =f{u). Then, since the derivative 
of u» — F (u) with res];>ect to it is zero, this difference must be independent of it, 
and, accordingly, ut — JF’(u) -h 4»(i;). The converse is apparent. Returning to 
the variables x and y, it follows that all the functions w which satisfy the equation 
(26) are of the form 


= F(x + ay) + 4»(x + fty). 
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'where F and 4> are arbitrary functions. For example, the general integral of 
the equation 

= CL^ 1 

dy‘^ ax* 

which occurs in the theory of the stretched string, is 
" =/(x + ay) + 0 (x — ay). 


Second case. Let — ac = 0. Taking or equal to the double root of the equa> 
tion a -f 2 6r H- cr* = 0, and /3 some other number, the coefficient of d^u/dudv 
becomes zero, for it is equal toa bet c a). Hence the given equation 

reduces to = 0. It is evident that to must be a linear function of u, 

= vf(u) + 0 (m), where /(w) and 0 (m) are arbitrary functions. Returning to 
the variables x and y, the expression for ta becomes 

CJ = (x + fiy)f(x -f cty) + 0(x + cry), 
which may be written 


or, finally, 


w = [x + try + (/3 — a:)y] f{x + cty) + 0(x + ary), 
cj = yF{x 4- cty) + 4»(x + cry). 


Third case. If 6* — ac < 0, the preceding transformation cannot be applied 
without the introduction of imaginary variables. The quantities cc and /3 may 
then be determined by the equations 


a + 26a:-f-ca'* = a-4-26/34-c /3*, 
a + 6(ar + ^)-fca/3 = 0. 


which give 


2b 

ct-h/3 = , 

c 


a/3=: 


2 6* — a c 
c* 


The equation of the second degree, 


- 26 , 262 -ac . 

r* H r 4- = 0, 

c c* 


whose roots are or and /3, has, in fact, real roots, 
becomes 


Aiif = 


0M* Pu* 


The given equation then 


This equation Aot = 0, which is known as Laplace’' s Kquation^ is of fundamental 
importance in many branches of mathematics and mathematical physics. 


Example II. Let us see what form the preceding equation assumes when we 
set X = g cos y = p sin 0. For the first derivatives we find 


d<a 

dp 


dta du> . 

— cos 0 4 sin 0, 

dx dy 


dto dw , ^ , 0 w 

— — — — — . p sin 0 4“ — P cos 0, 
a0 dx dy^ 
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or, solving for dca/dx and dw / dj/y 


Hence 


dta , 

— = CO80- 

dx op 

dta . ^ dta . 

— = Bin 0 — + 

dy dp 


8in0 

p 

COS0 dta 
P ^0 


d i dta sin0 dta\ 8in0 d { ^ dta 8in0 dci;\ 

= COS^ — I CO8 0 I — I C08^ I 

dxP \ dp p dtp) p dtp \ dp p dtp) 


_ a®w 8in*0 d^ta 

= 008^0 1 — - 

ap* p^ dtp^ 


2 sin tp cos tp d^ta 


p dp dtp 

and the expression for d^ta/dy"^ is analogous to this. 


P dtp) 

2 sin 4> cos tp dta ^ sin^ 0 ^ ^ 
p2 a^ p dp* 

Adding the two, we find 


dPta d^to d^ta 1 8^ ta \ dta 

dx^ dy‘^ dpP p* p dp 


39. Another method. The preceding method is the most practical 
when the function whose partial derivatives are sought is unknown. 
But in certain cases it is more advantageous to use the following 
method. 

Let z ^f(x, y) be a function of the two independent variables x 
and y. If x, y, and » are supposed expressed in terms of two aux- 
iliary variables u and v, the total differentials dxy dy, dz satisfy the 
relation 

dz = ^dx + ^d,J, 

which is equivalent to the two distinct equations 

dz dfdx ^fdy 

du dx du dy du ^ 

dz dfdx ^f^y 

dv dx dv dy dv * 

whence df/dx and df /dy may be found as functions of Uy v, dz/duj 
dz/dv, as in the preceding method. But to find the succeeding 
derivatives we will continue to apply the same rule. Thus^ to find 
d^f/dx^ and d^f /dxdy, we start with the identity 

which is equivalent to the two equations 
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ayaa; ay dy^ 

dv ax* dv dx dy dv 

where it is supposed that df /dx has been replaced by its value cal- 
culated above. Ijikewise, we should find the values of d^f/dx dy and 
d^f /dy^ by starting with the identity 

\dy) dxdy dy^ 

The work may be checked by the fact that the two values of 
d^f /dxdy found must agree. Derivatives of higher order may be 
calculated in like manner. 

Application to surfaces. The preceding method is used in the study 
of surfaces. Suppose that the coordinates of a point of a surface iS 
are given as functions of two variable parameters u and v by means 
of the formulai 

(27) X = /(w, v), y = <#> (w, V), « = ^ {u, v). 

The equation of the surface may be found by eliminating the vari- 
ables u and V between the three equations (27); but we may also 
study the properties of the surface S directly from these equations 
themselves, without carrying out the elimination, which might be 
practically impossible. It should be noticed that the three Jacobians 

jHAJ>) ^ ^) D(f ^) 

D («, v) ' T> (u, v) ^ J) (ii, V) 

cannot all vanish identically, for then the elimination of u and v 
would lead to two distinct relations between x, y, ar, and the point 
whose coordinates are (x, y, would map out a curve, and not a sur- 
face. Let us suppose, for definiteness, that the first of these does not 
vanish : Then the first two of equations (27) 

may be solved for u and v, and the substitution of these values in the 
third would give the equation of the surface in the form s = F(x, y). 
In order to study this surface in the neighborhood of a point we need 
to know the partial derivatives q, r, s, • of this fimction F(Xy y) 
in terms of the parameters u and v. The first derivatives p and q 
are given by the equation 

dz = pdx A" q dyy 

which is equivalent to the two equations 
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(28) 



^+<3, 

du ^du 



df 

dv 


d4» 

^ dv 


y 


from wiiict p sind q niay be foimd. Tbe equation of the tSLng^ent 
plane is found by substituting these values of p and q in the equation 

Z — z^p{X — x)-\- q(Y-^t/), 


and doing so we find the equation 


(29) 


(X-x) 


I>(u, 


+ (F-y) 


v) 


+ {Z-z) 


y) 

D(tl, v) 


0. 


The equations (28) have a geometrical meaning which is easily 
remembered. They express the fact that the tangent plane to the 
surface contains the tangents to those two curves on the surface which 
are obtained by keeping v constant while u varies, and vice versa* 
Having found p and q^ p =y\(M, t?), tq ^ v), we may proceed 

to find r, t by means of the equations 


dp = r dx -f- s dyy 


dq — s dx -f- t dyy 

each of which is equivalent to two equations ; and so forth. 


40. Problem IV. To every relation between x, y^ z there corresponds 
by means of the equations 

(30) x=f(u,v,w), y = ^{u,v,vi), z = ^(u,v,w), 

a new relation between w, v, w. It is required to express the partial 
derivatives of z with respect to the variables x and y in terms of Uy v, Wy 
and the partial derivatives of w with respect to the variables u and v. 

This problem can be made to depend upon the preceding. For, 
if we suppose that w has been replaced in the formulae (30) by a 
function of u and Vy we have x, y, expressed as functions of the 


* The equation of the tanp^ent plane may also be found directly. Every curve on 
the 8urfac*e is defined by a relation between and u, say n = H (u) ; and the equatlona 
of the tangent to this curv e are 


u. 

du 


X- a- 


+ g'n'(«) 


0 0 
du 



n'{u) 


Z - z 


du dv 


The elimination of n'(?x) leads to the equation (29) of the tangent plane. 
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two parameters u and v ; and we need only follow the preceding 
method, considering fy <^, ^ as composite functions of u and and 
'iv as an auxiliary function of it and /?. In order to calculate the 
first derivatives p and tp for instance, we have the two equations 

^ dij/ d to ^ . (di^di^d w;\ 

du dtv du dw dti ) ^ \dii dtv du / * 

dif/ d\f/ d IV _ /of df dii^dw\ 

do dw dv ^\do dw do) dw do) 

The succeeding derivatives may be calculated in a similar manner. 

In geometrical language the above problem may be stated as fol- 
lows : To every point m of space, whose coordinates are (x, y, «), 
there corresponds, by a given construction, another point AT, whose 
coordinates are A, F, Z. When the point m maps out a surface 5, 
the point M maps out another surface 2, whose properties it is pro- 
posed to deduce from those of the given surface X. 

The formulae which define the transformation are of the form 

X=f(x,y,z), r = y, z), Z = ^(x,y,z). 

Let 

tj)y Z = ^(Xy y) 

be the equations of the two surfaces S and 2, respectively The 
problem is to express the partial derivatives F, Q, 72, iS, T, • • • of the 
function V) in terms of x, y, z and the partial derivatives 

pj qy r, Sy tj ■ ■ of the function F(x, y). But this is precisely the 
above problem, except for the notation. 

The first derivatives P and Q depend only on x, y, «, jo, g' ; and 
hence the transformation carries tangent surfaces into tangent sur- 
faces. But this is not the most general transformation which enjoys 
this property, as we shall see in the following example. 

41. Legendre's transformation. Let z = /’(x, y) be the equation of 
a surface 5, and let any point m (x, y, z) of this surface be carried 
into a point My whose coordinates are AT, Y, Z, by the transformation 

X =:py y = q, Z =px -h qy — Si. 

Let Z = 4>(X, Y) be the equation of the surface 2 described by the 
point M. If we imagine p, q replaced by fy df /dxy df /^y, respec^ 
tively, we have the three coordinates of the point M expressed as 
functions of the two independent variables x and y. 
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Let P, Q, R, Sy T denote the partial derivatives of the function 
♦ (A, y). Then the relation 

dZ = RdX 4- QdY 

becomes 

pebs qdj/ X dp 7/ dq — dz P dp Q dq, 

or 

xdp + y dg = P dp Q dq. 

Let us suppose that jo and 7 , for the surface 5, are not functions of each 
other, in which case there exists no identity of the form \ dp-\- pdq'=^^y 
unless A = /* = 0. Then, from the preceding equation, it follows that 

p = Q = y‘ 

In order to find R, 5, T we may start with the analogous relations 

dP = RdX -j- SdVy 
dQ = SdX 4- TdVy 

which, when A, Y, P, Q are replaced by their values, become 

dx = R(r dx 4 - s dy') 4* ^ (s dx t dy ') , 
dy — S (r dx 4- ^ dy) 4- T (js dx tdy)'y 

whence 

jR r + 5 s = 1, Rs -Jr St = 0y 
5 ^ 4 - 7's = 0 , Ss -^Tt = ly 

and consequently 



From the preceding formulae we find, conversely, 

* = P, y = Q, & = PX ^ QY ^ Z, p = X, y = K, 

^ RT—S^’ ^~'RT—S^' 

which proves that the transformation is involutory. Moreover, it 
is a contact transformation, since A, Y, A, P, Q depend only on Xy 
yj P» 7 - These properties become self-explanatory, if we notice 
that the formulae define a transformation of reciprocal polar s with 
respect to the paraboloid 

x^ -2z^0. 

Note, The expressions for P, S, T become infinite, if the relation 
rt — «* = 0 holds at every point of the surface S, In this case the 
point Af describes a curve, and not a surface, for we have 
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D(x, y) D(x, y) 


= rt — s* = 0) 


and likewise 


I>(X, Z) ^ Djp, px + qy 
D(x, y) D(x, y) 


— y(rt — «*) = 0 . 


This is precisely the case which we had not considered. 

48. Ampere's transformatloii. Retaining the notation of the preceding article, 
let us consider the transformation 


The relation 


^ = X, Y = q, Z = qy --Z. 
dZ = PdX+ QdT 
qdy + y dq — dz Pdx Qdq^ 
y dq — pdx Pdx4- Q dq. 


and conversely we find 

X = X, y=Q. 


P= - p. 


Q = y ; 


z=QY^Z, p = -p, q=T, 


It follows that this transformation also is an involutory contact transformation. 
The relation 

dP-RdX-^SdY 


next becomes 
that is, 
whence 


— rdx — sdy = Rdx + S {a dx -h t dy) ; 


R + Ss = — r, 


St = - «, 


Starting with the relation dQ = SdX + TdY^ we find, in like manner. 


As an application of these formulse, let us try to find all the functions /(x, y) 
which satisfy the equation rt — a"^ = 0. Let 8 be the surface represented by the 
equation z = /(x, y), Z the transformed surface, and Z = 4»(X, Y) the equation 
of 2. From the formulfis for R it is clear that we must have 

R = = 0, 

and * must be a linear function of X : 

Z = X^{T) + ^{T), 

where ^ and are arbitrary functions of Y. It follows that 

p = ^(r), Q = X0'(r) + ^'(r); 
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and, conversely, the coordinates (a, y, z) of a point of the surface S are given 
BB functions of the two variables JT and F by the formulee 

X = AT, y = jr<p'(r) + rm, Z = r [X0'(F) + nr)] - a:0(F) - ^ (F). 

The equation of the surface may be obtained by eliminating AT and F ; or, what 
amounts to the same thing, by eliminating ct between the equations 

z = <xy — xtp {a) — yj/ (cr), 

0= y - aj0'(rt) - f'(nr). 

The first of these equations represents a moving plane which depends upon the 
parameter or, while the second is found by differentiating the first with respeijt 
to this parameter. The surfaces defined by the two equations are the so-called 
developable mirfaces, which we shall study later. 


43 . The potential equation in curvilinear coordinates. The calculation to which 
a change of variable leads may be simplified in very many cases by various 
devices. We shall take as an example the potential equation in orthogonal 
curvilinear coordinates.* Let 

P (-c, y, z) = />, 

Fi(x, y, 2) = pi, 

Fa (X, y, z) = ps, 

be the equations of three families of surfaces which form a triply orthogonal 
system, such that any two surface's belonging to two different families intersect 
at right angles. Solving tlie.se equations for x, y, z as functions of the parame- 
ters p, pi, p2, we obtain equations of the form 


r X = d> (p, pi, pa), 

(31) iy = <f>i (p, pi, po), 

[ z = 03 (p, Pi , P 2 ) ; 

and we may take p, pi, pa as a system of orthogonal curvilinear coordinates. 

Since the three given surfaces are orthogonal, the tangents to their curves of 
intersection must form a trirectangular trihedron. It follows that the equations 


'S' 1^ = 0. 

dp 0pi 


fpi epa 


^ c> Bpi 


must be satisfied where the symbol ^ indicates that we are to replace 0 by 0i, 
then by 0*, and add. These conditions for orthogonalism may be written in the 
following form, which is equivalent, to the above : 
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Let us then see what form the potential equation 


ax2 


assumes in the variables p, pi, p2. First of all, we find 

aF _ av" ap ^ a v api av' ap2 

ax ap ax api ax ap2 

and then 

d^v F / a p \ 2 ^ ^ c^v dp a Pi ^ a y a® p 

ax^ 0p2 y / ap api ax ax ap ax*-* 

_l_ ^ ^4-2 ^ Pi 

apj \dx / dpi dp2 cx ax api ax^ 

a^ y /a p2\ ^ 2 ^ ^ (jP a P2 a y a® p2 

apa \ ax / dp dp2 dx dx dp2 dx^ 

Adding the three analogous equations, the terms containing derivatives of the 
second order like d^ V / dp dpi fall out, by reason of the relations ( 33 ), and we have 


( 34 ) 


+ . + O’) ir„2 + Tpf + 7^ 


ax-i 


d 6^2 


A2 (p) 


dp^ 

ay 

ap 


4- A.; 


(Pl) 

fpl 


A2 (p2) 


?r 

ap2 


where Ai and A2 denote Lame' a differential parameters : 




A2(/) = 


a2/ 
ax2 ' 


52/ 
ay2 ' 




The differential parameters of the first order Ai(p), Ai(pi), Ai(p2) are easily 
calculated. From the equations ( 31 ) we have 


d <p d p ^ d <f> d p\ ^ d <f> d p 2 ^ 

dp dx dp\ cx dp2 dx 

d<pi d'p ^ d 4 >i dpi ^ a 01 ^^P2 _ Q 

cp dx dpi dx dp2 ax 

a 02 dp ^ a 02 apt a02 ap2 _ ^ 
dp dx dpi dx cp2 dx 


whence, multiplying by —7 respectively, and adding, we find 

dp dp dp 

£0 

Then, calculating dp/dy and dp/dz in like manner, it is easy to see that 

©)■ + * (s')’ = 
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Let ns now set 

-’■sig)'- --sigf- 


wh«re the symbol ^ indicates, as before, that we are to replace 0 by then 
by ^ 2 t a.Dd add. Then the preceding equation and the two analogous equations 
may be written 

= ^iipi) = —^ Ai(p2) = — • 


Lam^ obtained the expressions for A 2 (p), A 2 (pi)» A 2 (p 2 ) as functions of p, pi, 
P 2 by a rather long calculation, which we may condense in the following form. 
In the identity (34) 


A^V = 


H ap2 


//i ~dp\ 


^ + A 2 (p) -h A 2 (pi) ^ 3 * + A 2 (P2) . — ‘ 


d4 


dp 


dpi 


dpa 


let us set successively V = x, V = V — z* This gives the three equations 


JL ^ + J_ ^ 1 

H dp^ Hi dpi />a dpi 


+ Aa<p) 


dtf> 

dp 


+ A 2 (pi) 


d 4p 
dpi 


+ As (pa) 


d4> 

dp2 


= 0 , 


1 

H dfP^ 
1 

H dp^ 


1 d’^4»\ , Jj_ 

j/i epf Hi s4 


+ A2(p) 


Bi dA 


Jj^ 

H 2 


~dp\ 


Aa (p) 


op Cpi OP2 

— H Aa (pi) h Aa (pa) — — — 0, 

op cpi op2 


which we need only solve for Aa(p), A 2 (pi), A 3 (p 2 )- For instance, multiplying 
by d^/dp^ 001 /dp, 002 /dp, respectively, and adding, we find 


000 0*0 1 O00 0*0 , 1 fv 00 0*0 f. 


0 p 0 Pi H 2 dp 0 p| 


Moreover, we have 


O ^ 0*0 
^ 0 p 0 p* 


1 0ff 

2 0 p ’ 


and differentiating the first of equations (32) with respect to pi, we find 


O^0V__ O 00 0*0 _ 1 01^1 

^ 0 p 0 pf ^ 0pi dp dpi 2 dp 

In like manner we have 

O 00 0*0 ^ 1 d H2 

^ dp dp\ 2 dp 

and consequently 




1 dHi 1 0^2 

dp 2HHi dp ^ 2HH% dp 
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this formula becomes 


and in like manner we find 

Hence the formula (84) finally becomes 


( 36 ) 


or, in condensed form, 


B^V ^ 

0*r 

02r _ 


“0*F 



ar- 

0x* ^ 

0y* 

0z* 

_^P® ^ 

Bp 

_ 




+ 

“0*1^ 

±_ 


i£Z“ 




_ SP? 

0P1 

8pi _ 





"■0*F 

^ 1 






-SpI' 

0pa ’ 

'8rt J 


A, r = [I + A ( A |Z) + ^ (A ez) ] . 

Let us apply this formula to polar coordinates. The formulae of transforma- 
tion are 

x = p8indcos0, y = psintfsin0, z = pcoB0, 

where 0 and 0 replace pi and and the coefficients A, Ai, ^ have the following 
values : 

fc = l. A, = 1, ftj, = _A. 

p p Bin 0 

Hence the general formula becomes 

A.r= -i-R + iZ)1; 

p*sin^ L^P \ Bp / d0\ B0 ) d<p VsinP 00 / J 


or, expanding, 


1 


Bf^ d0^ p*8in3P 00* 


B^V . 2 BV 
p Bp 


c.ot0 BV 


which is susceptible of direct verification. 


EXERCISES 

1, Setting M = 05 * + ^ -f z*, e = X + y + s, to = + yz + *x, the functional 

determinant JO (u, e, to ) /O (x, y , z) vanishes identically. Find the relation which 
exists between u, v, to. 

Oeneralize the problem. 
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2. Let 

= — - - ■ » •••* — —7 ■■•=■-■■ . =■ 

Vl _ xj — • • • — xj — xf xj 

Derive the equation 

D( ui, •• -1 M m) _ 

D(xi, X2, - • x„) — 

3. Using the notation 

X\ = cos 01, 

X 2 = sin 01 cos 02 f 
Xa = sin 01 sin 02 cos 08 , 

Xn = sin 01 sin 02 • • - sin 0„ _ i cos 0n, 

show that 

i>(xi, LL-?!^ = (— l)"sin"0i sin"- * 02 sin« - 208 • • * 8in20„«i sin 0„. 

-D (01 , 03 » * • ' 1 01l) 

4. Prove directly that the function z — F(x, y) defined by the two equations 

2 = «x H- yf{a) 0 (cr), 

0 = X 4- 2//'(ir) + 0'(cr), 

where a is an auxiliary variable, satisfies the equation ri — s® — q, where /(a) 
and 0(^) are arbitrary functions. 

6. Show in like manner that any implicit function z = F(x, y) defined by 
an equation of the form 

2/ =X0(Z) + 0(2), 

where 0 (z) and 0 (z) are arbitrary functions, satisfies the equation 

rq^ — 2pqs + tp^ = 0. 

6. Prove that the function z = F(x, y) defined by the two equations 

z4>'(a) = [y - 0((i')]*, (X + ar)«'(ar) = V - « («), 

where a is an auxiliary variable and 4* {a) an arbitrary function, satisfies the 
equation pq ^ z. 


7. f*rove that the function z = F(x, y) defined by the two equations 
[z - 0 («)] 2 = x2 (y2 _ ^2), [z - 0 (a)-] tp'(ct) = 0X2 

satisfies in like manner the equation pq = xy. 


Lagrange’s formula. Let y be an implicit function of the two variables 
X and o, defined by the relation y = ex x<f>{y); and let u =f(j/) be any func- 
tion of y whatever. Show that, in general, 


c^u 

ax« 


c )«— 1 

0a"*— > 



[Laplacb.] 
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Note. The proof is based upon the two formuls 

Sa\_ ' 'exj 0xL Ba_\ dx da 

where u is any function of y whatever, and F{u) is an arbitrary function of u. 
It is shown that if the formula holds for any value of n, it must hold for the 
value n + 1. 

Setting X = 0^ y reduces to or and u to /'(cr) ; and the nth derivative of u with 
respect to x becomes 




9. If X =/(u, v), 2 / = 0 (u, v) are two functions which satisfy the equations 

^ _ 0 0 0y _ _ 0 0 

du% dv dv du 

show that the following equation is satisfied identically : 

02F ^ 


du^ 


0w2 




10. If the function y (x, y, z) satisfies the equation 

sx® ey® ez<‘ 


show that the function 


r \ fa jo ynj 


satisfies the same equation, where A: is a constant and = x* 4- y® 4- 

[Lord Kelvin.] 

11. If y (x, y, x) and yi (x, y, z) are two solutions of the equation Ajy = 0, 
show that the function 

f7 = y (X, y, z) 4- (X® 4- y® + x®) yi (x, y, z) 
satisfies the equation 

AsAotT^ = 0. 

12. What form does the equation 

(x — X®) y" -f (1 — 3 X®) y ' — xy = 0 


assume when we make the transformation x = Vl — t‘-* ? 


13. What form does the equation 
,0z 


0z 


-^4-2 xy® 2 (y — y8) ^ H- x»y»z = 0 
0x® 0x 0y 

jftSBume when we make the transformation x = y = 1 / r ? 

■ 14*. 0 (xi, X 2 , • • ■ , Xn ; ui, • • • , tin) he a function of the 2n independent 

Kriables xi, X 2 , • • • , Xa, ui, • • •, homogeneous and of the second degree 
^th respect to the variables ui, U 2 , > • • « Un. If we set 
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9u\ 


= l>i* 


dua 


= JP*t 




and then take pi , pti * * * > P* as independent yariables in the place of Ui, Ut» ■ * *« Un, 
the function ^ goes over into a function of the form 

(®ll • * * » *»i P2» * • * » Pii)- 


Deriye the formulae : 


Byff __ __ d4» 

dpk ~~ 


Let N be the point of intersection of a fixed plane P with the normal MN 
erected at any point 3f of a given surface S, Lay o£E on the perpendicular to the 
plane P at the point N a length Nm = NM. Find the tangent plane to the 
surface described by the point m, as 3f describes the surface S. 

The preceding transformation is a contact transformation. Study the inverse 
transformation . 


16. Starting from each point of a given surface S, lay off on the normal u> 
the surface a constant length 1. Find the tangent plane to the surface 2 (the 
parallel surface) which is the locus of the end points. 

Solve the analogous problem for a plane curve. 

17*. Given a surface S and a fixed point O ; join the point O to any point M of 
the surface S, and pass a plane OMN through OM and the normal MN to the 
surface S at the point M. In this plane OMN draw through the point O a per- 
pendicular to the line OJf, and lay off on it a length OP = OM. The point P 
describes a surface Z, wliich is called the apsidal surface to the given surface 8, 
Find the tangent plane to this surface. 

The transformation is a contact transformation, and the relation between the 
surfaces S and Z is a reciprocal one. When the given surface S is an ellipsoid 
and the point O is its center, the surface Z is FresnePs wave surface. 


18*. Halphen's differential invariants. Show that the differential equation 

_ 45^ ^ + 4o/f^V- 0 

dx* dx-^ dxi dx* ^ ~ 

remains unchanged when the variables y undergo any projective transfor- 
mation (§ 87). 

19. If in the expression Pdac -f- Qdp -h Bdz, where P, Q, R are any functions 
of X, p, z, we set 

*=/(u, u, w), y = 0(u, in), z = ^(M, V, in), 
where u, n, w are new variables, it goes over into an expression of the form 

Pidu -f Qidn -f RidWf 

where Pi, Qi, Ri are functions of it, u, w. Show that the following equation is 
satisfied identically : 


V, 2) 
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when 


- — (I? - m (I? - m * ». - m- 

20*. Bilinear covariante. Let be a linear difierential form : 

e,/ = Xidxi + JTsdxa -H ■ • + X^dXn^ 

where JTi, JiTn are functions of the n variables Xi, Xs, • - *, Let us 

consider the expression 


dXi dxjt f 


where 




ajT, 

dXji €)X, 


and where there are two systems of differentials, d and S. If we Truhlrfl any 
transformation 

= 0.(yii y 2 t • 2/h), (i = 1, 2, . . n), 

the expression Od goes over into an expression of the same form 

B'i = Vidj/i H H- Yudy„^ 

where Fi, y*, • • Yn are functions of yi, 2/21 * * •» y«- Let us also set 


and 


. i>Yt 

cSii* = r - 

dVk €>y, 

U' ='^'^a:,dy.iy^. 


Show that H = H\ identically, provided that we replace dXi and dXjt, respec- 
tively, by the expressions 


00, 




0 01 « 0 01 ^ 0t ^ 

— — dy\ -f- — — dya + dj/n 1 

3yi 03/2 ^Vn 

di^t 


^ 0 , 

C>04r . 


dy2 +'••-+ - — ^yn • 
0y2 ^!/h 


The expression II is called a bilinear covariant of 6./. 


21*. Beltrami's differential parameters. If in a given expression of the form 
E dx® + 2 Fdx dy -f C? dy2, 

where i7, F, G are functions of the variables x and y, we make a transformatioa 
x=:f{u, t>), y =z e), we obtain an expression of the same form: 

Eidu^ + 2FidMdn + 
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where ^i, Fi, Gi are functions of it and d. Let 0(x^ y) bo any function of the 
variables x and y, and ^i(m, w) the transformed function. Then we have, iden- 
tically, 


O 



0® dy 


BO - 




\du / du dv \dv / 




= -( 

_ p2 ^X \ 


- 

dx 


F — 
by 


VpG - F‘^ 
bu cv 


^EG - F^ 


_a_ 

dy 


E 


bj 

dy 


- F^-^\ 
bx J 

~¥^ J 


^E^G^ - Fl \ ( 7 , - Fl / ^E^ ^ F\dv\ _ p^i / 


^EG 


■ bv 


bu 


■ 


22. Schwarzian. Setting y — (ax + h) / (cx + h), where x is a function of t and 
a, 5, c, d are arbitrary constatits, show that the relation 

x” 2 Vi'/ y' 2 Vyv 

is identically satisfied, where x', x'\ x"\ y% y ' , y'" denote the derivatives with 
respect to the variable U 


23^. Let tt and v be any two functions of the two independent variables x and y, 
and let us set 


U = 


au bv c 


a" u + u -f c" 


a'u + b' V + c ' 
a"u + b"v 4- c"’ 


where a, &, c, • • - , c" are constants. Prove the formulte : 


b^u bv b^v bu b^ZT bV b^V b IT 

bx"^ bx bx^ bx bx^ bx 0x® bx 

{u, V) 


b‘^u bv 
^ by 


bHT bV 
bx^ by 


(y^v bu 2 V \ 

bx^ by \0x bxby bx bxby) 

(M, O) 

s^v sjj , ^ /?jr c^j.r _ dU g »F \ 
0x2 by ^ \bx bxby bx bx by / 

UTv) 


and the analogous formulae obtained by interchanging x and y^ where 


(tt, w) = 


bu bv 
bx by 


bu ^ .jj _ bU bV bV bU 
by bx ’ 0x by bx by 

[Goursat and Pa in lev e, Comptes rendus, 1887.] 
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1. TAYLOR’S SERIES WITH A REMAINDER 
TAYLOR’S SERIES 

44. Taylor’s series with a remainder. In elementary texts on the 
Calculus it is shown that, if f(x) is an integral polynomial of 
degree n, the following formula holds for all values of a and h : 

(1) /(a + h) =/(a) + \f(a) + + - • • + ^ 


This development stops of itself, since all the derivatives past the 
(n l)th vanish. If we try to apply this formula to a function 
f(x) which is not a polynomial, the second member contains an 
infinite number of terms. In order to find the proper value to 
assign to this development, we will first try to find an expression 
for the difference 

h 

/(« + h) -fia) - - fXa) - — /"(a) £ 


with the hypotheses that the function /(x), together with its first n 
derivatives • • - , is continuous when x lies in the 

interval (a, a -f h), and that itself possesses a derivative 

y<n + i)(^) same interval. The numbers a and a h being 

given, let us set 


( 2 ) 


/(« + A) =/(«) + f /'(«) + o/"(«) + 


+ 




-f 




1 . 2 • • • n . 




where p is any positive integer, and where P is a number which is 
defined by this equation itself. Let us then consider the auxiliaiy 
function 
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♦(*) =/(. + *) -/(«) - “ + - <«+^*J »)> («) - ■ - 

_ (a + A - a:)- _ (g + A - a;)> ^ 


It is clear from equation (2), which defines the number that 
(a) = Ot €f> (cl -f- A) = 0 y 

and it results from the hypotheses regarding f‘(x^ that the func- 
tion <l>(x') possesses a derivative throughout the interval (a, a h). 
Hence, by Kolle's theorem, the equation <^'(ac) = 0 must have a root 
a -i- Ok which lies in that interval, where ^ is a positive number 
which lies between zero and unity. The value of after some 

easy reductions, turns out to be 

[^ - (« + A - 


The first factor (a -h A — x)^ ” * cannot vanish for any value of x 
other than a + ?i. Hence we must have 


h^-p + ^(l — (a 4- Oh), where O<0<1; 

whence, substituting this value for P in equation (2), we find 

(3) /(g + A)=/(a) +|/-(a) + + - . • + ^ 


where 




1 . 2 ■ ’ ’ n .p 


-f Oh). 


We shall call this formula Taylor^ s scries with a remainder, and 
the last term or the remainder. This remainder depends upon the 
positive integer p, which we have left undetermined. In practice, 
about the only values which are ever given to p are jp = w 4- 1 and 
p = 1. Setting p = TO 4- 1, we find the following expression for the 
remainder, which is due to Xiagrange : 


= 


1 . 2 • • • TO (to 4- 1) 
setting p = 1, we find 


/(" + !) (a 4- Bh)\ 
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an expression for the remainder which is due to Cauchy. It is 
clear, moreover, that the number 0 will not be the same, in general, 
in these two sjiecial formulae. If we assume further that 
is continuous when x = a, the remainder may be written in the form 

~ 1 . 2 •■•(» + 1 ) 
where c approaches zero with A. 

Let us consider, for definiteness, Lagrange’s form. If, in the gen- 
eral formula (3), n be taken equal to 2, 3, 4, • • • , successively, we 
get a succession of distinct formulas which give closer and closer 
approximations for y^(a -f- A) for small values of A. Thus for n = 1 
we find 

/(a + A) =f(a) + |/'(a) + + Bh), 

which shows that the difference 

/(a + h) -f(a) - \fXa) 

is an Infinitesimal of at least the second order with respect to A, 
provided that is finite near a; = a. Likewise, the difference 

f{a + A) -fia) - 

is an infinitesimal of the third order ; and, in general, the expression 
/(a + A) -/(a) - |/'(a) 

is an infinitesimal of order n + 1. But, in order to have an exact 
idea of the approximation obtained by neglecting /£, we need to 
know an upper limit of this remainder. Let us denote by Af * an 
upper limit of the absolute value of in the neighborhood 

of X = a, say in the interval (a — ly, a H- rf). Then we evidently have 




provided that |A| < ^. 


•That is, Af >!/(«+ 0(a;) I when (as— n|<i 7 . The expression ** the upper limit/' 
defined in § 68, must be carefully distinguished from the expression ** an upper limit/' 
which is used here to denote a number greater than or equal to the absolute value of 
the function at any point in a certain interval. In this paragraph and in the next 
/(*» + i>(a;) is supposed to have an upper limit near z = a. Trans. 
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45. AppUcation to curves. This result may be interpreted geomet- 
rically. Suppose that we wished to study a curve C, whose equa- 
tion is y = /(®)> neighborhood of a point A, whose abscissa 

is a. Let us consider at the same time an auxiliary curve whose 
equation is 


+ /'(«) + 


(x — a)^ 

1.2 


/"(a)4--- + 


(x — g)" 
1 . 2 - - • w 




A line oj = a -f- A, parallel to the axis of y, meets these two curves 
in two points M and Af which are near A . The difference of their 
ordinates, by the general formula, is equal to 

This difference is an infinitesimal of order not less than n + 1 ; and 
consequently, restricting ourselves to a small interval (a — rj, a -h rf), 
the curve C sensibly coincides with the curve C^ By taking larger 
and larger values of n we may obtain in this way curves which 
differ less and less from the given curve C j and this gives us a 
more and more exact idea of the appearance of the curve near the 
point A, 

Let us first set n = 1. Then the curve is the tangent to the 
curve C at the point A : 

y =/(®) + — 

and the difference between the ordinates of the points M and M* 
of the curve and its tangent, respectively, which have the same 
abscissa a + A, is 

y- + 

Let us suppose that f”(a) ^ 0, which is the case in general. The 
preceding formula may be written in the form 

y- 1 ^= 1 ^ [/"(«) + <], 

where c approaches zero with A. Since =#= 0, a positive num- 

ber ff can be found such that jcj |y"(a) |, when A lies between — vj 
4- 17 . For such values of A the quantity f”(a') -|- c will have 
the same sign as and hence y — Y will also have the same 

sign as^"(a). Ify*"(a) is positive, the ordinate y of the curve is 
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greater than the ordinate Y of the tangent^ whatever the sign of h ; 
and the curve C lies wholly above the tangent^ near the point A. 
On the other hand^ if is negative, y is less than Y, and the 

curve lies entirely below the tangent, near the point of tangency. 

If f'Xa) = 0, let be the first succeeding derivative which 

does not vanish for x = a. Then we have, as before, if is 

continuous when x = a, 

y- = [/''>(“) + «]; 

and it can be shown, as above, that in a sufficiently small interval 
(or — 17, a -f- i;) the difference y — Y has the same sign as the product 
When p is even, this difference does not change sign 
with /t, and the curve lies entirely on the same side of the tangent, 
near the point of tangency. But if p be odd, the difference y — Y 
changes sign with A, and the curve C crosses its tangent at the 
point of tangency. In the latter case the point A is called a point 
of inflection ; it occurs, for example, if ^ 

Let us now take n = 2. The curve C is in this case a parabola : 

r =f(a) + (X - a)/'(a) + 

whose axis is parallel to the axis of y ; and the difference of the 
ordinates is 

If does not vanish, y — Y has the same sign as for 

sufficiently small values of A, and the curve C crosses the parabola 
at the point A. This parabola is called the osculatory parabola 
to the curve C ; for, of the parabolas of the family 

Y = 7nx^ -h nx -h />, 

this one comes nearest to coincidence with the curve C near the 
point A (see § 213). 

46. General method of dev^opment. The formula (3) affords a 
method for the development of the infinitesimal /(a -|- h) — /(a) 
according to ascending powers of h. But, still more generally, let 
X be a principal infinitesimal, which, to avoid any ambiguity, we 
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will suppose positive ; and let y be another infinitesimal of the 
form 

(4) y = -h 4“ * • • -h x"i*(Ap -f- «)y 

where ni, • • * , are ascending positive numbers, not necessarily 
integers, -4*, are constants different from zero, andc is 

another infinitesimal. The numbers rij, may be cal- 

culated successively by the following process. First of all, it is 
clear that is equal to the order of the infinitesimal y with 
respect to x, and that is equal to the limit of the ratio y / x^ when 
X approaches zero. Next we have 

y — AxX^^ = «i = A^x^ 4- ■ • • -f- {A^ 4- «) 

which shows that is equal to the order of the infinitesimal t/i, 
and to the limit of the ratio A continuation of this 

process gives the succeeding terms. It is then clear that an infini- 
tesimal y does not admit of two essentially different developments of 
the form (4). If the developments hav'e the same number of terms, 
they coincide ; while if one of them has p terms and the other 
p q terms, the terms of the first occur also in the second. This 
method applies, in particular, to the development of y (a 4- (®) 

according to powers of h ; and it is not necessary to have obtained 
the general expression for the successive derivatives of the func- 
tion f(x) in advance. On the contrary, this method furnishes 
us a practical means of calculating the values of the derivatives 

/W, /V). • • 

Examples, Let us consider the equation 

(5) F{Xy y) = Ax^ + By + xy^ (x, y) 4- + * 4 4- 4- • • = 0, 

where ^(x, y) is an integpral polynomial in x and y, and where the 
terms not written down consist of two polynomials F(x) and Q(y), 
which are divisible, respectively, by and y^. The coefficients A 
and B are each supposed to be different from zero. As x approaches 
zero there is one and only one root of the equation (5) which ap- 
proaches zero (§ 20). In order to apply Taylor’s series with a 
remainder to this root, we should have to know the successive deriv- 
atives, which could be calculated by means of the general rules. 
But we may proceed more directly by employing the preceding 
method. For this purpose we first observe that the principal part 
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of the infinitesimcJ root is equal to — (A /B^x". For if in the equa- 
tion (5) we make the substitution 

and then divide by x”, we obtain an equation of the same form : 


(6) 


I yi) = 4- Byi -h xyi (x, y{) 

i -4- C*! ^ • -f- Z)i % 


which has only one term in yi, namely By^. As x approaches zero 
the equation (6) possesses an infinitesimal root in y,, and conse- 
quently the infinitesimal root of the equation (5) has the principal 
part — (A / B) x", as stated above. Likewise, the principal part of 
yi is — (Ai/5)x**i; and we may set 


y=— ^ + 

where y^ is another infinitesimal whose principal part may be found 
by making the substitution 


yi = 




in the equation (6). 

Continuing in this way, we may obtain for this root y an expres- 
sion of the form 

y = fxx- 4 - ^riX’‘ + *S -I- + h 4 - €)x" + "i-^ • 

which we may carry out as far as we wish. All the numbers n, 
^9 * * 9 sire indeed positive integers, as they should be, since 
we are working under conditions where the general formula (3) is 
applicable. In fact the development thus obtained is precisely the 
same as that which we should find by applying Taylor’s series with 
a remainder, where a = 0 and h = x. 

Let us consider a second example where the exponents are not 
necessarily positive integers. Let us set 

^ ^ X*" 4- Bx^ 4> Cx> H 

^ 1-1- -f- CxX'*' -I ' 



96 


TAYLOR’S SERIES 


[ 111 , § 46 


where a, ft y, ■ ■ • and ft, yi, • are two ascending series of positive 
numbers, and the coefficient A is not zero. It is clear that the prin- 
cipal part of y is Aa;*, and that we have 


y — A = 


-h H -f C^xy^ H ) 

1 + + c^xy^ H 


which is an expression of the same form as the original, and whose 
principal part is simply the term of least degree in the numerator. 
It is evident that we might go on to find by the same process as 
many terms of the development as we wished. 


Let /(a;) be a function which possesses n -H 1 successive derivatives. Then 
replacing a by x in the formula (3), we find 

h 

fix + h) =f{x) +j/'{x) + + •• ■ + + e] , 

where € approaches zero with h. Let us suppose, on the other hand, that we 
had obtained by any process whatever another expression of the same form for 
/(® + *) : 

/{x + h) = f{x) + h/px (x) + A* 01 (x) + • ■ • + [ 0 » (x) + e'] , 

These two developments must coincide term by term, and hence the coefficients 
01 f 0 s 1 ' ' ‘ , 0 n Are equal, save for certain numerical factors, to the successive 
derivatives of /(x) : 

« 1 (X)=:/'(X), 0,(x) = 

1.2 1 . 2 • • • n 

This remark is sometimes useful in the calculation of the derivatives of certain 
functions. Suppose, for instance, that we wished to calculate the nth derivative 
of a function of a function : 

y=/(M), where u = 0 (x). 

Neglecting the terms of order higher than n with respect to A, we have 

* = 0 (x + A) - 0 (x) = ^ 0 '(x) + ^ 0 "(x) + • • . + — 0 (»>(*): 

1 l.Z 1 . 2 *«*n 

and likewise neglecting terms of order higher than n with respect to Ac, 

f(u + *) - /(u) = ^ /'(«) + ~f"(u) + . . . + /<">(«). 

If in the right-hand side k be replaced by the expression 

Y «'(*) + «"(*) + • • + ’ 

and the resulting expression arranged according to ascending powers of A, it is 
evident that the terms omitted will not afiect the terms In • • • , hr. The 
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coefficient of A”, for instance, will be equal to the nth derivative of /[0(2 b)] 
divided by 1 . 2 • • • n ; and hence we may write 

■D- (*)] { = 1 • 2 • • • ~ + • • • + . 

where At denotes the coefficient of in the development of 

E h h” "H* 

For greater detail concerning this method, the reader is referred to Hermite's 
Cours d' Analyse (p. 69). 

47. Indeterminate forms.* Det fix) and (ic) be two functions 
w'^hich vanish for the same value of the variable x = a. Eet us try 
to find the limit approached by the ratio 

f(a + /^) 

^ (^Or + A) 

as h approaches zero. This is merely a special case of the problem 
of finding the limit approached by the ratio of two infinitesimals 
The limit in question may be determined immediately if the prin- 
cipal part of each of the infinitesimals is known, which is the case 
whenever the formula (3) is applicable to each of the functions 
and in the neighborhood of the point a. Let us suppose 

that the first derivative of J'(x) which does not vanish for ir = a is 
that of order p, ; and that likewise the first derivative of 

4> (x) which does not vanish for x = a is that of order g, 
Applying the formula (3) to each of the functions /(x) and 
and dividing, we find 

+ A-) X .2 ■ ' p -|- e' 

where c and e* are two infinitesimals. It is clear from this result 
that the given ratio increases indefinitely when h approaches zero, if 
g is greater than p ; and that it approaches zero if y is less than p. 
If g = p, however, the given ratio approaches as its 

limit, and this limit is different from zero. 

Indeterminate forms of this sort are sometimes encountered in finding the 
tangent to a curve. Let 

X =/(«), y = ^ = 


^ 9ee also § 7. 
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be the equations of a curve C in terms of a parameter t. The equations of the 
tangent to this curve at a point which corresponds to a value to of the param- 
eter, are, as we saw in § 6, 

X-f(to) ^ Y - 0,(fo) ^ Z 
/'(to) 4>'(to) nu) 

These equations reduce to identities if the three derivatives /'(f), ^'(<), all 
vanish for t = to. In order to avoid this difficulty, let us review the reasoning 
by which we found the equations of the tangent. Let M' be a point of the 
curve C near to 3f, and let ^ + A be the corresponding value of the parameter. 
Then the equations of the secant MM" are 

X -f{to) ^ Y- <f,(to) ^ Z -^(<o) 

/{to + h) ~f(to) 0 (to + A) - 0 (^o) 0 (to 4- ^) - 0(<o) ' 

For the sake of generality let us suppose that all the derivatives of order less 
than p(p> 1) of the functions /(f), 0 (f)y 0 (f) vanish for f = but that at least 
one of the derivatives of order/), say/<^)(fo), is not zero. Dividing each of the 
denominators in the preceding equations by Ap and applying the general for- 
mula (3), we may then write these equations in the form 

X- /(to) ^ Y -0(fo) ^ Z-0(fo) 

/^ (to) + € 0< (to) + e' (to) + e'' ’ 

where c, are three infinitesimals. If we now let ^ approach zero, these 
equations become in the limit 

X ^(to) ^ r--0(fo) ^ Z - 0(fo) 

/</»("««) ’ 
in which form all indetermination has disappeared. 

The points of a curve C where this happens are, in general, singular points 
where the curve has some peculiarity of form. Thus the plane curve whose 
equations are 

X = <*, y = «» 

passes through the origin, and dx / df = dy / df = 0 at that point. The tangent 
is the axis of x, and the origin is a cusp of the first kind. 

48. Taylor’s series. If the sequence of derivatives of the function 
is unlimited in the interval (a, a 4- h), the number n in the 
formula (3) may be taken as large as we please. If the remainder 
(approaches zero when n increases indefinitely^ we are led to write 
down the following formula : 

(7) /(a + A) = /(a) + j/'(«) + + • • + j— ^ + ■', 

which expresses that the series 
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is convergent, and that its sum * is the quantity f(a + A). This 
formula (7) is Taylor^ s series^ properly speaking. But it is not justi- 
fiable unless we can show that the remainder approaches zero when 
n is infinite, whereas the general formula (3) assumes only the exist- 
ence of the first n + 1 derivatives. Replacing a by x, the equation 
(7) may be written in the form 

/(* + A) =/(*) + f /'(*)+ • • ■ + 1 2"..^ /'">(*)+• • •• 


Or, again, replacing A by x and setting a = 0, we find the formula 
(8) /(*) =/(0) + f /'(O) + . . . + ^ ^ /'->(0)+ ■ • 


This latter form is often called McLclaurMs series; but it should 
be noticed that all these different forms are essentially equivalent. 
The equation (8) gives the development of a function of x accord- 
ing to powers of x ; the formula (7) gives the development of a func- 
tion of A according to powers of A: a simple change of notation is 
all that is necessary in order to pass from one to the other of these 
forms. 

It is only in rather specialized cases that we are able to show 
that the remainder approaches zero when n increases indefinitely. 
If, for instance, the absolute value of any derivative whatever is less 
than a fixed number Af when x lies between a and a -f- A, it follows, 
from Lagrange’s form for the remainder, that 


1 /? J < M 


I 

1.2 - (Ti-f-l)’ 


an inequality whose right-hand member is the general term of a 
convergent series. f Such is the case, for instance, for the functions 
e*, sin X, cos x. All the derivatives of are themselves equal to 
c*, and have, therefore, the same maximum in the interval con- 
sidered. In the case of sin x and cos x the absolute values never 
exceed unity. Hence the formula (7) is applicable to these three 
functions for all values of a and A. Let us restrict ourselves to 
the form (8) and apply it first to the function /(x) = We find 


/(O) = 1, /'(O) = 1, . . , = 1, . . - ; 


* That fa to say, the limit of the sum of the first n terms as n becomes infinite. 
For a definition of the meaning of the technical phrase ** the sum of a series/* see 
§ 167. — Tbanb. 

f The order qf choice is a, h, M, n, not o, /i, w, M. This is essential to the con- 
vergence of the series in question. — Trans. 
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and consequently we have the formula 


which applies to all values, positive or negative, of x. If a is any 
positive number, we have = and the preceding formula 

becomes 


( 10 ) 


'= 1 + 


X log a (x log aY 

i ^ 1.2 




(x log ay 
1.2- n ^ 


"Let us now take = sin x. The successive derivatives form a 

recurrent sequence of four terms cos x, — sin x, — cos x, sin x ; and 
their values for x = 0 form another recurrent sequence 1 , 0 , — 1 , 0 . 
Hence for any positive or negative value of x we have 

( 11 ) sm « = j 2.3 1 . 2 . 3 . 4.6 

and, similarly, 


( 12 ) cos X = 1 


5C» 

1.2 


1.2. 3.4 


-. . . + (-!)- 


1 .2.3 • 2n 


Let us return to the general case. The discussion of the remain- 
der is seldom so easy as in the preceding examples ; but the 
problem is somewhat simplified by the remark that if the remain- 
der approaches zero the series 

/(«) + f /'(«) + • • • + i/z.-.n • 

necessarily converges. In general it is better, before examining 
R^, to see whether this series converges. If for the given values of 
a and h the series diverges, it is useless to carry the discussion 
further ; we can say at once that R^ does not approach zero when n 
increases indefinitely. 


49. Development of log(l 4 - x). The function log(l 4 - as), together 
with all its derivatives, is continuous provided that x is greater 
tl^an — !• The successive derivatives are as follows : 

1 




1 + X 
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/"(*) = 


— 1 

(!+*)«’ 


1.2 

(! + *)•’ 




lict US see for 'what values of sc Maclaurin^s formula (8) may be 
applied to this fuaction. Writing first the series with a remainder, 
we have, under any circumstances. 


log(l+x)=f-| + |- + . 


_ I'i— 


+ (- 1 ) 


+ A',.. 


The remainder does not approach zero unless the series 


X 

1 


2 


fE! 

3 





n 


converges, which it does only for the values of x between — • T and 
+ 1, including the upper limit -|- 1. When x lies in this interval 
the remainder may be written in the Cauchy form as follows : 

ar^^g-er (-iri.2-. n 
- 1.2-» + > '• ^ (l + to)" + ‘’ 

or 

jf — ^ ^ — - — 

" V ^ \i-^exj 1^ ex 

Let us consider first the case where ja?|<r'l. The first factor x 
appi caches zero with x, and the second factor (1 — O') /(I + te) is 
less than unity, whether x be positive or negative, for the numer- 
ator is always less than the denominator. The last factor remains 
finite, for it is always less than 1/(1 — |^l)- Hence the remainder 
Itn actually approaches zero when n increases indefinitely. This 
form of the remainder gives us no information as to what happens 
when x =s 1; but if we write the remainder in Lagrange’s form, 

^ im (1 + «)"+•’ 

it is evident that approaches zero when n increases indefinitely. 
An examination of the remainder for x = — 1 would be useless, 
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since the series diverges for that value of *. Wo have then, when 
X lies between — 1 and + 1, the formula 

(13) log (1 + *) = f - f + I* - • • ■ + ( - 1 ‘ f + • • • . 

This formula still holds when * = 1, which gives the curious 
relation 

(14) log2 = l-| + |-^ +••• + (- l)-«i+ -- 


The formula (13), not holding except when x is less than or equal 
to unity, cannot be used for the calculation of logarithms of whole 
numbers, liet us replace a? by — a;. The new formula obtained, 


(13') 


log(l-*)=-j 




still holds for values of x between — 1 and 4- 1 ; and, subtracting 
the corresponding sides, we find the formula 




When X varies from 0 to 1 the rational fraction (1 + x) /(I — a?) 
steadily increases from 1 to oo, and hence we may now easily cal- 
culate the logarithms of all integers. A still more rapidly con- 
verging series may be obtained, however, by forming the difference 
of the logarithms of two consecutive integers. For this purpose 
let us set 


1 -k- X _ N +1 
l — x~ N ’ 


or X 


1 

2 AT-h 1 


Then the preceding formula becomes 


log(JV-+-l) logAT 2j^2jv^l+3(2JV-|-l)»'^6(2J\r+l)‘‘' J’ 

an equation whose right-hand member is a series which converges 
very rapidly, especially for large values of N. 


Note, L*et us apply the general formula (8) to the function log (1 -f a:), setting 
a=0, A = x, n = l, and taking Lagrange’s form for the remainder. We find in 
this way 

X3 

2(1 + to )** 


log(l + x) = X — 
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If we now replace x by the reciprocal of an integer n, this may be written 


log(n-i) = i 

\ n/ n 2 n* 


where tfn ie a positive number less than unity. Some interesting consequences 
may be deduced from this equation. 

1) The harmonic series being divergent, the sum 


increases indefinitely with n. But the difference 

S« — logn 

approaches a finite limit. For, let us write this difference in the form 

(l-log?) + (l-log|) + ... + (l_log?^l) + ... 

/I n + 1\ . n + 1 

\n n / n 

Now 1 /p — log (1 + 1 /p) is the general term of a convergent series, for by the 
equation above 

P \ P/ 

which shows that this term is smaller than the general term of the convergent 
series 2(1 /p^). Wlien n increases indefinitely the expression 


log?-^ = log(l+y 


approaches zero. Hence the difference under consideration approaches a finite 
limit, which is called Euler'a constarU. Its exact value, to twenty places of 
decimals, is C = 0,67721666400158286060. 

2) Consider the expression 

n+1 n+2 n+p 

where n and p are two positive integers which are to increase indefinitely. Then 
we may write 

2 = (l + ^^ + • ■ • + - (l -f ^ + ••• + -) ^ 

V 2 n + p/ \ 2 nf 

1 + i + • • • + ] = log(n +p) + Pn + pf 

2 n + p 

1+1 + .. . + 1 

2 ?i 


= logn + Pn, 
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where Pn-k-p pn approach the same value C when n and p increase indefi- 
nitely. Hence we have also 

S = log 4- - Pta . 

Now the difference pn+p ^ Pn approaches zero. Hence the sum S approaches 
no limit unless the ratio p/n approaches a limit. If this ratio does approach a 
limit cr, the sum S approaches the limit log (1 -h a). 

Setting p =z Uf for instance, we see that the sum 

> + > 

Ti+1 11 + 2 2/1 

approaches the limit log 2. 


50. l>eirelopment of (1 4- x)“. The function (1 4- x)”* is defined and 
continuous, and its derivatives all exist and are continuous func- 
tions of X, when 1 4- aJ is positive, for any value of m ; for the 
derivatives are of the same form as the given function ; 


/'(a:) = m(l -f- 

= m (m — 1 ) (1 4 “ 3 ?) 


y(«)(^) _ — 1) . . . (m — 4- 1) (1 4- x) 

+ = m (m — 1) • • • (m — n) (1 4- x) 

Applying the general formula (3), we find 


(l+a:)'» = l+--® + 




1) 


1.2 

m(m — 1) ■ 


(m — n 4- 1) 


1.2 - n 


x«-hi2„ 


and, in order that the remainder /?„ should approach zero, it is first 
of all necessary that the series whose general term is 

m (m — 1) - • (m — n 4- 1) _ 

“ 1.2 - n 

should converge. But the ratio of any term to the preceding is 

m — 71 + 1 

X, 

71 

which approaches — x as n increases indefinitely. Hence, exclud- 
ing the case where m is a positive integer, which leads to the ele- 
mentary binomial theorem, the series in question cannot converge 
unless [x|^ 1. Let us restrict ourselves to the case in which |x| < 1. 
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To shoMT that the remainder approaches zero, let us write it in the 
Cauchy form : 




The £rst factor 


1.2-.n 


approaches zero since it is the general term of a convergent 
series. The second factor (1 — d) / (1 Ox) is less than unity ; and, 
linally, the last factor (1 -f- is less than a fixed limit. For, 

if m — 1 > 0, we have (1 4- to)”*""* < 2”*~* ; while if w — 1 < 0, 
(1 -h to)"*“* < (1 — |a* !)”•“*. Hence for every value of x between 
— 1 and 4- 1 we have the development 


(16) 


(1 + *)■ 


. . m . m(m — 1) 
= 1^2 


** + 


1 . 2 • • • 


We shall postpone the discussion of the case where a: = ± 1. 

In the same way we might establish the following formulas : 


1 a-* 


arc sin x = x-h^ — 4-^^ ^ 


1 . 
A rr ' 


4- 


1.3.5 - (2 V —1) 


2.4.6- .2w 2n4-l 


arc tan X = X - ^ 4- ^ ^ 4- • • • 4- (- 1)" 


2 « 4- 1 


which we shall prove later by a simpler process, and which hold 
for all values of x between — 1 and 4- 1. 

Aside from these examples and a few other's, the discussion of 
the remainder presents great difficulty on account of the increas- 
ing complication of the successive derivatives. It would therefore 
seem from this first examination as if the application of Taylor’s 
series for the development of a function in an infinite series were of 
limited usefulness. Such an impression would, however, be utterly 
false ; for these developments, quite to the contrary, play a funda- 
mental rble in modern Mathematical Analysis. In order to appre- 
ciate their importance it is necessary to take another point of 
view and to study the properties of power series for their own 
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sake, irrespective cf their origin. We shall do this in several of 
the following chapters. 

Just now we will merely remark that the series 

/(O) + f/'(0) + /‘"’(O) + • • ■ 

may very well be convergent without representing the function 
f(x) from which it was derived. The following example is due to 
Cauchy. Let /(a!) = e Then /'(x) = (2/a:*) ; and, in 

general, the nth derivative is of the form 

where P is a polynomial. All these derivatives vanish for a? == 0, 
for the quotient of by any positive power of ac approaches 

zero with x* Indeed, setting x 1 /z, we may write 



and it is well known that / z”* increases indefinitely with «, no 
matter how large m may be. Again, let ^ (x) be a fimction to which 
the formula (8) applies : 

^(x) = \ + • • • -h ^^">(0) -h . . .. 

Setting F(x) = ^(x) + we find 

F(0) = ^ (0), F\0) = , F^-\0) = <^<">(0), . . . , 

and hence the development of P(x) by Maclaurin’s series would 
coincide with the preceding. The sum of the series thus obtained 
represents an entirely different function from that from which the 
series was obtained. 

In general, if two distinct functions f(x) and (x), together with 
all their derivatives, are equal for x = 0, it is evident that the 

•It is tacitly assumed that, /(O) = 0, which is the only assignment which would 
rend6r/(a;) continuous at a* — 0. But it should he noticed that no further assignment 
Is necessary for/'(y;, etc., at * = 0. For 

/'(O) = 0 = ®> 

whlfdi defines /'(x) at x = 0 and makes /'(x) continuous at x = 0, etc- — Taans. 
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Maclaurin series developments for the two functions cannot both 
be valid, for the coefficients of the two developments coincide. 


51. Extension to functions of several variables. Let us consider, for 
definiteness, a function o> = x) of the three independent vari- 

ables Xf y, «, and let us try to develop f(x h, y -i- k, z I ) accord- 
ing to powers of A, k, I, grouping together the terms of the same 
degree. Cauchy reduced this problem to the preceding by the fol- 
lowing device. Let us give a;, y^ z. A, A, I definite values and let 
us set 

^ CO ^ C^ kt^ y -j- Af, z -j" 

where t is an auxiliary variable. The function ^(0 depends on t 
alone ; if we apply to it Taylor’s series with a remainder, we find 


(17) 


^(0 = .^( 0 ) + j ^'( 0 ) + ^"( 0 ) + • • • 


4- 


1 . 2 ' ■ • w 




1 . 2 . • • (w -f- 1) 




where ^(0), ^'(0), <^^"^(0) are the values of the function <^(0 

and its derivatives, for ^ = 0 ; and where (B€) is the value of 

the derivative of order n 4- 1 for the value Ot, where ^ lies between 
zero and one. But we may consider as a composite function of 
ty ^(f) =f(u, V, tv)y the auxiliary functions 

u = X hty V = y + kty w ^ z It 


being linear functions of t. According to a previous remark, the 
expression for the differential of order m, is the same as if w, 

Vy %o were the independent variables. Hence we have the symbolic 
equation 






dv 




dw ) 


which may be written, after dividing by dv^y in the form 





dv ^ dvo 



For t ^ % Uy Vy w reduce, respectively, to y, «, and the above 
equation in the same symbolism becomes 




Iff- 
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Similarly, 




= (^-f 

\dx 


A + |=^A + 

dy 


^ \<-+« 

d» 7 ’ 


where y, » are to be replaced, after the expression is developed, hy 
X -h Bht, y -h Bht^ af 4- Blt^ 
respectively. If we now set ^ = 1 in (17), it becomes 


(18) 


|'/(x+ A, y + h, + y, 7 + + 

1 . 2 • - • w- dy ds^ ) " ’ 


The remainder /?„ may be written in the form 
1 


= 


1.2--.(7i4- 1) 




where x, y, s are to be replaced by x -|- y + $k^ z 01 after the 
expression is expanded.* 

This formula (18) is exactly analogous to the general formula 
(3). If for a given set of values of x, y, z, h, I the remainder 
approaches zero when n increases indefinitely, we have a develop- 
ment of f(x-\- h, y k, z V) in a series each of whose terms is a 
homogeneous polynomial in A, k, 1. But it is very difficult, in gen- 
eral, to see from the expression for /?„ whether or not this remainder 
approaches zero. 


52. From the formula (18) it is easy to draw certain conclusions 
analogous to those obtained from the general formula (3) in the 
case of a single independent variable. For instance, let z = f(x^ y) 
be the equation of a surface S. If the function f(pr, y), together 
with all its partial derivatives up to a certain order n, is continuous 
in the neighborhood of a point (x©, 2/o)» the formula (18) gives 


/(a:, + A, + 1c) =/(x„, y„) + ^ + A- ^ 




Restricting ourselves, in the second member, to the first two terms, 
then to the first three, etc., we obtain the equation of a plane, then 


* It is assumed here that all the derivatives used exist and are continuous. — Trans. 
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that of a paraboloid, etc., which differ very little from the given sur- 
face near the point (xq, yo)- The plane in question is precisely the 
tangent plane ; and the paraboloid is that one of the family 

a; = -h 2 Bxy -f- Cy^ 2 Dx 2 Ey F 


which most nearly coincides with the given surface S. 

The formula (18) is also used to determine the limiting value of 
a function which is given in indeterminate form. Let y) and 
(*? y) be two functions which both vanish for x = a, y := b, but 
which, together with their partial derivatives up to a certain order, 
are continuous near the point (a, b). Let us try to find the limit 
approached by the ratio 

y) 

y) 

when X and y approach a and respectively. Supposing, first, that 
the four first derivatives df /ida^ df/dh^ d<l>/day c^Jdh do not all 
vanish simultaneously, we may write 

where c, e', e,, ej approach zero with h and k. When the point 
{x, y) approaches (a, 6), h and k approach zero ; and we will sup- 
pose that the ratio k/h approaches a certain limit a, i.e. that the 
point (x, y) describes a curve which has a tangent at the point (a, b). 
Dividing each of the terms of the preceding ratio by A, it appears 
that the fraction /(x, y) y) approaches the limit 


da db 

d A . d <f> 


This limit depends, in general, upon a, i.e. upon the manner in 
which X and y approach their limits a and b, respectively. In order 
that this limit should be independent of ct it is necessary that the 
relation 

da db db da 


should hold ; and such is not the case in general. 
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If the four first derivatives df/da, df/db, d^/da, Z^/dh vanish 
simultaneouslj, we should take the terms of the second order in the 
formula (18) and write 


fja -\-h,h + k) 
^(<K + Hy b -f- Aj) 


0 + 




*» 


where c, c', c'', c,, e/, are infinitesimals. Then, if n: be given the 
same meaning as above, the limit of the left>hand side is seen to be 


da^ 


-h 




ay ^ 

^ dadb'^'^ db^ 


^ da db 


d^ib 


db^ 


wnich depends, in general, upon a. 


II. SINGULAR POINTS MAXIMA AND MINIMA 

53. Singular points. Let (xq, t/o) be the coordinates of a point Mq 
of a curve C whose equation is JP*(x, y) = 0. If the two first par- 
tial derivatives dF/dx^ dF/dy do not vanish simultaneously at this 
point, we have seen (§ 22) that a single branch of the curve C passes 
through the point, and that the equation of the tangent at that 
point is 

dF d F 

where the symbol d^-^^F /dx^ dy% denotes the value of the derivative 
/dxP dy^ for x = x^, y — y^. If dF /dx^ and dF /dy^ both van- 
ish, the point (aco? yo) is, in general, a singular point.* Let us suppose 
that the three second derivatives do not all vanish simultaneously 
for x^XQyy ^ yo, and that these derivatives, together with the third 
derivatives, are continuous near that point. Then the equation of 
the curve may be written in the form. 

♦ That is, the appearance of the curve is, in general, peculiar at that point. For an 
!t analytic definition of a singtUar point, see § 192 . — Tbams. 
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(19) 


0 = F(x, y) 

= 2 ^ “ *.)(y- yo) + ^ (y- yo)“J 

, __i r^/ s . aj’ 1”> 

1 .2.3Laa: ’ 

*— -J »(I + Mjf— v.) 


where a; and y are to be replaced in the third derivatives by 
Xo 0(x — Xo) and y© H- — !/o)f respectively. We may assume 
that the derivative d^F'/di/^ does not vanish; for, at any rate, we 
could always bring this about by a change of axes. Then, setting 
// — !/o = t(x — Xo) and dividing by (a; — a?©)®, the equation (19) 
becomes 


( 20 ) 


dx^ 


+ 2t 


d^F 


« F 

+ < + (* — aro)/* (a 




where P(x ^ x©, t) is a function which remains finite when x 
approaches x©. Now let ti and be the two roots of the equation 




+ t* 


d^F 


= 0 . 


If these roots are real and unequal, i.e. if 

/ i^F y d^F d^F 

\Sa:o dyj ^ ^arg dy^’ 

the equation (20) may be written in the form 
F 

^i) ^*) "I" ^o) = 0. 


For X = X© the above quadratic has two distinct roots ^ ^ 

As X approaches x© that equation has two roots which approach 
and ^ 2 , respectively. The proof of this is merely a repetition of 
the argument tor the existence of implicit functions. Let us set 
t = ti + Uy for example, and write down the equation connecting x 
and u\ 

u (ti — + w) -h (x — X©) Q (x, u) = 0, 


where Q (x, u) remains finite, while x approaches x© and u approaches 
zero. Let us suppose, for definiteness, tliat tx — <* > 0 ; and let M 
denote an upper limit of the absolute value of Q(x, u), and m a 
lower limit of — ^2 4- u, when x lies between x© — A and x© + 
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and u between — h and H- h, where A. is a positive number less than 
Now let c be a positive number less than A, and rf another 
positive number which satisfies the two inequalities 

TYl 

r,<h, 

If a; be given such a value that \x — Xol is less than 17 , the left-hand 
side of the above equation will have different signs if — c and then 
-f- c be substituted for u. Hence that equation has a root which 
approaches zero as x approaches x©, and the equation (19) has a 
root of the form 

y = — ^0) (ti 4- or), 

where a approaches zero with x — Xq, It follows that there is one 
branch of the curve C which is tangent to the straight line 

y — yo = (* — ^ 0 ) 

at the point (xq, y©)- 

In like manner it is easy to see that another branch of the 
curve passes through this same point tangent to the straight line 
y — y© = ^ 2 ( 2 : — Xo). The point 3/© is called a double point; and 
the equation of the system of tangents at this point may be found 
by setting the terms of the second degree in (x — x©), (y — y©) in 
(19) equal to zero. 

If 

/ d^F y d^F d^F 

\dx^dyj dai ’ 

the point (x©, y©) is called an isolated double point. Inside a suffi- 
ciently small circle about the point ili© as center the first member 
i^(x, y) of the equation (19) does not vanish except at the point 3/© 
itself. For, let us take 

a? = x© 4 - p cos y = yo 4 - p sin 

as the coordinates of a point near 3 /©. Then we find 

^ V (d^F d^F d^F \ 

J') = 2 + 2 cos ^ sin ^ sin* ^ + pi j , 

where L remains finite when p approaches zero. Let ^ be an upper 
limit of the absolute value of L when p is less than a certain posi- 
tive number r. For all values of ^ between 0 and 27r the expression 

^^F d^F 
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has the same sign, since its roots are imaginary. Let m be a lower 
limit of its absolute value. Then it is clear that the coefficient 
of cannot vanish for any point inside a circle of radius p C m / H. 
Hence the equation y) = 0 has no root other than p = 0, i.e. 

y = inside this circle. 

In case we have 

/ Y d^F d^F 

\dxaBi/o/ ~~ dai d>/^ ’ 

the two tangents at the double point coincide, and there are, in gen- 
eral, two branches of the given curve tangent to the same line, thus 
forming a cusp. The exhaustive study of this case is somewhat 
intricate and will be left until later. Just now we will merely 
remark that the variety of cases which may arise is much greater 
than in the two cases which we have just discussed, as will be seen 
from the following examples. 

The curve y^ = has a cusp of the first kind at the origin, both 
branches of the curve being tangent to the axis of x and lying on 
different sides of this tangent, to the right of the y axis. The 
curve y^ — 2x^y + = 0 has a cusp of the second kind, both 

branches of the curve being tangent to the axis of x and lying on 
the same side of this tangent; for the equation may be written 

y = x* ± £c*, 

and the two values of y have the same sign when x is very small, 
but are not real unless x is positive. The curve 

x^ -h x ^ — 6 x^y y^ = 0 

has two branches tangent to the x axis at the origin, which do not 
possess any other peculiarity ; for, solving for y, the equation becomes 

3 X® ± x^ Vs — 

2 ' = ’ 

and neither of the two branches corresponding to the two signs 
before the radical has any singularity whatever at the origin. 

It may also happen that a curve is composed of two coincident 
branches. Such is the case for the curve represented by the 
equation 

F(x, y) = y2 — 2 x*y 4- x* = 0. 

When the point (x, y) passes across the curve the first member F(x, y) 
vanishes without changing sign. 
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Finally, the point (xo 9 y©) may be an isolated double point. Such 
is the case for the curve + x* -h y* = 0, on which the origin is an 
isolated double point. 


54. In like manner a point Mq of a surface 5, whose equation is 
F(x, y, z) = 0, is, in general, a singular point of that surface if the 
three first partial derivatives vanish for the coordinates Xq, y©, Zq of 
that point : 


dF 

dxo 


= 0 , 


dF 

^y© 



The equation of the tangent plane found above (§ 22) then reduces 
to an identity; and if the six second partial derivatives do not all 
vanish at the same point, the locus of the tangents to all curves on 
the surface S through the point Mq is, in general, a cone of the 
second order. For, let 


be the equations of a curve C on the surface S. Then the three 
functions ^(0 satisfy the equation F(Xy y, z) = 0, and 

the first and second differentials satisfy the two relations 


_ _^dF . . 




SF , Y® 


€x dy dz 


For the point x f= Xq, y = i/oy z = Zq the first of these equations 
reduces to an identity, and the second becomes 


dx^ -f dy^ + dz^ 

^!/l 

d^F 


^ o‘ I* d^ F 0*1^ 

^ fir + ^ 5 — ^ dydz + 2 ^ ^ 

CXodi/„ dffgdza dx„dz, 


d^F 


dx dz = 0. 


The equation of the locus of the tangents is given by eliminating 
dxy dyj dz between the latter equation and the equation of a tangent 
line 

^ ^0 F Z — gQ 

dx dy dz ^ 

which leads to the equation of a cone T of the second degree : 
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f S*F d*F 


C21) 


c^F 


d^F 


+ 2 ( K - y«) (^ - *.) + 2 ^x-x,')iZ-z,') = 0. 


On the other hand, applying Taylor’s series with a remainder 
and carrying the development to terms of the third order, the equa- 
tion of the surface becomes 


( 22 ) 


• = y, *) 

= 172 L^o ~ 


where x, y, * in the terms of the third order are to be replaced by 
Xo + B(x — aco), j/o + ^(i/ ““ yo)y «A + ^(» — ■ «o)> respectively. The 
equation of the cone 7' may be obtained by setting the terms of 
the second degree in a? — iCo, y — yo> * — »o in the equation (22) equal 
to zero. 

Let us then, first, suppose that the equation (21) represents a real 
non-degenerate cone. Let the surface iS and the cone T be cut by a 
plane P which passes through two distinct generators G and G* of 
the cone. In order to find the equation of the section of the sur- 
face S by this plane, let us imagine a transformation of coordinates 
carried out which changes the plane into a plane parallel to the 
xy plane. It is then sufficient to substitute the equation (22). 

It is evident that for this curve the point Mq is a double point with 
real tangents ; from what we have just seen, this section is composed 
of two branches tangent, respectively, to the two generators G, 

The surface S near the point Afo therefore resembles the two nappes 
of a cone of the second degree near its vertex. Hence the point Mo 
is called a conical point. 

When the equation (21) represents an imaginary non-degenerate 
cone, the point Mq is an isolated singular point of the surface *S’. 
Inside a sufficiently small sphere about such a point there exists no 
set of solutions of the equation F(x, y, «) = 0 other than x = ar©, 
y = yo> ^ = ^0® FoTy let Af be a point in space near p the 
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distance and a, y the direction cosines of the line 

Then if we substitute 


X = Xo 4- y = yo-\- p0y « = «o 4- py, 

the function F (x, j/, z) becomes 


^2 /m T!> 

F(x, y, ») = -g a* + -^ 


• + 2 


dxadz„ 


ay 4- pL 


)• 


where L remains finite when p approaches zero. Since the equation 
(21) represents an imaginary cone, the expression 


d^F 

dxl 


4- 


-.4-2 


d^F 

dx^dz^ 


cannot vanish when the point (a, /?, y) describes the sphere 

^2 _i_ ^2 _|_ y2 _ ^ 

Ijet m be a lower limit of the absolute value of this polynomial, 
and let H be an upper limit of the absolute value of L near the 
point Mq, If a sphere of radius m / H he drawn about A/q as center, 
it is evident that the coefficient of p^ in the expression for -F(x, y, «) 
cannot vanish inside this sphere, lienee the equation 


7^(x, y, = 0 

has no root except p = 0. 

When the equation (21) represents two distinct real planes, two 
nappes of the given surface pass through the point Mq, each of 
which is tangent to one of the planes. Certain surfaces have a 
line of double points, at each of which the tangent cone degenerates 
into two planes. This line is a double curve on the surface along 
which two distinct nappes cross each other. For example, the circle 
whose equations are 2 ; = 0, x* 4- y* = 1 is a double line on the surface 
whose equation is 


4- 2 z^(x^ -I- y2) — (x^ -h y^ — 1)“ = 0. 

When the equation (21) represents a system of two conjugate 
imaginary planes or a double real plane, a special investigation is 
necessary in each particular case to determine the form of the sur- 
face near the point M©. The above discussion will be renewed in 
the paragraphs on extrema. 


55. Extrema of functions of a single variable. Let the function /(x) 
be continuous in the interval (a, 6), and let c be a point of that 
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interval. The function f(x) is said to have an extremum (i.e. a 
maximum or a minimum') for ^ = c if a positive number can be 
found such that the difference f(c -h A) — fip)^ which vanishes for 
A = 0, has the same sign for all other values of h between — 
and -I- 17. If this difference is positive, the function f(x) has a 
smaller value for x = c than for any value of x near e ; it is said 
to have a minimum at that point. On the contrary, if the differ- 
ence f(o h) —f(c) is negative, the function is said to have a 
maximum. 

If the function f(x) possesses a derivative for a; = c, that deriva- 
tive must vanish. For the two quotients 

+ f(e-h)-f(e) 

h -h 

each of which approaches the limit /*'(«) when h approaches zero, have 
different signs ; hence their common limit must be zero. Con- 
versely, let c be a root of the equation f^x) = 0 which lies between 
a and ft, and let us suppose, for the sake of generality, that the 
first derivative which does not vanish for a? == c is that of order 
and that this derivative is continuous when a? = c. Then Taylor’s 
series with a remainder, if we stop with n terms, gives 

/(« + A) -/(c) = + »A). 

which may be written in the form 

f(c + A) -/(c) = ^ ^ [/^>(c) + e], 

where c approaches zero with h. Let 17 be a positive number such 
that I is greater than c when x lies between c rj and c -f- 17. 

For such values of x, 4- c has the same sign as and 

consequently fQ>-\-h)—f(c) has the same sign as If 

n is odd, it is clear that this difference changes sign with hy and 
there is neither a maximum nor a minimum at x = e. If n is even, 
/(c 4 h) — f(c) has the same sign as whether h be positive 

or negative ; hence the function is a maximum if is negative, 

and a minimum if is positive. It follows that the necessary 

and sufficient condition that the function should have a maximum 
or a minimum for x = o is that the first derivative which does not 
vanish for x — c should be of even order. 
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Geometrically, the preceding conditions mean that the tangent to 
the curve y ==/(a:) at the point A whose abscissa is c must be par- 
allel to the axis of ar, and moreover that the point A must not be 
a point of inflection. 

Notes. When the hypotheses which we have made are not satisfled 
the function f(^') may have a maximum or a minimum, although 
the derivative y*' (a;) does not vanish. If, for instance, the derivative 
is infinite for a; = r, the function will have a maximum or a mini- 
mum if the derivative changes sign. Thus the function 2 / = a;* is at 
a minimum for sc = 0, and the corresponding curve has a cusp at the 
origin, the tangent being the y axis. 

When, as in the statement of the problem, the variable a; is 
restricted to values which lie between two limits a and it may 
happen that the function has its absolute maxima and minima pre- 
cisely at these limiting points, although the derivative y*'(ar) does 
not vanish there. Suppose, for instance, that we wished to find 
tiie shortest distance from a point P whose coordinates are (a, 0) 
to a circle C whose equation is a**-* -f- y* — = 0. Choosing for our 

independent vai'iable the abscissa of a point M of the circle C’, we 
find 

= PM^ = (x — a)‘^ -f* — 2 ax -f“ 

or, making use of the equation of the circle, 

tP = IP -f- iP — 2 ax. 

The general rule would lead us to try to find the roots of the derived 
equation 2 a = 0, which is absurd. But the paradox is explained if 
we observ'^ that by the very nature of the problem the variable x 
must lie between — R and -f- R, If is positive, cP has a minimum 
for X = R and a maximum iov x = — R. 

56. Extrema of functions of two variables. Let f(x, y) be a con- 
tinuous function of x and y when the point M, whose coordinates 
are x and y, lies inside a region O bounded by a contour C. The 
function /(a*, y) is said to have an extremum at the point (aco, yo) 
of the region 12 if a yjositive number rj can be found such that the 
difference 

^ =f(.^o H- yo -f- k) —f(xo, yo), 

which vanishes for h = 7c = 0, keeps the same sign for all other sets 
of values of the increments 7i and k which are each less than rj in 
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absolute value. Considering y for the moment as constant and 
equal to y©? ^ becomes a function of the single variable a? ; and, by 
the above, the difference 


/(Xo + A, yo) — /(xo> yo) 


cannot keep the same sign for small values of h unless the deriva- 
tive df /dx vanishes at the point Mq. Likewise, the derivative df /dy 
must vanish at ; and it is apparent that the only possible sets of 
values of x and y which can render the function f{xy y) an extre- 
mum are to be found among the solutions of the two simultaneous 
equations 





= 0. 


Let X = Xq^ y = yj, be a set of solutions of these two equations. 
We shall suppose that the second partial derivatives of y) do 
not all vanish simultaneously at the point whose coordinates 
are (xq, yo), and that they, together with thcj third derivatives, are 
all continuous near M^. Then we have, from Taylor’s expansion, 


' =/(Xo + /!, y„ + A') y,,) 

(23') -j 1 • 2 \ Cxs <)jc„ 6>y„ dt/i / 

I cV <^x 

We can foresee that the expression 


Bh 

- Bk 


h'\f 


+ 2 hk 




-H k'^ 




will, in general, dominate the whole discussion. 

In order that there be an extremum at yI/q it is necessary and 
sufficient that the difference A should have the same sign when the 
point (a?o + yo + anywhere inside a sufficiently small square 

drawn about the point as center, except at the center, where 
A = 0, Hence A must also have the same sign when the point 
{x^ 4- A, yo -h k) lies anywhere inside a sufficiently small circle whose 
center is Af o ; for such a square may always be replaced by its 
inscribed circle, and conversely. Then let C be a circle of radius 
T drawn about the point as center. All the points inside this 
circle are given by 

h ^ p cos k = p sin <f>, 
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-where ^ is to vary from 0 to 2 w, and p from — r to -f- n We might, 
indeed, restrict p to positive values, but it is better in what follows 
not to introduce this restriction. Making this substitution, the 
expression for A becomes 

A = ^ (A cos®^ + 2 jB sin <l> cos ^ + C sin*^) + ^ L, 

where 

^~d^„ ^~dx^dy^' dyt 

and where i is a function whose extended expression it would be 
useless to write out, but which remains finite near the point (a^o, yo)- 
It now becomes necessary to distinguish several cases according to 
the sign of J5® — A C. 

First case. Itet ^ AC "> 0. Then the equation 

A cos^ <f> A- 2 B sin <f> cos C sin^ </» = 0 

has two real roots in tan and the first member is the difference 
of two squares. Hence we may write 

A = “ [or (a cos </i + ^ sin — /9(a' cos sin ^ Ly 

where 

cr >- 0, ^ > 0, ab^ — ba' 0. 

If Kf> be given a value which satisfies the equation 
a cos ^ + 6 sin ^ = 0, 

A will be negative for sufficiently small values of p ; while, if be 
such that a'cos<^ 4- 6'sin<^ = 0, A will be positive for infinitesimal 
values of p. Hence no number r can be found such that the differ- 
ence A has the same sign for any value of when p is less than r. 
It follows that the function f(^y y) has neither a maximum nor a 
minimum for x = y = y^. 

Second case. Let — AC <. 0. The expression 

A cos*<^ A- 2 B oosif> sin<^ 4- C sin^<^ 

cannot vanish for any value of Let m be a lower limit of its 
absolute value, and, moreover, let H be an upper limit of the abso- 
lute value of the function L in a circle of radius R about (xq^ y©) a® 
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oenter. Finally, let r denote a positive number less than R and less 
than 3m/ H, Then inside a cii-cle of radius r the difference A will 
have the same sign as the coefficient of i.e. the same sign as A 
or C. Hence the function f(Xy y) has either a maximum or a mini- 
mum for a? = aJoj y = yo- 

To recapitulate, if at the point (x^y yo) have 

/ V ^ ^ O 

\dxQdyJ dyi ’ 

there is neither a maximum nor a minimum. But if 

/ V 

\dxQdyJ dxl dyl ' 

there is either a maximum or a minimum, depending on the sign of 
the two derivatives There is a maximum if these 

derivatives are negative, a minimum if they are positive. 


57. The ambiguous case. The case where — .dC = 0 is not cov- 
ered by the preceding discussion. The geometrical interpretation 
shows why there should be difficulty in this case. Let 5 be the 
surface represented by the equation « =* f(Xy y). If the function 
fipCy y) has a maximum or a minimum at the point (xo, y©), near 
which the function and its derivatives are continuous, we must have 





0 , 


which shows that the tangent plane to the surface S at the point 
Mq, whose coordinates are (x©, y©, must be parallel to the xy 
plane. In order that there should be a maximum or a minimum it 
is also necessary that the surface Sy near the point AT©, should lie 
entirely on one side of the tangent plane ; hence we are led to study 
the behavior of a surface with respect to its tangent plane near the 
point of tangency. 

Let us suppose that the point of tangency has been moved to the 
origin and that the tangent plane is the xy plane. Then the equa- 
tion of the surface is of the form 


(24) z = ax® -I- 2 bxy + /?y® -H orx® -|- 3 (Bx^y -f- 3 yxy® ■+■ 5y®, 

where a, by c are constants, and where a, /3, y, S are functions of x 
and y which remain hnite when x and y approach zero. This equa- 
tion is essentially the same as equation (19), where x© and y© have 
been replaced by zeros, and h and A; by x and y, respectively. 
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In order to see whether or not the surface S lies entirely on 
one side of the xy plane near the origin, it is sufficient to study the 
section of the surface by that plane. This section is given by the 
equation 

(25) ax^ -^2 hxy 4- H = 0 ; 

hence it has a double point at the origin of coordinates. If 5* — ac 
is negative, the origin is an isolated double point (§ 53), and the 
equation (25) has no solution except x = y = 0, when the point 
(a:, y) lies inside a circle C of sufficiently small radius r drawn 
about the origin as c.entor. The left-hand side of the equation (25) 
keeps the same sign as long as the point (a*, y) remains inside this 
circle, and all the points of the surface which project into the 
interior of the circle C are on the same side of the xy plane except 
the origin itself. Tn this case there is an extremum, and the por- 
tion of the surface S near the origin resembles a portion of a sphere 
or an ellipsoid. 

If — ac'> 0, the intersection of the surface S by its tangent 
plane has two distinct branches which jiass through the 

origin, and the tangents to these two branches are given by the 
equation 

cbx^ 4- 2 hxy -f- = 0. 


Let the point (x, y) be allowed to move about in the neighborhood 
of the origin. As it crosses either of the two branches the 

left-hand side of tlie equation (25) vanishes and changes sign. 
Hence, assigning to each region of the plane in the neighborhood 
of the origin the sign of the left-hand side of the equation (25), we 
find a configuration similar to Fig. 7. Among the points of the 
surface which project into points inside a circle about the origin in 



Fig. 7 


the xy plane there are always some which 
lie below and some which lie above the 
xy plane, no matter how small the circle 
be taken. Tlie general aspect of the sur- 
face at this point with respect to its tan- 
gent plane resembles that of an unparted 
hyperboloid or an hyperbolic paraboloid. 
The function ^(x, y') has neither a maxi- 
mum nor a minimum at the origin. 


The case where ^ ac ^ 0 is the case in which the curve of 


intersection of the surface by its tangent plane has a cusp at the 
origin. We will postpone the detailed disoussion of this case. If the 
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intersection is composed of two distinct branches through the origin, 
there can be no extremum, for the surface again cuts the tangent 
plane. If the origin is an isolated double point, the function /(a?, y) 
has an extremum for a; = y = 0. It may also happen that the inter- 
section of the sui’face with its tangent plane is composed of two 
coincident branches. For example, the surface = y* — 2 x*y -f- 
is tangent to the plane = 0 all along the parabola y = ac®. The 
function y“ — 2 x®y -h is zero at every point on this parabola, but is 
positive for all points near* the origin which ai*e not on the parabola. 

68. In order to see which of these cases holds in a given example it is neces- 
sary to take into account the derivatives of the third and fourth orders, and some- 
times derivatives of still higher order. The following discussion, which is usually 
sufiElcient in practice, is applicable only in the most general cases. When 
— ac = 0 the equation of the surface may be written in the following form 
by using Taylor's development to terms of the fourth order; 

( 26 ) z =/(x, y)=A (xsinoi - ycosw)* + <>a(x, y) + ~ 

\ cx cy / oy 

Let us suppose, for definiteness, that A is positive. In order that the surface S 
should lie entirely on one side of the xy plane near the origin, it is necessary that 
all the curves of intersection of the surface by planes through the z axis should 
lie on the same side of tin* xy plane near the origin. But if the surface be cut 
by the secant plane 

y = X tan 0, 

the equation of the curve of intersection is found hy making the substitution 
X = p cos 0, y — p sin 

in the equation ( 26 ), the new axes being the old z axis and the trace of the secant 
plane on the xy plane. Performing this operation, we find 

z = Ap^ (cos <p sin w — cos w sin 0)* K p^ L p^, 

where K is independent of p. If tan <17 ^ tan 0, z is positive for sufficiently small 
values of p ; hence all the corresponding sections lie above the xy plane near the 
origin. Let us now cut the surface by the plane 

y = X tan w. 

If the corresponding value of K is not zero, the development of z is of the form 

2 = p^*(X+e) 

and changes sign with p. Hence the section of the surface by this plane has a 
point of inflection at the origin and crosses the xy plane. It follows that the 
function /(x, y) has neither a maximum nor a minimum at the origin. Such is 
the case when the section of the surface by its tangent plane has a cusp of the 
first kind, for instance, for the surface 

z = y* — X®. 
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If JT s 0 for the latter substitution, we would carry the development out to 
terms of the fourth order, and we would obtain an expression of the form 

* = + Of 

where K\ is a constant which may be readily calculated from the derivatives of 
the fourth order. We shall suppose that K\ is not zero. For infinitesimal val- 
ues of p, z has the same sign as Kx \ if JTi is negative, the section in question lies 
beneath the xy plane near the origin, and again there is neither a maximum nor 
a minimum. Such is the case, for example, for the surface * = y® — ac*, whose 
intersection with the xy plane consists of the two parabolas y = ± Hence, 
unless IT = 0 and £*1 > 0 at the same time, it is evidently useless to carry the 
investigation farther, for we may conclude at once that the surface crosses its 
tangent plane near the origin. 

But if FT = 0 and ifi > 0 at the same time, all the sections made by planes 
through the z axis lie above the xy plane near the origin. But that does not 
show conclusively that the surface does not cross its tangent plane, as is seen 
by considering the particular surface 

z = (y - x^Xy - 2 


which cuts its tangent plane in two parabolas, one of which lies inside the other. 
In order that the surface should not cross its tangent plane it is also necessary 
that the section of the surface made by any cylinder whatever which passes 
through the z axis should lie wholly above the xy plane. Let y = «t>(x) be the 
equation of the trace of this cylinder upon the xy plane, where 0 (x) vanishes for 
X = 0. The function F(x) =/[x, ^(x)] must be at a minimum for x = 0, what- 
ever be the function 0 (x). In order to simplify the calculation we will suppose 
that the axes have been so chosen that the equation of the surface is of the form 


* = + 0,(X, y) + ..., 

where A. is positive. With this system of axes we have 


^ = 0, 

dxo 


df 


= 0 , 




= 0, 


dxo^yo ’ dyl * 


dyo ' dxi 

at the origin. 

The derivatives of the function F(x) are given by the formulse 

j*" (*) = ^ + ^ (*). 


+ 0 (X) -i 12 


dx^dy 
a d^f 


axsifi 

a*/ 


+ 6 0 


«'•(*) + 


^ (4 + 3 «"») + «.v(»). 
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from which, for x = v = ^ obtain 

P'(0) = 0, F"(0) = [0'(O)]« 

If 0'(O) does not vanish, the function F(x) has a minimum, as is also apparent 
from the previous discussion. But if ^''(O) = 0, we find the formulte 


F'(0) = 0, r"(0) = 0, 




F.|0) . g + 6 


Hence, in order that F(x) be at a minimum, it is necessary that vanish 

and that the following quadratic form in ^^'(0), 


axj ^dj/Q 


+ [0-(O)]*, 


be positive for all values of ^^^(0). 

It is easy to show that these conditions are not satisfied for the above function 
z = — 3x*y + 2x*, but that they are satisfied for the function « = p* + x*. 

It is evident, in fact, that the latter surface lies entirely above the xj/ plane. 

We shall not attempt to carry the discussion farther, for it requires extremely 
nice reasoning to render it absolutely rigorous. The reader who wishes to exam- 
ine the subject in greater detail is referred to an important memoir by Ludwig 
Scheffer, in Vol. XXXV of the Mathemaiische Annalen. 


59. Functions of three ▼arlables. Let u = /(x^ x) be a continuous 
function of the three variables Xy y, x. Then, as before, this func- 
tion is said to have an extremum (maximum or minimum) for a set 
of values x^y & positive number jj can be found so small 

that the difference 

A =y(a?Q H- A, 2^0 -f- ky Zq -|- Z) Voy 

which vanishes for h = k = I == 0, has the same sign for all other 
sets of values of hy ky I, each of which is less in absolute value 
than 17 . If only one of the variables x, y, z is given an increment, 
while the other two are regarded as constants, we find, as above, 
that u cannot be at an extremum unless the equations 





are all satisfied, provided, of course, that these derivatives are con- 
tinuous near the point (a*,,, l/^y, x„). Let us now suppose that ar^, ^ 0 , z^, 
are a set of solutions of these equations, and let the point 

whose coordinates ai*e x^, y^y There will be an extremum if a 
sphere can be drawn about JI/q so small that f(xy y, z) — /*( 3 Cq, 
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has the same sign for all points (x, y, z) except Mo inside the sphere. 
Let the coiirdinates of a neighboring point be represented by the 
equations 

X = Xq pa, y = pPy « = «o 

where a, y satisfy the relation 4- y® = 1 ; and let us replace 

X — Xo, y — y^y » — «o Taylor’s expansion of /(ac, y, &) by pa, pfi, 
py, respectively. This gives the following expression for A : 

A = p^l<fy(a, p, y) -f- 

where ^(a, y) denotes a quadratic form in a, p, y whose coeffi- 
cients are the second derivatives of f(x, y, z), and where X is a 
function which remains finite near the point The quadratic 

form may be expressed as the sum of the squares of three distinct 
linear functions of a, y, say P\ P**, multiplied by certain con- 
stant factors a, a', a", except in the particular case when the dis- 
criminant of the form is zero. Hence we may write, in general, 

y) = 

where a, a*, a" are all different from zero. If the coefficients a, a\ a** 
have the same sign, the absolute value of the quadratic form will 
remain greater than a certain lower limit when the point a, fi, y 
describes the sphere 

a^ + /3^ + y^= 1, 

and accordingly A has the same sign as a, a\ a^' when p is less than 
a certain number. Hence the function y* (x, y, z) has an extremum. 

If the three coefficients a, a\ a^' do not all have the same sign, 
there will be neither a maximum nor a minimum. Suppose, for 
example, that a > 0, a' < 0, and let us take values of a, /3, y which 
satisfy the equations P' = 0, P” = 0. These values cannot cause P 
to vanish, and A will be positive for small values of p. But if, on 
the other hand, values be taken for a, p, y which satisfy the equa- 
tions P = 0, P" = 0, A will be negative for small values of p. 

The method is the same for any number of independent variables : 
the discussion of a certain quadratic form always plays the prin- 
cipal r61e. In the case of a function u =y*(£c, y, of only three 
independent variables it may be noticed that the discussion is 
equivalent to the discussion of the nature of a surface near a singu- 
lar point. For consider a surface % whose equation is 

F(x, y, z) =f(x, y, z) —f{Xo, yo, »o) = 0; 
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this surface evidently passes through the point A/q whose coordi- 
nates are (xq, «o), and if the function f(x, y, z) has an extremum 
there, the point Mq is a singular point of 5. Hence, if the cone of 
tangents at Afo is imaginary, it is clear that y, ») will keep the 
same sign inside a sufficiently small sphere about as center, and 
/‘(x, y, z) will surely have a maximum or a minimum. But if the 
cone of tangents is real, or is composed of two real distinct planes, 
several nappes of the surface pass through Af^, and F{x, y, «) 
changes sign as the point (x, y, z) crosses one of these nappes. 


60. IMstance from a point to a aurface. Let us try to find the maximum and the 
minimum values of the distance from a fixed point (a, 6, c) to a surface S whose 
equation is P<x, y, z) = 0. The square of this distance, 

u = = (x — a)2 4- (y _ 5)2 -I- ( 2 ; _ c)2, 

is a function of two independent variables only, — x and for example, if 2 be 
considered as a function of x and y defined by the equation F = 0. In order 
that u be at an extremum for a point (x, y^ z) of the surface, we must have, for 
the coordinates of that point, 


1 0U 

2 dx 
1 ^ 
2 By 


= (as - a) + (2 - f.) = 0, 

dx 

= (v -b) + (z - c)^ = 0 . 


We find, in addition, from the equation JF* = 0, the relations 

0F ^ dz 

dx dz dx ’ dy dz dy ’ 


whence the preceding equations take the form 

X — g _ y ~ b _ z — c 
oF ^F 0 F ’ 

dx dy dz 

This shows that the normal to the surface 8 at the point (x, y, z) passes through 
the point (a, fc, c). Hence, omitting the singular points of the surface S, the 
points sought for are the feet of normals let fall from the point (a, b, c) upon the 
surface S. In order to see whether such a point actually corresponds to a maxi- 
mum or to a minimum, let us take the point as origin and the tangent plane as 
the xy plane, so that the given jioint shall lie upon the axis of z. Then the func- 
tion to be studied has the form 


u = x« + y2 + (2 _ c)®, 

where z is a function of x and y which, together with both its first derivatives, 
vanishes for ac = y = 0* Denoting the second partial derivatives of z by r, s, 
we have, at the origin, 


ax® 


= 2(1 -cr). 


dxdy 


= — 2 C3, 


02 U 


= 2(1 -c«), 
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it only remains to study the polynomial 

A(c) = - (1 - cr)(l — ct) = c®(8« - rt) + (r + t)c — 1. 

The roots of the equation A (c) = 0 are always real by virtue of the identity 
(y + + 4 (8^ — rt) r= 4 8^ + (r — t)^. There are now several cases which must 

be distinguished according to the sign of — rt. 

First case. Let 8 ^ — rt < 0. The two roots ci and Ca of the equation A (c) = 0 
have the same sign, and we may write A(c) = (8® — rt) (c — ci) (c — ca). Let us 
now mark the two points Ai and Aa of the z axis whose coordinates are Ci and Ca. 
These two points lie on the same side of the origin ; and if we suppose, as is 
always allowable, that r and t are positive, they lie on the positive part of the 
z axis. If the given point A (0, 0, c) lies outside the segment AiAa, A(c) is 
negative, and the distance OA is a maximum or a minimum. In order to see 
which of the two it is we must consider the sign of 1 — cr. Tliis coefficient 
does not vanish except when c = 1 / r ; and this value of c lies between ci and Ca, 
since A (1/r) = s®/r®. But, for c = 0, 1 — cr is positive ; hence 1 — cr is posi- 
tive, and the distance OA is a minimum if the point A and the origin lie on 
the same side of the segment A 1 A 3 . On the other hand, the distance OA is a 
maximum if the point A and the origin lie on different sides of that segment. 
When the point A lies between Ax and Aa the distance is neither a minimum 
nor a maximum. The case where A lies at one of the points Ai, Aa is left in 
doubt. 

Second case. Let 8 ® — rf > 0. One of the two roots ci and ca of A (c) = 0 is 
positive and the other is negative, and the origin lies between the two points 
Ai and Aa. If the point A does not lie between A\ and Aa, A(c) is positive 
and there is neither a maximum nor a minimum. If A lies between Ax and 
Aa, A(c) is negative, 1 — cr is positive, and hence the distance OA is a minimum. 

Third case. Let s® — rt 0. Then A (c) = (r + t) (c — Ci), and it is easily 
seen, as above, that the distance OA is a minimum if the point A and the origin 
lie on the same side of the point Ai, whose codrdinates are ( 0 , 0 , Ci), and that 
there is neither a maximum nor a minimum if the point Ax lies between the point 
A and the origin. 

The points Ax and Aa are of fundamental importance in the study of curvar- 
ture ; they are the principal centers of curvature of the surface S at the point O. 

61. M a xim a and minima of implicit functions. We often need to find 
the maxima and minima of a function of several variables which 
are connected by one or more relations. Let us consider, for 
example, a function <0 =y(a5, y, u) of the four variables ac, y, 
which themselves satisfy the two equations 

f\ Vi u) = 0, /aCx, y, u) = 0. 

For definiteness, let us think of x and y as the independent vari- 
ables, and of z and u as functions of x and y defined by these equdr 
tions. Then the necessary conditions that to have an extremum are 
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dx dz dx du dx ’ d^/ dz dy ^ du dy ^ 

and the partial derivatives dz/dx^ du/dx^ dz/dy, du/dy are given 
by the relations 

dx dz dx du dx ' dx dz dx du dx ^ 

dy dz dy du dy ' dy dz dy du dy 

The elimination of dz/dx^ du/dxy dz/dy^ du/dy leads to the new 
equations of condition 


(27) 


D(f,f„A) 0 

J)(x, *, u) ’ Z>(y, z, u) 


which, together with the relations fi = 0, yi = determine the val- 
ues of X, y, Zf u, which may correspond to extrema. But the equa- 
tions (27) express the condition that we can find values of A. and /a 
which satisfy the equations 


dx^ dx 




dy 






hence the two equations (27) may be replaced by the four equations 
(28), where X and y are unknown auxiliary functions. 

The proof of the general theorem is self-evident, and we may 
state the following practical rule : 

CHven a function 

y"(xi, Xj, • • - , x^) 

of n variablesy connected by h distinct relations 

^1 = 0 , if>2 = 0 , • • ' , = 0 ; 

in order to find the values of Xj, x,, • • • , x„ which may render this 
function an extremum we must equate to zero the partial derivatives 
of the auxiliary function 

y* -h Xi -h ' • • -I- Xa ^hf 

regarding Xi, X*, • • • , X^ constants. 
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62. Another example. We shall now taJce up another example, where the mini- 
mum is not necessarily given by equating the partial derivatives to zero. Given 
a triangle ABC; let us try to find a point P of the plane for which the sum 
_j_ pp 4. PC of the distances from P to the vertices of the triangle is a 
minimum. Let (ai, 61), (Oa, 62), (as, 6s) be respectively the coordinates of the 
vertices A, B, C referred to a system of rectangular coordinates. Then the func- 
tion whose minimum is sought is 

( 29 ) z = V(x - ai)2 + (y - 6i)« 4 - v'Cx - 02)“ + (y - 6a)“ + ^(x - as)^ + (P - ba)^, 

where each of the three radicals is to be taken with the positive sign. This equa- 
tion ( 29 ) represents a surface S which is evidently entirely above the xy plane, 
and the whole question reduces to that of finding the point on this surface which 
is nearest the xy plane. From the relation ( 29 ) we find 


02 

X — ai , 

X — ^ 

X - as 

5 x V (x 

— oi)® 4 - (y - 61)® 

V(X - as)® + (y “ 62)® 

V(x - a*)» +(y- 63)* 

02 _ 

y - 61 

y - 62 

1 1 

,j 

|i 


V If ^ .y ''x if ''o 

v^(x — ai)2 + (y - 61)^ - os)*** 4- (y - V(x — Us)-* + (y - hs)* ’ 


and it is evident that these derivatives are continuous, except in tlie neighbor- 
hood of the points A, P, C, wheie they become indeterminate. The surface 
therefore, has three singular points w'hich project into the vertices of the given 
triangle. The minimum of z is given by a point on the surface where the tan- 
gent plane is parallel to the xy plane, or else by one of these singular points. In 
order to solve the equations cz/dx = 0, dz/dy = 0, let us write them in the 
form 

X — <l\ ^ X — CL2 X — CLg 

V{X- ai)2 + (y - bi)'^ V(x - Oa)* 4- (y - 62)“ V(x - a8)*4- (y — hs)* 
y - 61 ^ y - 62 _ y - 63 

V(X - ai)2 -f- (y - 6 i )3 V(X - Oa)* 4- (y — 62)* as)® + (y - 6#)* 

Then squaring and adding, we find the condition 

1 + 2 (g - gQ 4- (y - bi) (y - 62) ^ ^ 

- ai)* 4- (y - 61)® V(x - Oa)® 4- (y — 62)* 

The geometrical interpretation of this result is easy : denoting by a and fi the 
cosines of the angles which the direction BA makes with the axes of x and y, 
respectively, and by a' and p' the cosines of the angles which PB makes with the 
same axes, we may write this last condition in the form 

1-1-2 {aa' -h /S/S') = 0, 
or, denoting the angle APB by or, 

2 cos ftf -f 1 = 0. 

Hence the condition in question expresses that the segment AB subtends an 
angle of 120 ® at the point P. For the same reason each of the angles BPC and 
CPA must be 120 ®.* It is clear that the point P must lie inside the triangle 


• The reader is urged to draw the figure. 
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ABC, and that there is no point which possesses the required property if any 
angle of the triangle ABC is equal to or greater than 120°. In case none of the 
angles is as great as 120°, the point P is uniquely determined by an easy con- 
struction, as the intersection of two circles. In this case the minimum is given 
by the point P or by one of the vertices of the triangle. But it is easy to show 
that the sum PA + PP + PU is less than the sum of two of the sides of the tri- 
angle. For, since the angles APB and APC are each 120°, we find, from the 
two triangles PAC and PBA, the formulae 

AB = y/a^ + + aft, AC = Va* -f + oc, 

where PA = a, PB = b, PC = c. But it is evident that 

Va* + 62 + a6>b-h-, Va® -h c® + ac> c + - 1 
2 2 

and hence 

AB -f- A C>ct-f- 6-f*c. 

The point P therefore actually corresponds to a minimum. 

When one of the angles of the triangle ABC is equal to or greater than 120° 
there exists no point at which each of the sides of the triangle ABC subtends an 
angle of 120°, and hence the surface *S has no tangent plane which is parallel to 
the xy plane. In this case the minimum must be given by one of the vertices of 
the triangle, and it is evident, in fact, that this is the vertex of the obtuse angle. 
It is easy to verify this fact geometrically. 

03 . D’Alembert’s theorem. Let P(x, y) be a polynomial in the two variables 
X and y arranged into homogeneous groups of ascending order 

P(x, v)= H (X, y) -h + i (X, y) -f . . . -1- 0„,{x, y), 

where N* is a constant. If the equation (x, y) — 0, considered as an equation 
in y/x, has a simple root, the function P(x, y) cannot have a maximum or a mini- 
mum for r = y = 0. For it results from the discussion above that there exist sec- 
tions of the surface z H — F {x^ y) made by planes through the z axis, some 
of which lie above the xy plane and others below it near the origin. From this 
remark a demonstration of d’Alembert’s theorem may be deduced. For, let/( 2 :) 
be an integral polynomial of degree m, 

/(X) = Ao + Ai 2 4- Asz* + • 4-A„,x™, 

where the coefficients are entirely arbitrary. In order to separate the real and 
ituaginary parts let us write this in the form 

fix -I- iy) = Oo + iho + (ai -h ibi) (x -i- ?y) + • • • + (Om -h ibm) (x + iy)”*, 
where a©, bo, ai, 6i, • • • , a^, 6^ are real. We have then 

f{z) = P+iQ, 

where P and Q have the following meanings : 

P = a© + aix — biy + ■ • • , 

Q = 5© + 6iX + ail/ -i- • ; 


and hence, finally, 
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We will first show that |/(s) |, or, what amounts to the same thing, that 
ps cannot be at a minimum for x =: y = 0 except when oo = &o = 0. For 

this purpose we shall introduce polar coordinates p and and we shall suppose, 
for the sake of generality, that the first coefficient after Ao which does not 
▼anish is Ap. Then we may write the equations 

P = Oo + («;» cos — bp sin p4»)pP + • • • , 

Q = 6o + (bp cos p0 + Op 8inp0)/»J> H- • • ■ , 
pa4-Q« = a2 + 2^-f 2pP[{aoap + 6obp)co8p0 + {boap - aobp)sinp0] + • • •, 

where the terms not written down are of degree higher than p with respect to />. 
But the equation 

(OoOp H- bobp) cos p<f> + {boap — a^bp) sinp0 = 0 

gi^es tanp0 = iT, which determines p straight lines which are separated by 
angles each equal to 2 n/p. It is therefore impossible by the above remark that 
should have a minimum for x = y = 0 imless the quantities 

Ooflp + bobp, boOp — Oobp 

both vanish. But, since af, + bj^ is not zero, this would require that oo = bo = 0 ; 
that is, that the real and the imaginary parts of f{z) should both vanish at the 
origin. 

If \f{z) I has a minimum for x = or, y = /3, the discussion may be reduced to 
the preceding by setting z = a ^ z\ It follows that \f(z) | cannot be at a 
minimum unless P and Q vanish separately for x a, y = 

The absolute value of f(z) must pass through a minimum for at least one 
value of z, for it increases indefinitely as the absolute value of z increases indefi- 
nitely. In fact, we have 

P* + <? = (o* + + . . . , 

where the terms omitted are of degree less than 2 m in p. This equation may be 
written in the form 

VP« + (^ = f-( + bl + e), 

where « approaches zero as p increases indefinitel y. Henc e a circle may be 
drawn whose radius B is so large that the value of Vp® + Q® is greater at every 
point of the circumference than it is at the origin, for example. It follows that 
there is at least one point 

X = or, y = 

inside this circle for which Vp* -f QZ is at a minimum. By the above it fol- 
lows that the point x = ar, y = /3i8a point of intersection of the two curves 
P = 0, Q = 0, which amounts to saying that z = or + is a root of the equation 
f(z) = 0. 

In this example, as in the preceding, we have assumed that a function of the 
two variables x and y which is continuous in the interior of a limited region 
actually assumes a minimum value inside or on the boundary of that region. 
This is a statement which will be readily granted, and, moreover, it will be 
rigorously demonstrated a little later (Chapter VI). 
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1. Show that the number 0^ which occurs in Lagrange's form of the re- 
mainder, approaches the limit 1 / (n + 2) as A approaches zero, provided that 
/<** + *>(a) is not zero. 

2. Let f (x) be a determinant of order n, all of whose elements are functions 
of X. Show that the derivative F'{x) is the sum of the n determinants obtained 
by replacing, successively, all of the elements of a single line by their deriva- 
tives. State the corresponding theorem for derivatives of higher order. 

3. Find the maximum and the minimum values of the distance from a fixed 
point to a plane or a skew curve ; between two variable points on two curves ; 
between two variable points on two surfaces. 

4. The points of a surface 8 for which the sum of the squares of the dis- 
tances from n fixed points is an extremum are the feet of the normals let fall 
upon the surface from the center of mean distances of the given n fixed points. 

5. Of all the quadrilaterals which can be formed from four given sides, that 
which is inscriptible in a circle has the greatest area. State the analogous 
theorem for polygons of n sides. 

6. Find the maximum volume of a rectangular parallelopiped inscribed in 
an ellipsoid. 

7. Find the axes of a central quadric from the consideration that the vertices 
are the points from which the distance to the center is an extremum. 

8. Solve the analogous problem for the axes of a central section of an ellipsoid. 

9. Find the ellipse of minimum area which passes through the three vertices 
of a given triangle, and the ellipsoid of minimum volume which passes through 
the four vertices of a given tetrahedron. 

10. Find the point from which the sum of the distances to two given straight 
lines and the distance to a given point is a minimum. 

[Joseph Bertrand.] 

11. Prove the following formulas : 

log(x + 2) = 2 log(x + 1) - 2 log (x - 1) -f log(x - 2) 


r ^ +h 

( ^ ^ 

iVii 

f 2 y+...i 

L®*-3x 3’ 

- 3x; 

' ^6' 

^x»-3x/ J 


[Borda's Series.] 

log(x + 6) = log (x + 4) + log(x + 3) - 2 logx 

-f log(x — 3) + log(x — 4) — log(x — 5) 


r H 


( V, 1 

Lx« - 26x« + 72 


^x* -26x8 + 72/ J 


[Haro's Series.] 



CHAPTER IV 


DEFINITE INTEGRALS 

I. SPECIAL METHODS OF QUADRATURE 

64. Quadrature of the parabola. The determination of the area 
bounded by a plane curve is a problem which has always engaged 
the genius of geometricians. Among the examples which have 
come down to us from the ancients one of the most celebrated is 
Archimedes’ quadra,ture of the parabola. We shall proceed to 
indicate his method. 

Let us try to find the area bounded by the arc A CB of a parabola 
and the chord AB, Draw the diameter CD, joining the middle 
point D of A B to the point C, where the tangent is parallel to AB. 
Connect AC and BC^ and let E and E^ be the points where the 

tangent is parallel to BC and 
AC, respectively. We shall 
first compare the area of the 
triangle BEC, for instance, 
with that of the triangle ABC. 
Draw the tangent ET, which 
cuts CD at T, Draw the diam- 
eter EF, which cuts CB at F\ 
and, finally, draw EK and FH 
parallel to the chord AB. By 
an elementary property of the 
parabola T'C = CK. Moreover, 
CT — EF = KH, and hence 
EF= CH /2z= CD / 4. The 
areas of the two triangles BCE 
and BCD, since they have the 
same base BC, are to each other as their altitudes, or as EF is 
to CD. Hence the area of the triangle BCE is one fourth the area 
of the triangle BCD, or one eighth of the area 5 of the triangle ABC. 
The area of the triangle A CFJ is evidently the same. Carrying out 
the same process upon each of the chords BE, CE, CE\ WA, we 
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obtain four new triangles^ the area of each of which is and so 

forth. The nth operation gives rise to 2" triangles, each having the 
area 5/8". The area of the segment of the parabola is evidently 
the limit approached by the sum of the areas of all these triangles 
as n increases indefinitely ; that is, the sum of the following descend- 
ing geometrical progression : 



j5 

4 ^ 



and this sum is 4 5/3. It follows that the required area is equal to 
two thirds of the area of a parallelogram whose sides are AB aud CD. 

Although this method possesses admirable ingenuity, it must be 
admitted that its success depends essentially upon certain special 
properties of the parabola, and that it is lacking in generality. The 
other examples of quadratures which we might quote from ancient 
writers would only go to corroborate this remark : each new curve 
required some new device. But whatever the device, the area to be 
evaluated was always split up into elements tlie number of which 
was made to increase indefinitely, and it was necessary to evaluate 
tlie limit of the sum of these partial areas. Omitting any further 
particular cases,* we will proceed at once to give a general method 
of subdivision, which will lead us naturally to the Integral Calculus. 


65. General method. For the sake of definiteness, let us try to 
evaluate the area 5 bounded by a curvilinear arc A MB, an axis xx^ 
which does not cut that arc, and two perpendiculars AA^ and let 
fall upon xx' from 
the points A and B. 

We will suppose 
further that a par- 
allel to these lines 
AA^y BBq cannot 
cut the arc in more 
than one point, as 
indicated in Fig. 9. 

Let us divide the segment AqBq into a certain number of equal or 
unequal parts by the points P*t, • Pn-\y through these 

points let us draw lines PiQi, P^Q^y parallel to AA^y 

and meeting the arc AB in the points Qx, Q^y * * • > Qn-u respectively. 



*A lar^ti number of examples of determinations of areas, arcs, and volumes by 
the methods of ancient writers are to bo found in Duhamers Traite. 
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Now draw through A a line parallel to xx% cutting Pi at gi 5 
through Qi a parallel to acar', cutting PsQs a-t ^29 so oo- We 

obtain in this way a sequence of rectangles /?i> E*, • • • , 72 ^, • * • , 
Each of these rectangles may lie entirely inside the contour ABBqA^, 
but some of them may lie partially outside that contour, as is 
indicated in the figure. 

Let denote the area of the rectangle and the area bounded 
by the contour place, each of the ratios 

Pi/aij approaches unity as the number of 

points of division increases indefinitely, if at the same time each 
of the distances Af^Pl, P\P^^ • ••, Pi^\Pxy •** approaches zero. For 
the ratio for example, evidently lies between It / and 

where Z, and X, are respectively the minimum and the 
maximum distances from a point of the arc to the axis xx\ 

But it is clear that these two fractions each approach unity as the 
distance _ j P, approaches zero. It therefore follows that the ratio 


oTi + aa H h 

A + A H — + A 

which lies between the largest and the least of the ratios cri/A» 
aj/A> •••> ^n/A> approach unity as the number of the 

rectangles is thus indefinitely increased. But the denominator of 
this ratio is constant and is equal to the required area S, Hence 
this area is also equal to the limit of the sum cti + or* -h • • ■ or^, as 
the number of rectangles n is indefinitely increased in the manner 
specified above. 

In order to deduce from this result an analytical expression for 
the area, let the curve . 4 B be referred to a system of rectangular 
axes, the x axis Ox coinciding with xx\ and let y = fix) be the 
equation of the curve AB, The function f(x) is, by hypothesis, a 
continuous function of x between the limits a and 6, the abscissas 
of the points A and B. Denoting by x,, Xg, • • • , x^_i the abscissas 
of the points of division Pj, P„_i, the bases of the above 

rectangles are Xi — a, x^ — x^, • • • , x^ — , A — , and their 

altitudes are, in like manner, /(a),/(xi), /(x^^i), • /(x,„,). 

Hence the area is equal to the limit of the following sum : 

(1) (Xj 0')y’C®) + “H * • * "h 

as the number n increases indefinitely in such a way that each of 
the differences Xj — a, x, — x^, . • - approaches zero. 
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66. EmnitlM. If the base AB be divided into n equal parts, each 
of length h (b — a = nh"), all the rectangles have the same base h, 
and their altitudes are, respectively, 

/(«)» /(« + A), /(« + 2 A), • • •, /[a + <« - 1) A]. 

It only remains to find the limit of the sum 

^ J/(«) +/(« + +/(« + 2 A) + . . . -H/[a -f (n - 1) 

where 



n 


as the integer n increases indefinitely. This calculation becomes 
easy if we know how to find the sum of a set of values corre- 

sponding to a set of values of x which form an arithmetic progres- 
sion; such is the case if is simply an integral power of x, or, 

again, if ^*( 3 :)= Binmx or y*(aj)= cosmx, etc. 

Let us reconsider, for example, the parabola x^ = 2py, and let us try 
to find the area enclosed by an arc OA of this parabola, the axis of Xy 
and the straight line ac = a which passes through the extremity A. 
The length being divided into n equal parts of length h (nh = a), we 
must try to find by the above the limit of the sum 

+ 4 A* + . • ■ + (» - 1)» A»] = ^[1 + 4 + 9 + ■ • . + (w- 1)*]. 

The quantity inside the parenthesis is the sum of the squares of the 
first (n — 1) integers, that is, n(n — 1) (2 71 — 1) /6; and hence the 
foregoing sum is equal to 

n(n — l)(2n — 1) 

12pn^ 

As n increases indefinitely this sum evidently approaches the limit 
a*/ 6^ = (1/3) (a. a*/2jp), or one third of the rectangle constructed 
upon the two coordinates of the point A, which is in harmony with 
the result found above. 

In other cases, as in the following example, which is due to 
Fermat, it is better to choose as points of division points whose 
abscissae are in geometric progression. 

Let us try to find the area enclosed by the curve y = Ax'*, the 
axis of X, and the two straight lines x = a, x = ft (0 < a < ft), where 
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the exponent /u. is arbitrary. In order to do so let us insert between 
a and h, n — 1 geometric means so as to obtain the sequence 

a, a(l + or), a(l + ar)», a(l + <r)— h, 

where the number or satisfies the condition ar(l -h = d. Tak- 
ing this set of numbers as the abscissae of the points of division, the 
corresponding ordinates have, respectively, the following values ; 

Aa^(l + a')^ Aa'^Cl + 

and the area of the j)th rectangle is 

[a (1 4- a:)P — a (1 -h (1 + or) + (1 -f- 

Hence the sum of the areas of all the rectangles is 


Aa^ ^ *«[1 H- (1 4- + (1 4- h (1 4- ct)^" " . 


If /I, 4 - 1 is not zero, as we shall suppose first, the sum inside the 
parenthesis is equal to 


(1 4- ar)"<'* + '> — 1 . 
(1 + «)"+> — 1 ’ 


or, replacing a (1 4 - ct)" by d, the original sum may be written in the 
form 


A (b^ ' 




a 

(1 4 - ‘ — l“ 


As <x approaches zero the quotient [(1 4 - ar)^*^* — approaches 

as its limit the derivative of (1 4 - a:)'*'*'' with respect to ct for or = 0 , 
that is, /X -|- 1 ; hence the required area is 


If fJL = — 1, this calculation no longer applies. The sum of the 
areas of the inscribed rectangles is equal to nAcc, and we have to 
find the limit of the product 7i(x where n and ce are connected by the 
relation 

a(l 4 - cr)- = 6. 

From this it follows that 


na = log — 


g , ^ 

tt log(l 4 - or) ““ a 


log(l 4- 
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where the symbol log denotes the Naperian logarithm. As a 
approaches zero, (1+ a)^/* approaches the number e, and the prod- 
uct na approaches log (h / a). Hence the required area is equal to 
A log (ft/a). 

67. Primitive functions. The invention of the Integral Calculus 
reduced tlie problem of evaluating a plane area to the problem of 
finding a function whose derivative is known. Let y =f(x) be the 
equation of a curve referred to two rectangular axes, where the 
function /(x) is continuous. Let us consider the area enclosed by 
this curve, the axis of ar, a fixed ordinate ai^d a variable 

ordinate MP, as a function of the abscissa x of the variable ordinate. 
In order to include all pos- 
sible cases let us agree to 
denote by A the sum of the 
areas enclosed by the given 
curve, the x axis, and the 
straight lines M^P^, MPy 
each of the portions of 
this area being affected 
by a certain sign : the 
sign -f- for the portions to 
the right of M^P^ and above Oa?, the sign — for the portions to the 
right of M^^Pq and below Oxy and the opposite convention for por- 
tions to the left of M^P^, Thus, if MP were in the position M'P', we 
would take A equal to the difference 

^foP^/^ — M^P^Cy 



and likewise, if MP were at M" A = P'^ D — M^P^D. 

With these conventions we shall now show that the derivative of 
the continuous function Ay defined in this way, is i)recisely As 

in the figure, let us take two neighboring ordinates MP, NQy whose 
abscissse are x and x Ax, The increment of the area A A evidently 
lies between the areas of the two rectangles which have the same 
base PQy and whose altitudes are, respectively, the greatest and the 
least ordinates of the arc Jl/W. Denoting the maximum ordinate by 
II and the minimum by hj we may therefore write 

hAx < AA < IIAXy 

or, dividing by Ax, h < A A / Ax < H. As Ax approaches zero, II and 
h approach the same limit MP, or ^(x), since /*(x) is continuous. 
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Hence the derivative of A is f(x). The proof that the same result 
holds for any position of the point M is left to the reader. 

If we already know a primitive function of y*(a5), that is, a function 
JF*(a!) whose derivative is /*(«), the difference A — -P(a;) is a constant, 
since its derivative is zero (§ 8). In order to determine this con- 
stant, we need only notice that the area A is zero for the abscissa 
sc =r a of the line MP. Hence 

A = — F’(a). 

It follows from the above reasoning, hrst, that the determination 
of a plane area may be reduced to the discovery of a primitive func- 
tion; and, secondly (and this is of far greater importance for us), 
that every continuous function fix) is the derivative of some other 
function. This fundamental theorem is proved here by means of 
a somewhat vague geometrical concept, — that of the area under a 
plane curve. This demonstration was regarded as satisfactory for a 
long time, but it can no longer be accepted. In order to have a stable 
foundation for the Integral Calculus it is imperative that this theo- 
rem should be given a purely analytic demonstration which does not 
rely upon any geometrical intuition whatever. In giving the above 
geometrical proof the motive was not wholly its historical interest, 
however, for it furnishes us with the essential analytic argument of 
the new proof. It is, in fact, the study of precisely such sums as 
(1) and sums of a slightly more general character which will be 
of preponderant importance. Before taking up this study we must 
first consider certain questions regarding the general properties of 
functions and in x>sii'ticular of continuous functions.^ 


JI. DEFINITE INTEGRALS ALLIED GEOMETRICAL CONCEPTS 

68. Upper and lower limits. An assemblage of numbers is said to 
have an upper limit (see ftn., p. 91) if there exists a number N so 
large that no member of the assemblage exceeds N. Likewise, an 
assemblage is said to have a lower limit if a number N* exists than 
which no member of the assemblage is smaller. Thus the assem- 
blage of all positive integers has a lower limit, but no upper limit ; 


* Among the most important works on the general notion of the definite Integral 
there should be mentioned the memoir by Riemann : Vher die MUgliehlceitt eine Func- 
tion durch eine trigonometrieche Reihe darzustellen {Werke, 2d ed., Leipzig, 1892, 
p. 239 ; and also French translation by Laugel, p. 225) ; and the memoir by Darboux, to 
which we have already referred : Sur les fonctions discontinues {Annales de VEcole 
Normals SupSrieure^ 2d series, Vol. IV). 
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the assemhlage of all integers, positive and negative, has neither ; 
and the assemblage of all rational numbers between 0 and 1 has 
both a lower and an upper limit. 

Let (1?) be an assemblage which has an upper limit. With 
respect to this assemblage all numbers may be divided into two 
classes. We shall say that a number a belongs to the first class if 
there are members of the assemblage (E) which are greater than < 7 , 
and that it belongs to the second class if there is no member of the 
assemblage (i?) greater than a. Since the assemblage (E) has an 
upper limit, it is clear that numbers of each class exist. If A be 
a number of the first class and B a number of the second class, it 
is evident that A <. B\ there exist members of the assemblage (E) 
which lie between A and B, but there is no member of the assem- 
blage (E) which is greater than B, The number C = (A -i- B')/ 2 
may belong to the first or to the second class. In the former case 
we should replace the interval (A, B) by the interval (C, B), in the 
latter case by the interval (.1, C). The new interval (^li, Bi) is half 
the interval (.1, B) and has the same propei*ties : there exists at least 
one member of the assemblage (E') which is greater than Ai, but none 
which is greater than Bi. Operating upon (Ai, Bi) in the same way 
that we operated upon (A, B), and so on indefinitely, we obtain an 
unlimited sequence of intervals (>4, jB), (^A^ Bi), (^A^, B 2 ), •••, each 
of which is half the preceding and possesses the same property 
as (^1, B) with respect to the assemblage (£7). Since the numbers 
A, Ai, A 29 •••, A^ never decrease and are always less than B, they 
approach a limit X (§ 1). Likewise, since the numbers B, By, Bj, • • * 
never increase and are always greater than A, they approach a limit 
Moreover, since the difference = (B — ) /2" approaches zero 

as n increases indefinitely, these limits must be equal, i.e. X' = X. 
Let L be this common limit ; then L is called the upper limit of the 
assemblage (E), From the manner in which we have obtained it, 
it is clear that L has the following two properties : 

1) No member of the assemblage (E) is greater than L. 

2) There always exists a member of the assemblage {E) which is 
greater than L — c, where e is any arbitrarily small positive number. 

For let us suppose that there were a member of the assemblage 
greater than L, ssiy L + h (Ji > 0). Since B^ approaches X as n 
increases indefinitely, B^ will be less than L + h after a certain 
value of n. But this is impossible since B„ is of the second class. 
On the other hand, let c be any positive number. Then, after a 
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certain value of will be greater than Z — c ; and since there are 
members of (E) greater than .'1„, these numbers will also be greater 
than L — €. It is evident that the two properties stated above can- 
not apply to any other number than L, 

The upper limit may or may not belong to the assemblage (E). 
In the assemblage of all rational numbers which do not exceed 2, 
for instance, the number 2 is precisely the upper limit, and it belongs 
to the assemblage. On the other band, the assemblage of all irra- 
tional numbers which do not exceed 2 has the upper limit 2, but 
this upper limit is not a member of the assemblage. It should be 
particularly noted that if the upper limit L does not belong to the 
assemblage, there are always an infinite number of members of (E) 
which are greater than L — «, no matter how small c be taken. For if 
there were only a finite number, the upper limit would be the largest 
of these and not L. When the assemblage consists of n different 
numbers the upper limit is simply the largest of these n numbers. 

It may be shown in like manner that there exists a number 
in case the assemblage has a lower limit, which has the following 
two properties : 

1) No member of the assemblage is less than L\ 

2) There exists a member of the assemblage which is less than 
Z' -i- c, where c is an arbitrary positive naniber,^ 

This number Z' is called the lower limit of the assemblage. 

69. Oscillation. Let f(x) be a function of x defined in the closed t 
interval ( a, It) ; that is, to each value of x between a and h and to each 
of the limits a and b themselves there corresponds a uniquely deter- 
mined value of f(x). The function is said to he finite in this closed 
interval if all the values which it assumes lie between two fixed 
numbers A and B. Then the assemblage of values of the function 
has an upper and a lower limit. Let M and m be the upper and 
lower limits of this assemblage, resiiectively ; then the difference 


♦Whenever all numbers can be separated into two classes A and Z?, according to 
any characteristic property, in such a way that any number of the class A is loss than 
any number of the class /J, the upper limit Z of the numbers of the class A is at the 
same time the lower limit of the numbers of the class B. It is clear, first of all, that 
any number greater than L belongs to the class And if there were a number L' <. L 
belonging to the class Z, then every number greater than L' would belong to the class B. 
Hence every number less than L belongs to the class A , every number greater than L 
belongs to the class B^ and L itself may belong to either of the two classes, 
t The word “ closed ” is used merely for emphasis. See § 2. — Trans. 
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A = M — m is called the oscillation of the function in the 

interval (a, h). 

These definitions lead to several remarks. In order that a func- 
tion be finite in a closed interval (a, h) it is not sufficient that it 
should have a finite value for every value of x. Thus the function 
defined in the closed interval (0, 1) as follows : 

/(O) = 0, f(x) = l/x for X > 0, 

has a finite value for each value of x ; but nevertheless it is not 
finite in the sense in which we have defined the word, for^(£c) > A 
if we take a; < 1 / A, Again, a function which is finite in the closed 
interval (a, h) may take on values which differ as little as we please 
from the upper limit M or from the lower limit w and still never 
assume these values themselves. For instance, the function /(x), 
defined in the closed interval (0, 1) by the relations 

/(O) = 0, f(x) = l^x for 0 < X < 1, 
has the upper limit Af = 1, but never reaches that limit. 

70. Properties of continuous functions. We shall now turn to the 
study of condnuous functions in particular. 

Theorem A. Let fix) be a function which is continuous in the closed 
interval (<x, h') and c a.n arbitrary positive number. Then we can 
always breah up the interval (<^, b') into a certain number of partial 
intervals in such a way that for any two values of the variable 
whatever y and x'*, which belong to the same partial interval^ we 
always have \f(x') — f(^x”)\<.€. 

Suppose that this were not true. Then let c =(«-)- 6) /2; at 
least one of the intervals (a, c), (c, b) would have the same prop- 
erty as (a, b)y that is, it would be impossible to break it up into 
partial intervals which would satisfy the statement of the theorem. 
Substituting it for the given interval (a, b) and carrying out the 
reasoning as above (§ 68), we could form an infinite sequence of 
intervals (a, b^, (ai, ^i), (« 2 , ^> 2 )? * • j each of which is half the preced- 
ing and has the same property as the original interval (a, b). For 
any value of n we could always find in the interval (a„, b^) two 
numbers x^ and such that \f{x*) — f(^”)\ would be larger than c. 
Now let X be the common limit of the two sequences of numbers 
a, a-a, • • • and b, bi, b^, Since the function /(.r) is continuous 

for X = X, we can find a number rj such that |y*(y) — /(X)| < c/2 
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whenever [xc — X( is less than 17. Let us choose n so large that both 
and d„ differ from X by less than 17. Then the interval (a», 
will lie wholly within the interval (X — 17, X -h 17) ; and if as' and as" 
are any two values whatever in the interval (a„, 6^), we must have 

l/(x') -/(X) I < c/2, lf(x") -/(X) I < c/2, 
and hence [/(aj') —/(as") | < c. It follows that the hypothesis made 
above leads to a contradiction ; hence the theorem is proved. 

Corollary L Let a, asi, xc^, • , as^-i, ft be a method of subdivision 
of the interval (a, ft) into p subintervals, which satisfies the con- 
ditions of the theorem. In the interval (a, xrj) we shall have 
|/(a?) I < \f{a) I -h c ; and, in particular, |/(*i) | < |/(a) | + e. Like- 
wise, in the interval (xci, xcj) we shall have |y*(a5) | < |/'(xci) | -h c, 
and, a fortiori^ \f(x)\ < !/*(«) | 4 - 2 c; in particular, for xc = asj, 
1/(^2) I < I H- 2 e ; and so forth. For the last interval we shall 
have 

|/(x) i < !/(*,_,) I + e < |/(a) I +p^. 

Hence the absolute value of f(x) in the interval (a, ft) always 
remains less than \f(a') | + pt. It follows that every function which 
is continuous in a closed interval (a, ft) is finite in that interval. 

Corollary II. Let us suppose the interval (a, ft) split up intojp sub- 
intervals (a, Xi), (xj, Xa), . . . , ft) such that |/(x') — /(x") | < c/2 

for any two values of x which belong to the same closed subinterval. 
Let 17 be a positive number less than any of the differences x^ — a, 
Xj — Xi • • • , ft — x„_i. Then let us take any two numbers whatever 
in the interval (a, ft) for which | x' — x" | < 17, and let us try to find 
an upper limit for |y’(x') — /’(x")j. If the two numbers x' and x" 
fall in the same subinterval, we shall have \f{x*') — /*(x")|< c/2. 
If they do not, x' and x" must lie in two consecutive intervals, 
and it is easy to see that \f(pc^ — I ^ 7 ^) = Hence cor- 

responding to any positive number c ariother positive number rj can be 
found such that 

!/(*')-/(*") I <c, 

where x' and x" are any two numbers of the interval (a, ft) for which 
|x' — x"| < 17. This property is also expressed by saying that the 
function y*(x) is uniformly continuous in the interval (a, ft). 

Theorem B. A function f(x) which is continuous in a closed 
interval (a, ft) takes on every value between f(a) and f(b) at least 
once for some value of x which lies between a and ft. 
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Let us first consider a particular case. Suppose that f(a) and 
f{h) have opposite signs, — that f(a) < 0 and /(6) > 0, for instance. 
We shall then show that there exists at least one value of x between 
a and h for which f(x) = 0. Nowy*(a;) is negative near a and posi- 
tive near b. Let us consider the assemblage of values of x between 
a and h for which f(x) is positive, and let A be the lower limit of 
this assemblage (a < A < b). By the very definition of a lower 
limit /(A — A) is negative or zero for every positive value of A. 
Hence /(A), which is the limit of /(A — A), is also negative or zero. 
But /(A) cannot be negative. For suppose that /(A) = — m, where 
m is a positive number. Since the function /‘(x) is continuous for 
a; = A, a number can be found such that |/(x) — /(A) | < m when- 
ever [a: — A|< 17, and the function /(«) would be negative for all 
values of x between A and A 4- 17- Hence A could not be the lower 
limit of the values of x for which /‘(x) is positive. Consequently 
/(A) = 0. 

Now let JV be any number between y*(a) aud /(^>). Then the 
function ^(a;) = J*(x) — is continuous and has opposite signs for 
X = a and x = b. Hence, by the particular case just treated, it 
vanishes at least once in the interval (a, b), 

Thborxm C. Every function which is continuous in a closed inter- 
val (a, b) actually assumes the value of its upper and of its lower 
limit at least once. 

In the first place, every continuous function, since we have 
already proved that it is finite, has an upper limit M and a lower 
limit m. Let us show, for instance, that f(x) = AI for at least one 
value of X in the interval (a, b). 

Taking c = (a 4- 6)/2, the upper limit of f(x) is equal to M for 
at least one of the intervals (a, c), (c, b). Let us replace (a, h) 
by this new interval, repeat the process upon it, and so forth. 
Reasoning as we have already done several times, we could form 
an infinite sequence of intervals (a, b), (aj, &i), ^>2), • • • , each of 

which is half the preceding and in each of which the upper limit of 
f(x) is M, Then, if A is the common limit of the sequences a, aj, 
• • • j a„, ■ • • and h,bi, • • • , • • • , /(A) w equal to M. For suppose that 

/(A) M — hy where h is positive. We can find a positive number 
Tf such that /(as) remains between /(A) h/ 2 and /(A) — h / 2, and 
therefore less than M — h /2 as long as x remains between \ — tj 
and A + 17. Let us now choose n so great that and differ from 
their common limit A by less than 17. Then the interval (a„, lies 
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wholly inside the interval (A. — ly? A. H- 17), and it follows at once 
that the upper limit of f(x) in the interval (a„, could not be 
equal to M. 

Combining this theorem with the preceding, we see that any func- 
tion which is continuous in a closed interval (<z, 6) assumes, at least 
once, every value between its upper and its lower limit. Moreover 
theorem A may be stated as follows : Given a function which is 
continuous in a closed interval (a, li), it is possible to divide the inter- 
val into such small subregions that the oscillation of the function in 
any one of them will he less than an arbitrarily assigned positive 
number. For the oscillation of a continuous function is equal to 
the difference of the values of f{x) for two particular values of the 
variable. 

71 . The sums S and s. Let fipc) be a finite function, continuous 
or discontinuous, in the interval {a, h), where a <. b. Let us sup- 
pose the interval (a, li) divided inhWh number of smaller partial 
intervals (a,.Xi), (xi, x.j), •••, b), where each ^f the numbers 

' '7 ^p-i greater than the preceding. Let M and m be the 

limits of f(ir) in the original interval, and M, and m, the limits 

in the interval (x^_i,x,), and let us set 

S = Mj(xi — a) -h ^^2(^2 — ^i)-i h 

s = ?ni(xi — a) 4 - — ^1) -I h 

To every method of division of (a, b) into smaller intervals there 
corresponds a sum S and a smaller sum s. It is evident that none 
of the sums are less than m(/> — a), for none of the numbers M^ 
are less than m ; hence these sums S have a lower limit I.* Like- 
wise, the sums s, none of which exceed M (J> — a) have an upper 
limit V. We proceed to show that V is at most equal to I. For this 
purpose it is evidently sufficient to show that s < N' and s^ ^ S, where 
iS, 8 and 5' are the two sets of sums which correspond to any 
two given methods of subdivision of the interval (a, b). 

In the first place, let us suppose each of the subinterval^s (a, Xi), 
(xi, Xg), • • • redivided into still smaller intervals by new points of 
division and let 

111 7 1/27 *‘*J I/l—17 ^17 I/l+17 ■’’> yi — \y ^27 2/1 + 17 '''7 ^ 


• is a constant, S — M= m, and, in general, all the inequalities mentioned 

become equations. — Trans 
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be the new suite thus obtained. This new method of subdivision 
is called consecutive to the first. Let S and o denote the sums anal* 
ogous to S and s with respect to this new method of division of the 
interval &), and let us compare S and 5 with 2 and o-. Let us 
compare, for example, the portions of the two sums 5 and 2 which 
arise from the interval (a, Let M\ and m[ be the limits of 

f(^ in the interval (<z, yi), and m' the limits in the interval 
0/i> 2 ^ 2 ) > • * • > W limits in the interval (pt-iy Then 

the portion of which comes from (a, Xi) is 

— a) + — 2/1) H + ; 

and since the numbers AfJ, Mi, • • Ml cannot exceed Aii, it is clear 
that the above sum is at most equal to Mi (xi — cr). Likewise, the 
portion of 2 which arises from the interval (x,, Xjj) is at most equal 
to A/2(x2 — X,), and so on. Adding all these inequalities, we find 
that S S and it is easy to^j^w in like manner that s. 

Let us now consider any two methods of subdivision wliatever, 
and let S, s and S', s' be the corresponding sums. Superimposing 
the points of division of these two methods of subdivision, we get a 
third method of subdivision, which may be considered as consecu- 
tive to either of the two given methods. Let 2 and <t be the sums 
with respect to this auxiliary division. By the above we have the 
relations 

O' > 5 , ^<S', a>s'; 

and, since 2 is not less than o-, it follows that s'<S and Since 

none of the sums S are less than any of the sums s, the limit I 
cannot be less than the limit /'; that is, / ^ 

72. Integrable functions. A function which is finite in an inter- 
val (a, b) is said to be integrable in that interval if the two sums 
S and 5 approach the same limit when the number of the partial 
intervals is indefinitely increased in such a way that each of those 
partial intervals approaches zero. 

The necessary and sufficient condition that a function be integrable 
in an interval is that corresponding to any positive number e another 
number r) exists such that S — « is less than c whenever each of the 
partial intervals is less than rf. 

This condition is, first, necessary, for if S and s have the same 
limit I, we can find a number -q so small that [ 5 — /'| and | jr — /| arc 
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each less than c/2 whenever each of the pai*tial intervals is less 
than ly. Then, a fortiori^ S — s is less than c. 

Moreover the condition is sufficient, for we may write * 

S — s = S — I I — — s, 

and since none of the numbers S — I, I — T, « can be negative, 
each of them must be less than c if their sum is to be less than c. 
But since / — /' is a fixed number and c is an arbitraiy positive 
number, it follows that we must have V = I. Moreover S^I<€ 
and I — s <e whenever each of the pai*tial intervals is less than if, 
which is equivalent to saying that iS’ and s have the same limit I. 

The function f(x) is then said to be integrahle in the interval 
(a, h), and the limit I is called a definite integral. It is represented 
by the symbol 

I=J'Wx)dx, 

which suggests its origin, and which is read ‘‘ the definite integral 
from a to ft of /(a:) By its very definition I always lies between 

the two sums S and s for any method of subdivision whatever. 
If any number between S and s be taken as an approximate value 
of /, the error never exceeds S — s. 

Every continuous function is integrable. 

The difference 5 — .s is less than or equal to (ft — a)<o, where 
io denotes the upper limit of the oscillation of in the partial 

intervals. But rj may be so chosen that the oscillation is less than 
a preassigned positive number in any interval less than rj (§ 70). 
If then rj be so chosen that the oscillation is less than c/(ft — d), 
the difference 5 — s will be less than c. 

Any monotonically increasing or . ^onotonically decreasing function 
in an interval is Integrable in that interval, 

A function f{x) is said to increase monotonically in a given interval 
(a, ft) if for any two values x\ x" in that interval f(x^) >f(x”) when- 
ever X* > x". The function may be constant in certain portions of the 
interval, but if it is not constant it must increase with x. Dividing 
the interval (a, ft) into n subintervals, each less than 17 , we may write 

^ =/(®i) (*x - ^') +/(*2) (^2 - a^i) -h • • ' +/(ft) (ft - 
s =f(a')(x^ - a) +/(*,)(*, — as,) H l-/(*«-i)(* — *.- 1 ), 


•For the proof that I and I' exist, see § 73, which may be read before § 72. ^TitAira. 
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for the upper limit of fQxi) in the interval (a, for inetance, 
is precisely /(xi), the lower limit y*(a); and so on for the other 
subintervals. Hence, subtracting, 

S — s = (x^ — a) [/(*,) - /(a)] + (x* — Xi) [/(x,) — /(x,)] 

+ • • • + (*- . )[/(*) - )3. 

None of the differences which occur in the right-hand side of this^ 
equation are negative, and all of the differences — a, 

• • • are less than -q ; consequently 

S-s< ,[/(x0 -/(«) +/(x,) -/(xO + . . . +/(i) - 
or 

-s - « < ,[/(6) -/(a)], 
and we need only take 

’ - /(a) 

in order to make S — s<. €, The reasoning is the same for a mono- 
tonically decreasing fimction. 

Let us return to the general case. In the definition of the inte- 
gral the sums S and s may be replaced by more general expres- 
sions. Given any method of subdivision of the interval (a, b) : 

a, Xi, Xa, 5r,_j, x,, •••, b; 

let ti, fg, • ■ • , fi, ' ■ • be values belonging to these intervals in order 
(x, _ , < ^ X,). Then the sum 

( 2 ) = 

I - a) +/(f*)(*» - xO + • • • +/(f.)(* - x,_,) 

i 

evidently lies between the sums and s, for we always have 
<>^7,. If the function is integrable, this new sum has the 
limit /. In particular, if we suppose that fi, fa, •••, f„ coincide 
with a, Xj, • •, x„_,, respectively, the sum (2) reduces to the sum 
(1) considered above (§ 65), 

There are several propositions which result immediately from the 
definition of the integral. We have supposed that a <. b; if we now 
interchange these two limits a and b, each of the factors Xj — x ,_2 
changes sign ; hence 
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It also evidently follows from the definition that 




at least if c lies between a and h\ the same formula still holds when 
h lies between a and c, for instance, provided that the function y*(a:) 
is integrable between a and c, for it may be written in the form 


r f(x)dx= r f(x)dx— c f(x)dx= r /(x)rfx-h r f(x)dx. 

kJ a a nJ c %J a. 

If f(x) = A^ix) 4 - B%l/(x)y where A and B are any two constants, 
we have 

I f(x) dx = A I 4^ (*) dx -h ^ (a;) dx, 

a a %J a 


and a similar formula holds for the sum of any number of functions. 

The expression (^) ^ replaced by a still more gen- 

eral expression. The interval (a, b) being divided into n sub- 
intervals (a, a-j), • • • , a?,), • • • , let us associate with each of the 

subintervals a quantity which approaches zero with the length 
x^ — x^_i of the subinterval in question. We shall say that {,• 
approaches zero uniformly if corresponding to every positive num- 
ber c another positive number -q can be found independent of i and 
such that < c whenever is less than q. We shall now 

proceed to show that the sum 


I 

approaches the definite integral f(p^)dx as its limit provided 
that aijproaches zero uniformly. For suppose that 17 is a number 
so small that the two inequalities 


I »= I 

are satisfied whenever each of the subintervals 
than q. Then we may write 



X 


f(x)dx 


< «, 


— is less 


S' -ff(x)du- = 

*— * 1 tt , a. 1 
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S' j < c + €(b — a) 

whenever each of the subintervals is less than yj. Thus the theorem 
is proved.* 

Y8. Darboux’a theorem. Given any function f{x) which is finite in an inter- 
val (a, b); the sums S and s approach their limits / and T, respectively, when 
the number of subintervals increases indefinitely in such a way that each of 
them approaches zero. Let us prove this for the sum S, for instance. We 
shall suppose that a <6, and that/(x) is positive in the interval (a, b), which can 
be brought about by adding a suitable constant to/(x), which, in turn, amounts 
to adding a constant to each of the sums S. Then, since the number I is the 
lower limit of all the sums S, we can find a particular method of subdivision, say 

cc, Xj , Xj , * ' ‘ , Xp _ I , b, 

for which the sum S is less than I 6 / 2 , where e is a preassigned positive num- 
ber. Let us now consider a division of (a, b) into intervals less than and let us 
try to find an upper limit of the corresponding sum Taking first those inter- 
vals which do not include any of the points Xj, X 2 , • , x^, _i, and recalling tlie 

reasoning of § 71, it is clear that the portion of which comes from these inter- 
vals will be less than the original sum *S, that is, less than / + e / 2. On the other 
hand, the number of intervals which include a point of the set xi, Xa, • • ■ , 
cannot exceed p — 1, and hence their contribution to the sum 5' cannot exceed 
(p - l)3f77, where M is the upper limit of /(x). Hence 

S'<I e/2 + (p - 1)377,, 

and we need only choose rj less than e/2 3f (p — 1) in order to make S' less than 
i -}- e. Hence the lower limit J of all the sums M is also the limit of any sequence 
of iSJs which corresponds to uniformly infinitesimal subintervals. 

It may be shown in a similar manner that the sums s have the limit /' 
If the function /(x) is any function whatever, these two limits I and I' are in 
general different. In order that the function he integrahle it is necessary and 
sufficient that I' =• 1. 

74. First law of the mean for integrals. From now on we shall 
assume, unless something is explicitly said, to the contrary, that 
the functions under the integral sign are continuous. 

^ The above theorem ran be extende^l witluuit liifliculty to double and triple inte- 
grals ; wo shall make use of it in several places (§§ 80, 95, 97, 131, 144, et<'.). 

The proi>o8ition is essentially only an application of a theorem of DuhameVs 
according to which the limit of a sum of Infiniiesimals remains unchanged when 
eacli of the infinitesimals is replaced by another iiitiiiitesimal which differs from the 
given infinitesimal by an infinitesimal of higher order. (See an article by W. F. 
Osgood, Annals of Mathematics, 2d series, Vol. IV, pp. 161-178 : The Integral as 
the JAmit of a Sum and a Theorem of DuhameVs.) 
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Let f(x) and (x) be two functions which are each continuous 
in the interval (a^ 5), one of which, say 4^(x)y has the same sign 
throughout the interval. And we shall suppose further, for the 
sake of definiteness, that a<ib and ^ («) > 0. 

Suppose the interval (a, b) divided into subintervals, and let 
i \9 * ■ ■ > ity ■ • • be values of x which belong to each of these 

smaller intervals in order. All the quantities lie between the 

limits M and m of in the interval (a, b) : 

w =/(£») £ 

Let us multiply each of these inequalities by the factors 

respectively, which are all positive by hypothesis, and then add 
them together. The sum </> (f.) (x, — x,_,) evidently lies 

between the two sums m (^.) (*, — and (a:,- — 

Hence, as the number of subintervals increases indefinitely, we 
have, in the limit, 


f (x) dx^ j /(pc') (x) dx< Af I 

a *J %/ a 


h 

^(a!)dx, 


which may be written 


f ^ C 

a/ a \Ju 


il>(x')dx, 


where ft lies between 711 and Af, Since the function y*(a?) is con- 
tinuous, it assumes the value ft for some value $ of the variable 
which lies l^etween a and b ; and hence we may write the preceding 
equation in the form 


(3) r/(a-)^(.-)dx=/(f) 

€-/ tt «y rt 

where ( lies between a and b.* If, in particular, <^(x) =1, the 
integral dx reduces to (h — a) by the very definition of an inte- 
gral, and the formula becomes 


(4) 





• The lower si^ holds in the preceding relations only when / (*) = Jfc. It is evldenc 
that the formula still holds, however, and that a < f < & in any case. — Tbans. 
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76. Second law of the mean for Integralo. There is a aecond formula, due to 
Bonnet, which he deduced from an important lemma of Abers. 

Lemma. Let co. . ep be a set of monoUmAcaily decreasing positive gruanti^ 

ties, and uo. ui , • • * , Up the same number of arbitrary positive or negative guantities. 
If A. and B are respectively the greatest and the lecut cf all of the sums so = uo^ 
8i = uo + Ui, •••, ^ = tto + Ui + — + Upt the sum 

8 = eoUo + «iUi + * ‘ * + ^Up 

will lie between Aeo and Beo« i-e. Aeo 
For we have 

Uo=So, Uj = Si — So. ***» 

whence the sum 8 is equal to 

So («o — «l) + Si (€i — €t) + • • • + Sp.l (Cp.l — Cp) + . 

Since none of the differences «o — «it «i “ «a» • • •» «p — i — ep are negative, two 
limits for 3 are given by replacing So , Si , • • • , s^ by their upper limit A and then 
by their lower limit B. In this way we find 

S < A (eo €1 + ei — €a 4- • - * + ep_i — €p 4 e^) = Aeo, 
and it is likewise evident that 8 > Beo . 

Now let/(x) and 0(x) be two continuous functions of x, one of which, ^(x). 
is a positive monotonically decreasing function in the interval a<x<b. Then 
the integral fj’f(x) 0 (x) dx is the limit of the sum 

/(a) 0 (a) (xi - a) 4 /<Xi) 0 (xi) (x* - Xi) 4 • • • . 

The numbers 0(a), 0(xi), • • ■ form a set of monotonically decreasing positive 
numbers; hence the above sum, by the lemma, lies between A0(a) and B0(a). 
where A and B are respectively the greatest and the least among the following 
sums : 

/(a) (xi - a ) , 

/(a) (xi - a) 4 /(xi) (xs - Xi) , 

/(a) <xi - a) 4/(xi) (x* — Xi) 4 h/(x«_i) (6 — x«_i). 

Passing to the limit, it is clear that the integral in question must lie between 
Ai0(a) and Bi0(a), where Ai and Bi denote the maximum and the minimum, 
respectively, of the integral fjf(x)dxy as c varies from a to 6. Since this inte- 
gral is evidently a continuous function of its upper limit c (§ 76), we may write 
the following formula : 

( 6 ) = 

When the function 0(x) is a monotonically decreasing function, without 
being always positive, there exists a more general formula, due to Weientraas. 
In such a case let us set 0 (x) = 0 (6) 4 0 (x). Then 0 (x) is a positive monoton- 
ically decreasing function. Applying the formula (6) to it, we find 

* [♦(«) — 
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From this it Is easy to deriye the formula 

f‘f{x)</>{x)dx = f'‘f(x)<l>(b)dx + [«(a) - «(6)] f^f(x)dx, 

Ja *' a va 

or 

fyix)4>(x)dx = 4'(a)fjAx)dx + ^(6) 

Similar formulae exist for the case when the function ^(x) is increasing. 

76. Return to primitive functions. We are now in a position to 
give a purely analytic proof of the fundamental existence theorem 
(§ 67). Let/(j^) be any continuous function. Then the definite integral 

where the limit a is regarded as fixed, is a function of the upper 
limit X. We proceed to show that the deirivative of this function 
is f(x). In the first place, we have 

F{x + A) - F(x) = J 

or, applying the first law of the mean (4), 

F{x h) - hfii), 

where i lies between x and a? -h A. As A approaches zero, f{i) 
approaches y*(x) ; hence the derivative of the function F(x) is /*(*)> 
which was to be proved. 

All other functions which have this same derivative are given 
by adding an arbitrary constant T" to F{x). There is one such 
function, and only one, which assumes a preassigned value for 
X = a, namely, the function 

When there is no reason to fear ambiguity the same letter x is 
used to denote the upper limit and the variable of integration, and 
is written in place of JJ f(t)dt. But it is evident that 
a definite integral depends only upon the limits of integration and 
the form of the function under the sign of integration. The letter 
which denotes the variable of integration is absolutely immaterial. 

Every function whose derivative is f(x) is called an indefinite 
integral of /(a;), or a primitive function of f(xi)j and is represented 
by the symbol 
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the limits not being indicated. By the above we evidently have 
J" f(x)dx = f(x)dx H- C. 

Conversely, if a function Fix') whose derivative is fix) can be 
discovered by any method whatever, we may write 

J* fix) dx = Fix) + r . 

In order to determine the constant C we need only note that the 
left-hand side vanishes for x = a. Hence C = — Fia), and the 
fundamental formula becomes 

(6) fix) dx = Fix) — Fia), 

If in this formula fix) be replaced by F\x)^ it becomes 

/^(a-) - F(a) = y F\x)dx, 

or, applying the first law of the mean for integrals, 

F(x)-F(a) = (a:-a)F'(0, 

where ^ lies between a and x. This constitutes a new proof of the 
law of the mean for derivatives ; but it is less general than the one 
given in section 8, for it is assumed here that the derivative F\x) is 
continuous. 

We shall consider in the next chapter the simpler classes of func- 
tions whose primitives are known. Just now we will merely state 
a few of those which are apparent at once : 


C A ix — afdx = A ^ h o 

J CK A- 1 

f ^ ^ (j! - a) 4- C; 

^ COS X dx = sin x A- L’ ; ^ sin x dx = - 

e”^dx = h t?, m ^ 0; 

m 


O' 1 ^ 0; 


sin X dx = — cos x A- C\ 
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taro tan a; + C; 


/ 


dx 




:axo8ina;-|- C; 


S -./T+A ^ V^Ta) + C; « log/(*) + C. 


The proof of the fundamental formula (6) was based upon the 
assumption that the function f(x) was continuous in the closed inter- 
val (a, U). If this condition be disregarded, results may be obtained 
which are paradoxical. Taking f(x) = l/x“, for instance, the for- 
mula (6) gives 

b 


r*' — = i- i. 
« * 


The left-hand side of this equality has no meaning in our present 
system unless a and b have the same sign ; but the right-hand side 
has a perfectly determinate value, even when a and b have different 
signs. We shall find the explanation of this paradox later in the 
study of definite integrals taken between imaginary limits. 

Similarly, the formula (6) leads to the equation 


r^ fix)dx 

1 



and/(i) have opposite signs, /(x) vanishes between a and i, 
and neither side of the above equality has any meaning for us at 
present. We shall find later the signification which it is convenient 
to give them. 

Again, the formula (6) may lead to ambiguity. Thus, if 
/“(x) = 1/(1 H- x^, we find 


J r*' dx 

. l + x» 


= arc tan b — 


arc tan a. 


Here the left-hand side is perfectly determinate, while the right- 
hand side has an infinite number of determinations. To avoid this 
ambiguity, let us consider the function 



" dx 
1 -h 


This function is continuous in the whole interval and van- 

ishes with x. Let us denote by arc tan x, on the other hand, an 
angle between — 7r/2 and -h 7r/2. These two functions have the 
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same deriTative and they both vanish for x = 0. It follows that 
they are equal, and we may write the equality 


X * dx dx 



“ dx 
1 +x» 


=s axe tan b — 


arc tan a, 


where the value to be assigned the arctangent always lies between 
— 7r/2 and -|- 7r/2. 

In a similar manner we may derive the formula 


s. 


* dx 

VI - ** 


= arc sin b — 


arc sin 


where the radical is to be taken positive, where a and b each lie 
between — 1 and -h 1, and where arc sin x denotes an angle which 
lies between — 7r/2 and tt / 2. 


77. Indices. In general, when the primitive F{x) is multiply determinate, we 
should choose one of the initial values F{a) and follow the continuous variation 
of this branch as x varies from a to 6. Let us consider, for instance, the integral 


where 


p<y r” nx) 

J. P»+«* J„ !+/»(») 


dx. 


/(*)=! 


and where F and Q are two functions which are both continuous in the interval 
(a, b) and which do not both vanish at the same time. If Q does not vanish 
between a and ft, /<x) does not become infinite, and arc tan/(x) remains between 
— nr/2 and + 9r/2. But this is no longer true, in general, if the equation Q = 0 
has roots in this interval. In order to see how the formula must be modified, let 
us retain the convention that arc tan signifies an angle between — 7e/2 and -f- 3r/2, 
and let us suppose, in the first place, that Q vanishes just once between a and ft 
for a value x = c. We may write the integral in the form 



^ f'ix)dx 
1 4-/*<x) 





where e and ^ are two very small positive numbers. Since /(x) does not become 
infinite between a and c — c, nor between c + and ft, this may again be written 


= arc tan/(c — «) — arc tan/(a) 

-f- arc tan/(ft) — arc tan/(c + O + T 

•'e-d 

Several cases may now present themselves. Suppose, for the sake of definite- 
ness, that/(x) becomes infinite by passing from + «> to — oo. Then /(c — e) will 
be positive and very large, and arc tan/(c — e) will be very near to it/2; while 
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/(c + «') will be negative and very laige, and arc tan/(c + eO will be very near 
— it/2. Also, the integral X-'t*” ^ small in absolute value; and, 

passing to the limit, we obtain the formula 

= jr + arc tan/(*) - arc tan/(a). 

Similarly, it is easy to show that it would be necessary to avJbtract n if /(x) 
passed from — oo to + oo . In the general case we would divide the interval 
(a, 6) into subintervals in such a way that /(x) would become infinite just once 
in each of them. Treating each of these subintervals in the above manner and 
adding the results obtained, we should find the formula 

~ ^ \ = arc tan/(5) — arc tan/(a) 4- (-S' — K') 

1 + /“ (x) 

where K denotes the number of times that /(x) becomes infinite by passing from 
4- 00 to — oo, and K' the number of times that /(x) passes from — oo to 4- oo. 
The number K — K' is called the index of the function /(x) between a and 6. 

When /(x) reduces to a rational function Vi/V, this index may be calculated 
by elementary processes without knowing the roots of V, It is clear that we 
may suppose Vi prime to and of less degree than Vy for the removal of a poly- 
nomial does not affect the index. X<et us then consider the series of divisions 
necessary to determine the greatest common divisor of T^and Vi, the sign of the 
remainder being changed each time. First, we would divide Vhy Viy obtaining 
a quotient Qi and a remainder — V 2 - Then we would divide Vi by F*, obtaining a 
quotient Qa and a remainder — ; and so on. Finally we should obtain a con- 

stant remainder — T^n + i. These operations give the following set of equations : 

V = FiQi ~ Fa, 

Fi = FaQa - Fa, 

F„-l = VuQn - F„’+i. 

The sequence of polynomials 

(7) F, Fi, Fa, F,._,, F., Fr + i, • • •, F„. F„ + i 

has the essential characteristics of a Sturm sequence ; 1) two consecutive poly- 
nomials of the sequence cannot vanish simultaneously, for if they did, it could 
be shown successively that this value of x would cause all the other polynomials 
to vanish, in particular V„ + i; 2) when one of the intermediate polynomials Fi, 
Fa, • • • , F„ vanishes, the number of changes of sign in the series (7) is not altered, 
for if Fr vanishes for x = c, Vr-i and Vr + i have different signs for x = c. It 
follows that the number of changes of sign in the series (7) remains the same, 
except when x passes through a root of F = 0. If T'l/F passes from 4- 00 to — 00 , 
this number increases by one, but it diminishes by one on the other hand if 
Fi/F passes from — oc to -j- 00 . Hence the index is equal to the difference of 
the number of changes of sign in the series (7) for x ~ b and x = a. 

78. Area of a curve. We can now give a purely analytic deiiiiition 
of the area bounded by a continuous plane curve, the area of the 
rectangle only being considered known. For this purpose we need 
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only translate into geometrical language the results of § 72. Let 
f(x) be a function which is continuous in the closed interval (a, b), 
and let us suppose for definiteness that a < b and that /'(sc) > 0 in 
the interval. Let us consider, as above (Fig. 9, § 65), the portion of 
the plane bounded by the contour A^fBJi^yAQ, composed of the seg- 
ment ^ 0^0 ^ axis, the straight lines .4.1,, and parallel to 

the y axis, and having the abscissae a and b, and the arc of the curve 
A MB whose equation is y Let us mark off on o/»o a certain 

number of points of division 7^*, • • • , • , whose abscissae 

are Xi, Xq, • ••, x^_i, rr,, •• •, and through these points let uj draw 
parallels to the y axis which meet the arc A MB in the points 
Qi> ■*■> Qi-u respectively. Let us then consider, in 

particular, the portion of the plane bounded by the contour 
and let us mark upon the arc the highest 

and the lowest points, that is, the points which correspond to the 
maximum M^ and to the minimum of /(x) in the interval 
(£C£-i, £r,). (In the figure the lowest point coincides with Q.,!-) 
Let Hi be the area of the rectangle , erected upon the 

base P^^iPt with the altitude 3/,-, and let r, be the area of the 
rectangle erected upon the base P^^iP^ with the alti- 

tude m,. Then we have 

li, = M,(x, — r, = m,(a5, — 

and the results found above (§ 72) may now be stated as follows : 
whatever be the points of division, there exists a fixed number / 
which is always less than 27^, and greater than 2/*,, and the two 
sums 27J,- and 2r, approach I as the number of subintervals 7^, _i7^, 
increases in such away that each of them approaches zero. We shall 
call this common limit 7 of the two sums 2/?. and 2r, the area of 
the portion of the plane bounded by the contour A MBB^A^^A. Thus 
the area under consideration is defined to be equal to the definite 
integral ^ f if) dx. 

This definition agrees with the ordinary notion of the area of a 
plane curve. For one of the clearest points of this rather vague 
notion is that the area bounded by the contour Pi^\PiQ,in^Q.i^yPi^x 
lies between the two areas 7?,- and r, of the two rectangles 7=*,_i7*,^*iSi_i 
and ; hence the total area boimded by the contour 

AMBBqAqA must surely be a quantity which lies between the two 
sums 2/2£ and 2r,.. But the definite integral 7 is the only fixed quan- 
tity which always lies between these two sums for any mode of 
subdivision of A^B^y since it is the common limit of 27?,- and 2rj. 
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The given area may also be defined in an infinite number of other 
ways as the limit of a sum of rectangles. Thus we have seen that 
the definite integral I is also the limit of the sum 

where is any value whatever in the interval ^c^). But the 

element 

(*( — a!,_,)/(^.) 

of this sum represents the area of a rectangle whose base is Pt^xPi 
and whose altitude is the ordinate of any point of the arc Qt^i n.- Qi. 
It should be noticed also that the definite integral I represents 
the area, whatever be the position of the arc AMB with respect to 
the 05 axis, provided that we adopt the convention made in § 67. 
Every definite integral therefore represents an area ; hence the calcu- 
lation of such an integral is called a quadrature. 

The notion of area thus having been made rigorous once for all, 
there remains no reason why it should not be used in certain 
arguments which it renders nearly intuitive. For instance, it is 
perfectly clear that the area considered above lies between the areas 
of the two rectangles which have the common base and which 

have the least and the greatest of the ordinates of the arc AMBy 
respectively, as their altitudes. It is therefore equal to the area of 
a rectangle whose base is A^^B^ and whose altitude is the ordinate 
of a properly chosen point upon the arc A MB, — which is a restate- 
ment of the first law of the mean for integrals. 

79 . The following remark is also important. Liety*(x) be a func- 
tion which is finite in the interval (ay b) and which is discontinuous 

in the manner described below for 
a finite number of values between 
a and b. Let us suppose that f(x) 
is continuous from c to c-f-A:(A;>0). 
and that f(c -(- c) approaches a cer- 
tain limit, which we shall denote 
f(p + « approaches zero 

through positive values ; and like- 
wise let us suppose that f(x) is 
continuous between c — Jc and c and that fCc — e) approaches a limit 
f(e ~ 0) as c approaches zero through positive values. If the two 
limits f(c -4- 0) and f(c — O) are different, the function f(x) is dis- 
continuous for x c. It is usually agreed to take for f(p) the 




IV. 580] 


ALLIED GEOMETRICAL CONCEPTS 


161 


value [f(c -h 0) H-/(« — 0)3/2. If the function f(x) has a certain 
number of points of discontinuity of this kind^ it will be repre- 
sented graphically by several distinct arcs AC, C'D, D'B. Let c 
and d, for example, be the abscissae of the points of discontinuity. 
Then we shall write 


b ^ c ^ d ^ 

I f{x')dx=z f f(x')dx+ f f(x)tfx+ I 

a a d 


f(x)dx. 


in accordance with the definitions of § 72. Geometrically, this definite 
integral represents the area bounded by the contour A C C' Djy BB^A^^A. 

If the upper limit h now be replaced by the variable x, the definite 
integral 



/*(ir) dx 


is still a continuous function of x. In a point x where /*(«;) is con- 
tinuous we still have = /*(•»■). For a point of discontinuity, 

sc = c for example, we shall have 

X C + A 

f(x) dx = hf{c + Oh), 0 < d < 1, 

and the ratio [F(r; -f- A) — F(<;)]/A approaches /(<? -h 0) or f(c — 0) 
according as h is positive or negative. This is an example of a 
function F{x^ whose derivative has two distinct values for certain 
values of the variable. 


80. Length of a curvilinear arc. Given a curvilinear arc AB\ let us 
take a certain number of intermediate points on this arc, m^, 

• • construct the broken line A7ni?n2 • ■ m^_iB by 

connecting each pair of consecutive points by a straight line. 

If the length of the perimeter of this broken line approaches a 
limit as the number of sides increases in such a way that each of 
them approaches zero, this limit is defined to be the length of the 
arc AB. 

Let 

be the rectangular cobrdinates of a point of the arc AB expressed 
in terms of a parameter t, and let us suppose that as t varies from 
a to b(a <ib') the functions f, and ^ are continuous and possess 
continuous first derivatives, and that the point (ar, y, «) describes 
the arc AB without changing the sense of its motion. Let 

^9 ^l9 ^a> •**» ^i-lf ^19 ^ 
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be the values of t which correspond to the vertices of the broken 
line. Then the side e, is given by the formula 

c. = V(a:. — ar.- 1)* + (y. — S'— i)* + («. — 

or, applying the law of the mean to • • •» 

'•i = (^ - .) V[/'(^.)]* + [<#>'(>».)]* + 

where f,, 17,, lie between if,_i and t,. When the interval (<, _i, 
is very small the radical differs very little from the expression 

v/c7v.-.)r + 

In order to estimate the error we may write it in the form 

- fxt. - .)] ifit) + nt, -,)] + ••• 

+ .,) + ,) + 

But we have 

I + !/'(<.- .) I < + 

and consequently 

/'(f) + /•'(<-.) 

V/'*(f) + - . 4 .V/'»(^_,)+- - 

Hence, if each of the intervals be made so small that the oscillation 
of each of the functions /'(^), is less than c/3 in any 

interval, we shall have 

v/'=(f ) +~ = ,)+■•• + *., 


where 


I I < ^ ; 


and the perimeter of the broken line is therefore equal to 

s (f - ^ + 2e. (<. - t, _ ,). 

The supplementary term is less in absolute value 

than c 2 (ft — ^ -i)? that is, than €(b — a). Since c may be taken as 
small as we please, provided that the intervals be taken sufficiently 
small, it follows that this term approaches zero ; hence the length 
of the arc is equal to the definite integral 






This definition may be extended to the case where the derivatives 
»r 9 3 '*'® discontinuous in a finite number of points of the arc AB, 
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which occurs when the curve has one or more comers. We need only 
divide the arc AB into several parts for each of which y*', are 

continuous. 

It results from the formula (8) that the length S of the arc 
between a fixed point A and a variable point A/, which corresponds 
to a value t of the parameter, is a function of t whose derivative is 

whence, squaring and multiplying by we find the formula 

(9) = rfas® -h dy^ -f- 

which does not involve the independent variable. It is also easily 
remembered from its geometrical meaning, for it means that dS is 
the diagonal of a rectangular parallelopiped whose adjacent edges are 
eZjc, dyy dz. 


Note. Applying the first law of the mean for integrals to the 
definite integral which represents the arc whose extremities 

correspond to the values of the parameter >■ we find 


« = arc MoM, = (<i - #o) V/'“(0) + 

whore B lies in the interval (^o» On the other hand, denoting 

the chord by e, we have 

Applying the law of the mean for derivatives to each of the differ- 
ences y’(fi) we obtain the formula 

r = (^ - t„) 

where the three numbers rf, f belong to the interval (^o> ^i)- By 
the above calculation the difference of the two radicals is less than c, 
provided that the oscillation of each of the funct ions/*'(f), 
is less than c/3 in the interval <i). Consequently we have 


S — C <i €(ti 

or, finally, 

1 --<—= ^ ■ 

If the arc MqMi is infinitesimal, approaches zero; hence c, 

and therefore also 1 — approaches zero. It follows that the ratio 
of an infinitesimal arc to its chord approaches unity as its limit. 
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Example. Let us find the length of an arc of a plane curve whose 
equation in polar coordinates is p =y^(a>). Taking oi as independent 
variable, the curve is represented by the three equations a; = p cos «i>, 
y = P sin iOf z = 0; hence 

=s dx^ dy^ = (cos a> dp — p sin ct> + (sin €■> dp + p cos <i> dm) 

or, simplifying, 

ds^ = dp^ -f- p^dm^. 

Let us consider, for instance, the cardtoidy whose equation is 
p = R -{- R cos <i>. 

By the preceding formula we have 

ds^ = /2*rfa>^[sin^aj + (1 + COS a>)*] = 4/2* cos*^ 

£ 

or, letting <u vary from 0 to tt only, 

ds — 2 R cos ~ dm ; 

Jd 

and the length of the arc is 

where <<>0 and wi are the polar angles which correspond to the extrem- 
ities of the arc. The total length of the curve is therefore 8 R. 


81. Direction cosines. In studying the properties of a curve we are 
often led to take the arc itself as the independent variable. Let us 
choose a certain sense along the curve as positive, and denote by s 
the length of the arc AM between a certain fixed point A and a vari- 
able point My the sign being taken + or — according as M lies in 
the positive or in the negative direction from A. At any point M 
of the curve let us take the direction of the tangent which coincides 
with the direction in which the arc is increasing, and let or, y be 
the angles which this direction makes with the positive directions 
of the three rectangular axes OXy Oy, Oz. Then we shall have the 
following relations : 



±1 
ds * 


To find which sign to take, suppose that the positive direction of 
the tangent makes an acute angle with the x axis ; then x and s 
increase simultaneously, and the sign -K should bo taken. If the 
angle a is obtuse, cos a is negative, x decreases as s increases, dx /de 
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is negative^ and the sign 4- should be taken again. Henoe in any 
case the following formulae hold : 

(10) C08cr = — > co8)S==-^» 

where das, dy, d«, ds are differentials taken with respect to the same 
independent variable, which is otherwise arbitrary. 

82. Variation of a segment of a straight line. Let MM^ be a segment 
of a straight line whose extremities describe two curves C, Ci. On 
each of the two curves let us choose a 
point as origin and a positive sense of 
motion, and let us adopt the follow- 
ing notation : s, the arc AM \ Si, the arc 
A I Ml, — the two arcs being taken with 
the same sign ; I, the length MMi ; 6, the 
angle between MMi and the positive di- 
rection of the tangent MT ; Oi, the angle 
between MiM and the positive direction 
of the tangent Mj Ty, We proceed to 
try to find a relation between $, $i and the differentials ds, dsi, dL 
Let (x, y, z), {xi, yi, Zi) be the coordinates of the points M, Mi, 
respectively, a, p, y the direction angles of MT, and arj, Pi, yi the 
direction angles of Mi Ti . Then we have 

— *i)* H“ (y — viY H- (« — 
from which we may derive the formula 

Idl = (ar — Xi)(dx — dx^) + (y — — dy^ + (« — «i) (dz — dz^), 

which, by means of the formulae (10) and the analogous formulae 
for Cl, may be written in the form 

dl = cos a -h ^ — cos p -h ^ cos ds 

4- cos p^ -t- ^ cos yi^ dsi. 

But (x — Xi) /I, (y — yi) /I, — «i ) /I are the direction cosines of 

Ml M, and consequently the coefficient of ds is — cos B. Likewise 
the coefficient of dsi is — cos Bi', hence the desired relation is 

(10') dl = — ds cos B — dsi cos Bi, 

We shall make frequent applications of this formula ; one such we 
proceed to discuss immediately. 
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S8. Tbeorems of Graves and of Chasles. l4)t S and E' be two confocal ellipses, 
and let the two tangents MA^ MB to the interior ellipse E be drawn from a point 

My which lies on the exterior ellipse S'. The 
difference MA -f MB — arc ANB remains con- 
stant as the point M describes the ellipse S'. 

Let s and s' denote the arcs OA and OBy 
0 - the arc C/My I and V the distances AM and 
BMy 6 the angle between MB and the positive 
direction of the tangent MT. Since the ellipses 
are confocal the angle between MA and MT 
equal U> n — Noting that AM coincides 
with the positive direction of the tangent at Ay 
and that BM is the negative direction of the tangent at B, we find from the 
formula (10^), successively, 

dL = ^ ds + dtf’ cos 0 y 
dl' = da' — d<r cos 0 ; 

whence, adding, 

d (Z + /') = d (s' — «) = d (arc ANB)y 

which proves the proposition stated above. 

The above theorem is due to an English geometrician. Graves. The following 
theorem, discovered by Chasles, may be proved in a similar manner. Given an 
ellipse and a confocal hyperbola which meets it at N, If from a point M on that 
branch of the hyperbola which passes through N the two tangents MA and MB 
be drawn to the ellipse, the difference of the arcs MA — NB will be equal to the 
difference of the tangents MA — MB. 



III. CHANGE OF VARIABLE INTEGRATION BY PARTS 

A large number of definite integrals which cannot be evaluated 
directly yield to the two general processes which we shall discuss 
in this section. 

84. Change of variable. If in the definite integral dx the 

variable x be replaced by a new independent variable t by means 
of the substitution x = a new definite integral is obtained. 

Let us suppose that the function ^(t) is continuous and possesses a 
continuous derivative between a and and that c^(f) proceeds from 
a to 5 without changing sense as t goes from cx to p. 

The interval {a, P) having been broken up into subintervals by 
the intermediate values a, tj, fg, • p, let a, Xi, x^y • • •, h 

be the corresponding values of x = ^(0- Then, by the law of the 
mean, we shall have 

= (ff — f,_i) y 

where $i lies between and t^. Let ^(^,) be the corresponding 
value of X which lies between and x,. Then the sum 
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- «) +/(i0(*» -*.) + ••• +Xf»)(* 

approaches the given definite integral as its limit. But this sum 
may also be written 

/[^(O.)] «#-'(«.) (<i - ‘r) + • • ■ ■ •» 

and in this form we see that it approaches the new definite integral 

as its limit. This establishes the equality 

( 11 ) 

%J a. a 

which is called the formula for the change of variable. It is to 
be observed that the new differential under the sign of integration 
is obtained by replacing x and dx. in the differential f(x)dx by their 
values £ind <l>\t)dt, while the new limits of integration are the 
values of t which correspond to the old limits. By a suitable choice 
of the function the new integral may turn out to be easier to 
evaluate than the old, but it is impossible to lay down any definite 
rules in the matter. 

Let us take the definite integral 



dx 


for instance, and let us make the substitution x = a 4 - 
becomes 


It 


dx 1 r' dt 1 / ^ ^ cr\ 

= is J_, TTI^ = ^ tan ^ + arc tan - j, 

or, returning to the variable x, 

1 / X — a ct 

— ( arc tan — - — -h arc tan — 

H \ P P. 

Not all the hypotheses made in establishing the formula (11) were 
necessary. Thus it is not necessary that the function should 

always move in the same sense as t varies from a to Yov defi- 
niteness let us suppose that as t increases from a: to y (y < /3), 
steadily increases from a to (c > ; then as t increases from y to 

decreases from c to b. If the function f(x) is continuous in 
the interval (a, c), the formula may be applied to each of the inter- 
vals (tt, c), (/’, b)f which gives 
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or, adding, 


£Ax)dx 

ff(_x)dx = ff[H02*X0df’ 
%Ja %Ja 


On the other hand, it is quite necessary that the function 
should he uniquely defined for all values of t. If this condition be 
disregarded, fallacies may arise. For instance, if the formula be 
applied to the integral dx, using the transformation x = 
we should be led to write 


I. 



which is evidently incorrect, since the second integral vanishes. In 
order to apply the formula correctly we must divide the interval 
(— 1 , -f- 1 ) into the two intervals (— 1 , 0 ), ( 0 , 1 ). In the first of 
these we should take x = — V7® and let t vary from 1 to 0. In the 
second half interval we should take x = and let t vary from 
0 to 1 . We then find a correct result, namely 


I. 


dx = 


SjT = C2<*]J = 2 . 


Nott. If the upper limits h and ^ be replaced by x and t in the 
formula (11), it becomes 

C f{x)dx== C 

%J a a 

which shows that the transformation x = carries a function 

F(x), whose derivative is /(aj), into a function whose derivative 
isy* This also follows at once from the formula for the 
derivative of a function of a function. Hence we may write, in 
general, 

x'ydx = 

which is the formula for the change of variable in indefinite 
integrals. 
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85. Intesratkm by parts. Let u and 
together with their derivatives and t 
and 5. Then we have 


be two functions which, 
are continuous between a 


dCuv) dv . du 
— ^ ^ u- — b v — 9 
dx dx dx 


whence, integrating both aides of this equation, we find 



d(uv) 

dx 



^ dv 
U dx 



d u ^ 

V — dx. 
dx 


This may be written in the form 


( 12 ) 



h 

u dv = 


-jT 


b 

V du, 


where the symbol C-F(a?)]o denotes, in general, the difference 


_ F(d). 

If we replace the limit & by a variable limit x, but keep the limit a 
constant, which amounts to passing from definite to indefinite inte- 
grals, this formula becomes 


(13) 



/ 


V du. 


Thus the calculation of the integral f udv is reduced to the cal- 
culation of the integral fv du, which may be easier. Let us try, 
for example, to calculate the definite integral 



X dx. 


m + 1 =/= 0. 


Setting u = logx, v = + -h 1), the formula (12) gives 


a;"* + 1 log x “\ ^ 1 

w-f-1 J„ 

a;” + 1 log X 

w-hl (wi-+-l)®J«‘ 

This formula is not applicable if m = 0 ; in that particular 
case we have 

Jlog*^=[i(loga-)«] . 

It is ]> 08 sible to generalize the formula (12). Let the succes- 
sive derivatives of the two functions u and v be represented by 
u\ ti”, v\ v", •••, -*■*>. Then the application of the 


X- 


dx 
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formula (12) to the integrals f udv<^\ f ••• leads to the 

following equations : 


ih 


J' 

>b 

a «. 

/u 

b 

vS^^v^dx =J 

r — 

u «. 

. . . • f 


Multiplying these equations through by -h 1 and — 1 alternately ^ 
and then adding, we find the formula 

I dx = ~ — — (- ( — l)"w^'*^v] ^ 

(14) ^ 

4-(— l)« + ^l ^^V<3?£C, 

l ./a 

which reduces the calculation of the integral to the cal- 

culation of the integral f v dx. 

In paiticular this formula applies when the function under the 
integral sign is the product of a polynomial of at most the wth 
degree and the derivative of order (n -1- 1) of a known function o. 
For then ^<"■'■'>=0, and the second member contains no integral 
signs. Suppose, for instance, that we wished to evaluate the definite 
integral 

jT c“-/(x) 

where f(x) is a polynomial of degree n. Setting u =f(x), v = c"*/<i>"+', 
the formula (14) takes the following form after has been taken 
out as a factor : 

( 16 ) j*. 

The same method, or, what amounts to the same thing, a series of 
integrations by parts, enables us to evaluate the detinite integrals 

J ' cos mx f(x)dx, I 3inmxJ*(x)dx, 
where fix) is a polynomial. 
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86. Taylor’s series with a remainder. In the formula (14) let us 
replace u hy b, function F(x) which, together with its first n -h 1 
derivatives, is continuous between a and 6, and let us set v = (b — x)**. 
Then we have 


V* = — n(b — = n(n — l)(b — x)"“*, ..., 

i;(») = (— 1)« 1 . 2 ‘ . n, + o = 0 ^ 

and, noticing that v, v*, vanish for x = ft, we obtain the 

following equation from the general formula : 


0 =(— l)"|^«!i^(6) — n\F{a) — n!i?’(o)(6 — o) 

- f " (a) (6 - a)* J-W (a) (i - a)« J 

+ (- 1)- + /!’(» + ’) (*) {b - *)" tte, 


which leads to the equation 


F(P) = i;’(a) + (a) + • . . 


, (&-«)■ 
7l! 





b 

jr(n + 1)(j.) _ xYdX, 


Since the factor (ft — x)** keeps the same sign as x varies from a to 
ft, we may apply the law of the mean to the integral on the right, 
which gives 



6 

’^(X) (ft X)"C^X = /S’Cn+l) 



b 

(ft — x)"cfx 


1 

n 1 




where f lies between a and ft. Substituting this value in the preced- 
ing equation, we find again exactly Taylor^s formula, with Liagrange’s 
form of the remainder. 


S7. Transcendental character of ^ . From the formula (16) wc can prove a 
famous theorem due to Hermite : The number e is not a root of any algebraic 
equation whose coefficients are all integers.* 

Setting a = 0 and « = — 1 in the formula (16), it becomes 

fe— /(*)dx= - [e-*J'(x)]*, 

•/o 


* The present proof is due to D. Hilhert, who drew his inspiration from the method 

used by Hermite. 
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where 

F(x) =/(*) +/'(*) + • ■ • +/<*)(x); 
and tbU again may be written in the form 

(16) F(6) = ^F{0) - cf’J'Jf{x)e-*tix. 

Now let US suppose that e were the root of an algebraic equation whose coeffi- 
cients are all integers : 

Co + CiC -I- C2C2 H J- = 0. 

Then, setting 6 = 0, 1, 2, • • • , m, successively, in the formula (16), and adding 
the results obtained, after multiplying them respectively by cot Ci, • • Cmy we 
obtain the equation 

• ESDI 

(17) Co-F(O) + CiF(l) + • - + c,„F(m) + /(»)«”*«** = 0, 

»'=o 

where the index i takes on only the integral values 0, 1, 2, • • • , m. We proceed 
to show that such a relation is impossible if the polynomial /(a), which is up to 
the present arbitrary, be properly chosen. 

Let us choose it as follows : 

*'’"*<* “ - 2)1’ • • (X - m)J», 

{P — 

where is a prime number greater than m. This polynomial is of degree 
mp + p — 1, and all of the coefficients of its successive derivatives past the pth 
are integral multiples of p, since the product of p successive integers is divisible 
by pf. Moreover /(x), together with its first (p ^ 1) derivatives, vanishes for 
* = 1, 2, • • ■ , m, and it follows that F(l), F(2), • » • , F{m) are all integral mul- 
tiples ofp. It only remains to calculate F(0), that is, 

F(0) =/(0) +/'(0) -H/C^*-i>(0) -h/(i*>(0) +/cp + i)(0) + .... 

In the first place, /(O) = /'(O) = • • • =:/(j»-»>(0) = 0, while /C p + ^>(0), • • • 
are all integral multiples of p, as we ha^ e just shown. To find /Cj>- i> (0) we need 
only multiply the coefficient of in /( x) by (p — 1)!, which gives ±(1 .2 - • -w)#». 

Hence the sum 

Co F(0) + Cl F(l) + h Cd, F(m) 

is equal to an integral multiple of p increased by 

± Co(l . 2 . • • m)p. 

If p be taken greater than either m or cq, the above number cannot be divisible 
by p ; hence the first portion of the sum (17) will be an integer different from zero. 
We shall now show that the sum 

m 

2^c.«‘j^/(*)e-*dx 

|»0 

can be made smaller than any preassigned quantity by taking p sufficiently laige. 
As X varies from 0 to t each factor of f{x) is less than m ; hence we have 
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1 1 /(*) e-d* I < . j; ‘e-.d* < «, 

from which it follows that 

Ze,e‘J^/(x)e-«dx «" = 0 (p), 

where 3f is an upper limit of | cq | + | | + • * • + | | . As p increases indefi- 

nitely the function 0 (p) approaches zero, for it is the general term of a conver- 
gent series in which the ratio of one term to the preceding approaches zero. It 
follows that we can find a prime number p so large that the equation (17) is 
impossible ; hence Hermite's theorem is proved. 


8S. Legendre's polynomials. Let us consider the integ^l 




where Pn (x) is a polynomial of degree n and Q is a polynomial of degree less 
than n, and let us try to determine Pn(x) in such a way that the integral van- 
ishes for any polynomial Q. We may consider Pi»(x) as the nth derivative of a 
polynomial Pof degree 2n, and this polynomial R is not completely determined, 
for we may add to it an arbitrary polynomial of degree (n — 1) without changing 
its nth derivative. We may therefore set c2"P/dz", where the polynomial I?, 
together with its first (n — 1) derivatives, vanishes for x = a. But integrating 
by parts we find 




d»-aP 


±R 


d— 




P(»-i>(a) = 0, 




_ dx» - » dx" - 

and since, by hypothesis, 

R (a) = 0, R'{a) =0, 

the expression 

must also vanish if the integral is to vanish. 

Since the polynomial Q of degree n ~ 1 is to be arbitrary, the quantities 
«(*). «'(&). •••. are themselves arbitrary; hence we must also have 

R{b) = 0, R'{b) =0, • . = 0. 

The polynomial R (x) is therefore equal, save for a constant factor, to the product 
(x — a)** (x — 6)» ; and the required polynomial P,, (x) is completely determined, 
save for a constant factor, in the form 

Pn= C^Ux- a)’ {X- by]. 

If the limits a and h are — 1 and + 1, respectively, the polynomials Pn are 
Legendre's polynomials. Choosing the constant C with Legendre, we will set 


(18) 




ch 


2 . 4 . 6 • ' • 2n dx** 


[(** - 1)-]. 
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If we also agree to set Xo = 1, we shall have 


Xo — 1, Xj — X, 



X8 = 


6 «** — 3 05 


In general, Xn is a polynomial of degree n, all the exponents of x being even or 
odd with n. Leibniz’ formula for the nth derivative of a product of two factors 
(§ 1 7) gives at once the formulae 

(10) X.(1) = 1, J»(- 1) = (- 1)». 

By the general property established above, 

4- 1 

( 20 ) J X„ 4»{x) dx = 0 , 

where <f>(x) is any polynomial of degree less than n. In particular, if m and n 
are two different integers, we shall always have 

( 21 ) = 0 . 

This formula enables us to establish a very simple recurrent formula between 
three succer/^ive polynomials X„. Observing that any polynomial of degree n 
can be written as a linear function of X©, Xi, • • • , X„, it is clear that we may set 


a;X» = CoXn-j-i + CiX^ + CzJ^n-i + CaXn-g + ■ • 

where Co, Ci, C 2 , • • • *are constants. In order to find Ca, for example, let us 
multiply both sides of this equation by Xn^s^ S'lrd then integrate between the 
limits — 1 and + 1. By virtue of (20) and (21), all that remains is 

Csf_*'xl_^dx = 0, 

and hence Ca = 0. It may be shown in the same manner that C 4 = 0, Ca = 0, • • • . 
The coefficient Ci is zero also, since the product xX^ does not contain x". Finally, 
to find Co and C 2 we n<^ed only equate the coefficients of and then equate 

the two sides for x = 1 . Doing this, we obtain the recurrent formula 

(22) ( 7 i + l)X„+i - (2n-M)xX„ + nX„„, =0, 

which affords a simple means of calculating the polynomials X„ successively. 
The relation ( 22 ) shows that the sequence of polynomials 


(23) Xo, Xi, Xa, ..., Xn 

possesses the properties of a Sturm sequence. As x varies continuously from — 1 
to + 1 , the number of changes of sign in this sequence is unaltered except when 
X passes through a root of X„ = 0. But the formulee (19) show that there are n 
changes of sign in the sequence (23) for x = — 1, and none for x = 1 . Hence 
the equation Xn = 0 has n real roots between — 1 and + 1 , which also readily 
follows from Rollers theorem. 
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IV. GENERALIZATIONS OF THE IDEA OF AN INTEGRAL 
IMPROPER INTEGRALS LINE INTEGRALS* 


89. The integrand becomes Infinite. Up to the present we have sup- 
posed that the integrand remained finite between the limits of inte- 
gration. In certain cases, however, the definition may be extended 
to functions which become infinite between the limits. Let us first 
consider the following particular case : y(jr) is continuous for every 
value of X which lies between a and h, and for x = b, but it becomes 
infinite for x = a. We will suppose for definiteness that a<.b. 
Then the integral of ^(x) taken between the limits a c and 
b (e > 0) has a definite value, no matter how small c be taken. If 
this integral approaches a limit as c approaches zero, it is usual and 
natural to denote that limit by the symbol 

f(pe:}dx. 

If a primitive of ./‘(a;), say /'’(•k), be known, we may write 

f = F(V) — F(a + e) , 

%Ja + V 

and it is sufficient to examine + c) for convergence toward a 
limit as c approaches zero. We have, for example, 


* Af dx 
a+ e (a? — ay 


M r 1 



fji ^ 1. 


If /It >■ 1, the term increases indefinitely as c approaches zero. 

But if /A is less than unity, we may write and it is 

clear that this term approaches zero with c. Hence in this case 
the definite integral approaches a limit, and we may write 

AI dx Al(h — 

„ (a: — a)'" 1 — 

If /A = 1, we have 

Mdx (b — a\ 

j... j’ 

and the right-hand side increases indefinitely when c approaches zero. 
To sum up, the necessary and sufficient condition that the given inte- 
gral should approa^ch a limit is that g. should be less than unity. 


*lt is possible, if desired, to read tlie next chapter before reading the closing sec- 
tions of this chapter. 
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The straight line x ^ a 
tion is 


is an asymptote of the curve whose equa- 




M 
(x — 


if fi is positive. It follows from the above that the area bounded by 
the X axis, the fixed line x = b, the curve, and its asymptote, has a 
finite value provided that /a < 1. 

If a primitive of f(x) is not known, we may compare the given 
integral with known integrals. The above integral is usually taken 
as a comparison integral, which leads to certain practical rules which 
are sufficient in many cases. In the first place, the upper limit b 
does not enter into the reasoning, since everything depends upon the 
manner in which f(x) becomes infinite for ac = a. We may therefore 
replace b by any number whatever between a and b, which amounts 
to writing X** particular, unless f(x) has an infi- 

nite number of roots near x = a, we may suppose that f(x) keeps 
the same sign between a and c. 

We will first prove the following lemma : 

Let be a function which is positive in the interval (a, ^), 

and suppose that the integral ^ (x) dx approaches a limit as c 

approaches zero. Then, if \f(x)\<i<l>(x) throughout the whole inter- 
val, the definite integral f^^^f(x)dx also approaches a limit. 

If y*(a;) is positive throughout the interval (a, h'), the demonstration 
is immediate. For, since f{x) is less than we have 

X b ^ b 

f (x) dx < I <f> (^x) dx. 

Moreover J^^^f(x)dx increases as c diminishes, since all of its ele- 
ments are positive. But the above inequality shows that it is con- 
stantly less than the second integral ; hence it also approaches a 
limit. If f(x) were always negative between a and h, it would 
be necessary merely to change the sign of each element. Finally, 
if the function f(x) has an infinite number of roots near ar = a, we 
may write down the equation 


f = r [/(*) + 1 /(») i]<te — r i/(») I dx. 


The second integral on the right approaches a limit, since 
!/(«)!< Now the function /*(«) -f- |y’(5c)| is either positive 
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or zero between a and b, and its value cannot exceed 2 ^ (x) ; hence 
the integral 

[/(*)+!/(*) ID*; 

c 



also approaches a limit, and the lemma is proved. 

It follows from the above that if a function y(x) does not approach 
any limit whatever for x = a, but always remains less than a fixed 
number, the integral approaches a limit. Thus the integral 
^^sin(l/x)rfx has a perfectly definite value. 


I*r€ictical rtile, 
the form 


Suppose that the function y^(x) can be written in 


/(*) = 


V'(^) , 

(* - a)** 


where the function ^(x) remains finite when x approaches a. 


^ fM.<Z 1 and the function ^ (x) remains less in absolute value than 
a fixed number My the integral approaches a limit. But if and 

the absolute value of is greater than a positive number m, the 

integral approaches no limit. 

The first part of the theorem is very easy to prove, for the abso- 
lute value of y(x) is less than M/(x — a)^, and the integral of the 
latter function approaches a limit, since /w, < 1. 

In order to prove the second part, let us first observe that ^(x) 
keeps the same sign near x = a, since its absolute value always 
exceeds a positive number m. We shall suppose that ^(x)>^0 
between a and b. Then we may write 



dx > 



m dx 
(x — (lY 


and the second integral increases indefinitely as c decreases. 

These rules are sufficient for all cases in which we can find an 
exponent p such that the product (x — dy^f^x) approaches, for 
X =: a, a, limit K different from zero. If fj. is less than unity, the 
limit b may be taken so near a that the inequality 


!/(*) 1 < (a, _ 

holds inside the interval (a, b), where h is sl positive number greater 
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than I K |. Hence the integral approaches a limit. On the other hand, 
if ^ > 1, i may be taken so near to a that 

inside the interval (a, ft), where Z is a positive number less than | K |, 
Moreover the function being continuous, keeps the same sign; 

hence the integral ^ dx increases indefinitely in absolute 
value.* 

Examples. Ijety(x) = P JQ be a rational function. If a is a root 
of order m of the denominator, the product (x — a)”*f(x) approaches 
a limit different from zero for x = a. Since m is at least equal to 
unity, it is clear that the integral increases beyond all 

limit as c approaches zero. But if we consider the function 



where P and It are two polynomials and R{x') is prime to its deriv- 
ative, the product (x — approaches a limit for x = a if a 

is a root of 72 (x), and the integral itself approaches a limit. Thus 
the integral 



approaches 7 r /2 as c approaches zero. 

Again, consider the integral J^^logxrfx. The product x’^^logx 
has the limit zero. Starting with a sufficiently small value of x, we 
may therefore write log x < where M is a positive number 

chosen at random. Hence the integral approaches a limit. 

Everything which has been stated for the lower limit a may be 
repeated without modification for the upper limit b. If the function 
f (x) is infinite for x = ^, we would define the integral dx to be 

the limit of the integral ^*’”^y’(x)rfx as c' approaches zero. If /"(x) 
is infinite at each limit, we would define J^f (x) dx as the limit of 
the integral fj'~* f(x)dx as e and c' both approach zero independ- 
ently of each other. Bet c be any number between a and b. Then 
we may write 

•The first part of the proposition may also be stated as follows: the integral has 
a limit if an exponent can be found (O < /a < 1) such that the product (x — a)f* f{x) 
approaches a limit A nax approaches a, — the case where A = 0 not being excluded. 
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X »-«’ /’« /»»-•• 

f(x)dx= j f(x)dx+l f(x)dx, 

■I- e •Ja + « nJ c 

and each of the integrals on the right should approach a limit in 
this case. 

Finally, if f(x) becomes infinite for a value c between a and 
we would define the integral J^f(x')dx as the sum of the limits of 
the two integrals J^^^f{x)dxj and we would proceed 

in a similar manner if any number of discontinuities whatever lay 
between a and b. 

It should be noted that the fundamental formula (6), which was 
established under the assumption that f{x) was continuous between 
a and ft, still holds when f (a?) becomes infinite between these limits, 
provided that the primitive function F(x) remains continuous. For 
the sake of definiteness let us suppose that the function y(a;) becomes 
infinite for just one value c between a and ft. Then we have 

f (^) / y* (®) ^ "1" / f (^) 9 

a e'=iO*Ja esOa^c+c 

and if F(x) is a primitive of /(x), this may be written as follows : 

» b 

f{x)dx = Ihn F{c — c*) — P’(a) + F(b) — lim F(c + e). 


£■ 


Since the function F(x) is supposed continuous for x = c, F(c + c) 
and F(c — c') have the same limit F(c), and the formula again 
becomes 


J" f(x) dx = F(b) — F^a). 


The following example is illustrative : 


X 


If the primitive function F(x) itself becomes infinite between a and 
ft, the formula ceases to hold, for the integral on the left has as yet 
no meaning in that case. 

The formulae for change of variable and for integration by parts 
may be extended to the new kinds of integrals in a similar manner 
by considering them as the limits of ordinary integrals. 


90. Infinite limits of integration. Let /“(x) be a function of x which 
is continuous for all values of x greater than a certain number a. 
Then the integral where I a, has a definite value, no 
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matter how large / be taken. If this integral approaches a limit 
as I increases indefinitely, that limit is represented by the symbol 

J^*f(xydx. 


If a primitive of /(«) be known, it is easy to decide whether the 
integral approaches a limit. For instance, in the example 


r' dx 

Jo 1-hx^ 


arc tan I 


the right-hand side approaches 7r/2 as I increases indefinitely, and 
this is* expressed by writing the equation 



• dx 
1-hx* 


TT 

2 ’ 


Likewise, if a is positive and /x — 1 is different from zero, we have 






If pL is greater than unity, the right-hand side approaches a limit as 
I increases indefinitely, and we may write 


i 


+ ao 


k dx 


k 

(/A —1) 0^-1 


On the other hand, if /a is less than one, the integral increases indefi- 
nitely with L The same is true for ft = 1, for the integral then 
results in a logarithm. 

When no primitive of /(a?) is known, we again proceed by com- 
parison, noting that the lower limit a may be taken as large as we 
please. Our work will be based upon the following lemma : 

Let <f> (x) be a function which is positive for x > a, cAid suppose that 
the integral JJ ^ (x) dx approaches a limit. Then the integral J ^f(x) dx 
also approaches a limit provided that |/(x) | < <^ (x) for all values of 
X greater than a. 


The proof of this proposition is exactly similar to that given above. 
If the function f(x) can be put into the form 


A*) = 5^. 

where the function ^(x) remains finite when x is infinite, the follow- 
ing theorems can be demonstrated, but we shall merely state them : 
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If the absolute value of ^(x') is less than a fixed number M and 
fjL is greater than unitg, the integral approaches a limit. 

If the absolute value of ^ (x) is greater than a positive number m 
and p is less than or equal to unity^ the integral approaches no limit. 


For instance, the integral 



cos ax 
1 H- 


dx 


approaches a limit, for the integrand may be written 


cos ax 1 cos ax 

iT^“S*7TT' 

■^x* 


and the coefficient of 1/x® is less than unity in absolute value. 

The above rule is sufficient whenever we can find a positive num- 
ber p for which the product x*^f(x^ approaches a limit different from 
zero as x becomes infinite. The integral approaches a limit if p is 
greater than unity, but it approaches no limit if p is less than or 
equal to unity,* 

For example, the necessary and sufficient condition that the inte- 
gral of a rational fraction approach a limit when the upper limit 
increases indefinitely is that the degree of the denominator should 
exceed that of the numerator by at least Uvo units. Finally, if we 
take 



where P and II are two polynomials of degree p and r, respectively, 
the product y(^) approaches a limit different from zero when 

X becomes infinite. The necessary and sufficient condition that the 
integral apprfj^ch a limit is thatjo be less than r/2 —1. 


91. The rules stated above are not always sufficient for determin- 
ing whether or not an integral approaches a limit. In the example 
f(x) = (sin x)/x, for instance, the product x*^f(x) approaches zero if 
p is less than one, and can take on values greater than any given 
number if p is greater than one. If ^ — 1, it oscillates between -|-1 
and — 1. None of the above rules apply, but the integral does ap- 
proach a limit. Let us consider the slightly more general integral 


* The integral also approaches a limit if the product xe/{x) (where m> 1) approaches 
zero as x becomes infinite. 
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A = C ■" die, a>0. 

•Jo * 

The integrand changes sign for x = Ajtt. We are therefore led to 
study the alternating series 

(24) ao — -t- a* — «8 H 1- H 9 

where the notation used is the following : 



Substituting y nir for x, the general term may be written 





sin y , 
— — ^ dy. 

y H- TITT 


It is eviaent that the integrand decreases as n increases^ and hence 
Moreover the general term is less than f^^(l/n7r)dy, 
that is, than 1/n. Hence the above series is convergent, since the 
absolute values of the terms decrease as we proceed in the series, 
and the general term approaches zero. If the upper limit I lies 
between utt and (n -|- 1) tt, we shall have 



dx — S^± Oa^, 


o<e<i. 


where S„ denotes the sum of the first n terms of the series (24). As 
I increases indehnitely, n does the same, approaches zero, and the 
integral approaches the sum S of the series (24). 

In a similar manner it may be shown that the integrals 

I sinx^dx, I coax^dx, 

0 •Jo 

which occur in the theory of diffraction, each have finite values. 
The curve y = sinx®, for example, has the undulating form of a sine 
curve, but the undula tions becom e s harp er and sharper as we go out, 
since the difference v^(n -f- 1) w — y/nw of two consecutive roots of 
sin X® approaches zero as n increases indefinitely. 


Remark. This last example gives rise to an interesting remark. As x Increases 
indefinitely sin z® oscillates between ~ 1 and + 1. Hence an int^^l may 
approach a limit even If the integrand does not approach zero, that is, even if 
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the X axis ie not an aiymptote to the curve y = f(x). The following la an ezamjde 
of the same kind in which the function f(x) doea not change algn. The function 


/(*) = 


X 

1 + SB® Bin®X 


remains positive when x ia positive^ and it does not approach zero, alnce 
f{kn) a= kw. In order to show that the integral approaches a limit, let us con- 
sider, aa above, the series 


where 


On 


X Cn + X)v 


xdx 


se®sin®z 


Aa X varies from n^r to (n + 1) is constantly greater than n® w®, and we may 


write 


a„<(n -f 1) 


-/ 


(ii + !)«- 


1 + 


dx 

n®;r®sin»x 


A primitive function of the new integrand is 

^ — arc tan (Vl+ n® ?r® tan x), 

Vl+n®?r® 


and aa x varies from n^r to (n + 1) tt, tan x becomes infinite just once, pa ssing 
from 4- 00 to — oD. Hence the new integral is equal (§ 77) to jr/Vl-H n«ar«, and 
we have 

„ ^ (n 4 1) ^ (n + 1) 

Vl4n®?r® n8;r 

It follows that the series Zun is convergent, and hence the integral fj f(x)dx 
approaches a limit. 

On the other hand, it is evident that the integral cannot approach any limit 
if /(x) approaches a limit h different from zero when x becomes infinite. For 
beyond a certain value of x, /(x) will be greater than | h/2 1 in absolute value 
and will not change sign. 

The preceding developments bear a close analogy to the treatment of infinite 
series. The Intimate connection which exists between these two theories is 
brought out by a theorem of Cauchy^s which will be considered later (Chapter 
VIII). We shall then also find new criteria which will enable us to determine 
whether or not an integral approaches a limit in more general cases than those 
treated above. 


92. The function P(a). The definite integral 


(26) 


r(a)= T’ 


af®"* e”*dx 


has a determinate value provided that a ia positive. 
For, let us consider the two integrals 


x'-- 




X I 
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where e is a very small positive number and Z is a very large positive number. 
The second integral always approaches a limit, for past a sufficiently large value 
of X we have 1/x*, that is, e'>xa‘*-K As for the first integral, the 

product - "/(^) i^proaches the limit 1 as x approaches zero, and the necessary 
and sufficient condition that the integral approach a limit is that 1 — a be less 
than unity, that is, that a be positive. Let us suppose this condition satisfied. 
Then the sum of these two limits is the function r(a), which is also called EuUr^a 
integral of the second kind. This function r(a) becomes infinite as a approaches 
zero, it is positive when a is positive, and it becomes infinite with a. It has 
a minimum for a = 1.4616321 ••• , and the corresponding value of r(a) is 
0.8856032 • • • 

Let us suppose that a > 1, and integrate by parts, considering e-^dx as the 
differential of — er^. This gives 

r<a) = — + (a — 1) ^ x®-2e-*dx, 

but the product x®- vanishes at both limits, since a > 1, and there remains 
only the formula 

(26) r(a) = (a - 1) r(a - 1). 

The repeated application of this formula reduces the calculation of r(a) to 
the case in which the argument a lies between 0 and 1. Moreover it is easy to 
determine the value of r(a) when a is an integer. For, in the first place, 

and the foregoing formula therefore gives, for a = 2, 3, • • • , n • • 
r(2) = r(i) = 1 , r(3) = 2 r( 2 ) = i . 2 ; 

and, in general, if n is a positive integer, 

(27) r(n) = 1 . 2 . 3 - • (n - 1) = (n - 1)!. 

93. Line integrals. Let .A ^ be an arc of a continuous plane curve, 
and let P(Xf y) be a continuous function of the two variables x and 
y along AB, where x and y denote the coordinates of a point of AB 
with respect to a set of axes in its plane. On the arc AB let us 
take a certain number of points of division , m,, • • - , whose 

coordinates are (xi, ?/i), (xg, y*), •• •, (x,-, y,), ■ and then upon each 
of the arcs let us choose another point rJ^) at random. 

Finally, let us consider the sum 

/ogN ^ vO (*i — ^) 4- V 2 ) (a?2 — aJi) H 

^ ^ ( 4- vd (^» — ^.-- 1 ) H 

extended over all these partial intervals. When the number of points 
of division is increased indefinitely in such a way that each of the 
differences ~~ x, _ ^ approaches zero, the above sum approaches a 
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limit which is called the line integral of P(Xy y) extended over the 
arc A By and which is represented by the symbol 


/ P{^yy)dx, 

U AB 


In order to establish the existence of this limit, let us first sup- 
pose that a line parallel to the y axis cannot meet the arc AR in 
more than one point. Let a and h be the abscissae of the points A 
and By respectively, and let y = ^(a:) be the equation of the curve AB, 
Then is a continuous function of a; in the interval (a, h^y by 

hypothesis, and if we replace y by <^(a;) in the function P(Xy y), the 
resulting function 4>(a;) = P [x, is also continuous. Hence we 

V.) = <#-(^.)] = HO , 

and the preceding sum may therefore be written in the form 

^(^i) (iTi — a) + ^(fa) — aJi) H h (x, — j) H . 

It follows that this sum approaches as its limit the ordinary definite 
integral 

X b pb 

^(x)c?x = / P[Xy ^(x)]<£x, 

U a 

and we have finally the formula 


f y)dx= f /*[x, ^(x)]<to. 

Jab Ja 


If a line parallel to the y axis can meet the arc AR in more than 
one point, we should divide the arc 
into several portions, each of which v 
is met in but one point by any line 
parallel to the y axis. If the given 
arc is of the form ACDB (Pig. 14), 

for instance, where C and D are ^ | 

points at which the abscissa has an ; | 

extremum, each of the arcs AC, Cl), O * 

DB satisfies the above condition, and 

J^IO. 14 

we may write 

r P(x,y)dx=f P(x,y)dx+r P(x,y)dx+f P(x,y)dx. 
xJavdb Jac Jcd Jj>b 

Rut it should be noticed that in the calculation of the three integrals 
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on the right-hand side the variable y in the function P(x, y) 
must be replaced by three different functions of the variable x, 
respectively. 

Curvilinear integrals of the form Q(x, y)dy may be defined 
in a similar manner. It is clear that these integrals reduce at once 
to ordinary definite integrals^ but their usefulness justifies their 
introduction. We may also remaik that the arc AB may be com- 
posed of portions of different cui'ves^ such as straight lineS| arcs of 
circles, and so on. 

A case which occurs frequently in practice is that in which the 
codrdinates of a point of the curve AB are given as functions of a 
variable parameter 

where and ^(^), together with their derivatives <^'(0 
are continuous functions of t. We shall suppose that as t varies 
from a to /3 the point (x, y) describes the arc AB without changing 
the sense of its motion. Let the interval (a. /S) he divided into a 
certain number of subintervals, and let and be two consecu- 
tive values of t to which correspond, upon the arc A By two points 
and whose coordinates are y,_i) and (x^, y,), respec- 

tively. Then we have 

x^^i == (t^ 

where Bi lies between and ti. To this value B^ there corresponds 
a point {ii, ly,) of the arc ; hence we may write 


17.) {X, - x,_,) = (t, - 


or, passing to the limit, 

r P(x., y')dx= f 
Jab Ja 

An analogous formula for fQdy may be obtained in a similar manner. 
Adding the two, we find the formula 

( 29 ) f Pdx + Qdy = f^lP4>Xt) + Q4f\t}2dty 

J AB Ja 


which is the formula for change of variable in line integrals. Of 
course, if the arc AB is composed of several portions of different 
curves, the functions 4 >(t) and will not have the same form 

along the whole of AB, and the formula should be applied in that 
case to each portion separately. 
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94. Area of a closed curve. We have already defined the area of a 
portion of the plane bounded by an arc A MB, a straig^ht line which 
does not cut that arc, and the two perpendiculars AA^, BB^ let fall 
fi-om the points A and B upon the straight line (§§ 65, 78, Fig. 9). 
Let us now consider a continuous closed curve of any shape, by 
which we shall understand the locus described by a point M whose 
coordinates are continuous functions as =y*(^), y = ^(0 of a param- 
eter t which assume the same values for two values and T of 
the parameter t. The functions and 4*(j0 have several 

distinct forms between the limits to and T; such will be the case, 
for instance, if the closed contour C be composed of portions of 
several distinct curves. Let Mq, M^, M^, • • Af; , • i, Afo 

denote points upon the curve C corresponding, respectively, to the 
values foj — j ^ ot the parameter, which 

increase from to 7\ Connecting these points in order by straight 
lines, we obtain a polygon inscribed in the curve. The limit 
approached by the area of this polygon, as the number of sides is 
indefinitely increased in such a way that each of them approaches 
zero, is called the area of the closed curve C.* This definition ia 
seen to agree with that given in the particular case treated above. 
For if the polygon AoAQiQ.ji • • BBqAq (Fig. 9) be broken up into 
small trapezoids by lines parallel to AAq, the area of one of these 
trapezoids is (a?* — a?,._ ,) [/(sc.) + i)]/2, or («•( — aj< _i) /(£,), 
where ^ < lies between _ y and x, . Hence the area of the whole 
polygon, in this special case, approaches the definite integral 

/ 

Let us now consider a closed curve C which is cut in at most two 
points by any line parallel to a certain fixed direction. Let us 
choose as the axis of y a line parallel to this direction, and as the 
axis of X a line perpendicular to it, in such a way that the entire 
curve C lies in the quadrant xOy (Fig. 15). 

The points of the contour U pi*oject into a segment^^xA of the axis 
Ox, and any line parallel to the axis of y meets the contour C in at 
most two points, 7Wi and Let y^ = and y* = 1>© 

equations of the two arcs Arrty B and Am^B, respectively, and let 
us suppose for simplicity that the points A and B of the curve C 
which project into a and b are taken as two of the vertices of the 


* It is supposed, of course, that the curve under consideration has no double point, 
and that the sides of the polygon have been chosen so small that the polygon its^ 
has no double point. 
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polygon. The area of the inscribed polygon is equal to the differ- 
ence between the areas of the two polygons formed by" the lines A a, 
db,bB with the broken lines inscribed in the two arcs Arn^B and 
Am^B, respectively. Passing to the limit, it is clear that the area 
of the curve C is equal to the difference between the two areas 
bounded by the contours Am^BbaA and Am^BbaA^ respectively, that 

is, to the difference between 
the corresponding definite in- 
tegrals 

I 

a kJ a 

These two integrals represent 
the curvilinear integral fpdx 
taken first along Am 2 B and 
tiien along AniiB. If we 
agree to say that the contour 
C is described in the positive 
sense when an observer standing upon the plane and walking around 
the curve in that sense has the enclosed area constantly on his left 
hand (the axes being taken as usual, as in the figure), then the above 
result may be expressed as follows : the area O enclosed by the 
contour C is given by the formula 



(30) a = - f ydx, 

J(.C) 

where the line integral is to be taken along the closed contour C in 
the positive sense. Since this integral is unaltered when the origin 
is moved in any way, the axes remaining parallel to their original 
positions, this same formula holds whatever be 
the position of the contour C with respect to 
the coordinate axes. 

Let us now consider a contour C of any form 
whatever. We shall suppose that it is possible 9 
to draw a finite number of lilies connecting 
pairs of points on C in such a way that the 
resulting subcontours are each met in at most 
two points by any line parallel to the y axis. 

Such is the case for the region bounded by the 
contour C in Fig. 16, which we may divide into three subregions 
bounded by the contours aTnba, abndcga, cdpc^ by means of the 
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transversals ah and vd. Applying the preceding formula to each 
of these subregions and adding the results thus obtained, the line 
integrals which arise from the auxiliary lines ah and cd cancel each 
other, and the area bounded by the closed curve V is still given by 
the line integral — Ji/dx taken along the contour C in the positive 
sense. 

Similarly, it may be shown that this same area is given by the 
formula 

(31) Q = f xdy \ 

JiC'i 

and finally, combining these two formulae, we have 


(32) ^ — \ f — ydr, 

^ J(.C) 

whei*e the integrals are always taken in the positive sense. This 
last formula is evidently index^endent of the choice of axes. 

If, for instance, an ellipse be given in the form 


its area is 


a: = a cos y = h sin ty 


I r"’' 

Q = — J ab(GOS^t sin*^)rf^ = 7rah. 


95. Area of a curve in polar coordinates. Let us try to find the 
area enclosed by the contour OAMBO (Fig. 17), which is composed 
of the two straight lines OA, OB, and the arc A MB, which is 
met in at most one 
point by any radius 
vector. Let us take 
O as the pole and a 
straight line Ox as / 
the initial line, and { 
let p = f(i^) be the \ 

equation of the arc 

A MB. ” 




Inscribing a polygon in the arc A MB, with A and B as two of 
the vertices, the area to be evaluated is the limit of the sum of such 
triangles as OMM\ But the area of the triangle OMM* is 
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where € epproeche6 zero with Aw, It is easy to show that all the 
q^uan titles analogous to c are less than any preassigned number nf 
provided that the angles Aw are tak.en sufhciently small^ and that 
we may therefore neglect the term eAct> in evaluating the limit. 
Hence the area sought is the limit of the sum Sp^Aw/2f that is^ it 
is equal to the definite integral 



where ci>i and wa are the angles which the straight lines OA and OB 
make with the line Ox. 

Art area bounded by a contour of any form is the algebraic sum 
of a certain number of areas bounded by curves like the above. If 
we wish to find the area of a closed contour surrounding the point 
Oj which is cut in at most two points by any line through O, for 
example, we need only let w vary from 0 to 27r. The ai^ea of a con- 
vex closed contour not surrounding O (Fig. 17) is equal to the dif- 
ference of the two sectors OAMBO and OANBO^ each of which may 
be calculated by the preceding method. In any case the area is 
represented by the line integral 

I/-'*- 

taken over the curve C in the positive sense. This formula does 
not differ essentially from the previous one. For if we pass from 
rectangular to polar coordinates we have 


X — p cos Wy y = p sin Wy 

dx = cos <■> dp — p sin w dwy dy = sin w dp p cos w dwy 
X dy — y dLx = dw. 

Finally, let us consider an arc A MB whose equation in oblique 
codrdinates is y =f(x). In order to find the area bounded by this 
arc AMBy the x axis, and the two lines AA^^y BB^y which are parallel 
to the y axis, let us imagine a polygon inscribed in the arc AMBy and 
let us break up the area of this polygon into small trapezoids by 
lines parallel to the y axis. The area of one of these trapezoids is 
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which may be written in the form (x,., — Xi)/(fi) sin where $ 
lies in the interyal x^. Hence the area in question is equal 

to the definite integral 


sin 6 I /(x) dx, 

where Xq and X denote the abscissse 
of the points A and R, respectively. 

It may be shown as in the similar 
case above that the area bounded by 
any closed contour C whatever is given 
by the formula 



% 


sin B 


f “ 


xdy — y dx. 


Note, Given a closed curve C (Fig. 15), let us draw at any point 
M the portion of the normal which extends toward the exterior, 
and let tr, be the angles which this direction makes with the axes 
of X and y, respectively, counted from 0 to tt. Along the arc 
the angle ^ is obtuse and dx — ds cos p. Hence we may write 


j y 



Along Bm^A the angle is acute, but dx is negative along Bm^A 
in the line integral. If we agree to consider ds always as positive, 
we shall still have dx = — ds cos Hence the area of the closed 
curve may be represented by the integral 




y coa 13 ds, 


where the angle /8 is defined as above, and where ds is essentially 
positive. This formula is applicable, as in the previous case, to a 
contour Of any form whatever, and it is also obvious that the same 
area is given by the formula 



cos a ds. 


These statements are absolutely independent of the choice of axes. 


96. Value of the integral /xdy — ydx. It is natural to inquire what will 
be represented by the integral f xdy — y dx, taken over any curve whatever, 
cloeed or unclosed. 
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Let Ufl coneider, for example, the two closed curres OA OBO and 
ApBqCrAaBtCuA (Fig. 10) which have one and three double points, respec- 
tively. It is clear that we may replace either of these curves by a ooxnbination 
of two closed curves without double points. Thus the closed contour OA OBO 

is equivalent to a combination of the 
two contours OAO and OBO. The 
integral taken over the whole contour 
is equal to the area of the portion 
OA O less the area of the portion 
OBO. Likewise, the other contour 
may be replaced by the two closed 
curves ApBqCrA and AaBtCuA, and 
the integral taken over the whole con- 
tour is equal to the sum of the areas of ApBsA, BtCqBj and ArCuA , plus twice 
the area of the portion AaBqCuA. This reasoning is, moreover, general. Any 
closed contour with any number of double i)oint8 determines a certain number 
of partial areas <ri, «' 2 » • • o’iJi of each of which it forms all the boundaries. 
The integral taken over the whole contour is equal to a sum of the form 

4- m2<r2 -}“ • * * H- TnptTpy 

where mi, m 2 , • • ■ , trip are positive or negative integers which may be found by 
the following rule : Given two a^facerU areas o-, <r', separated by an arc ab of the 
contour C, imagine an observer walking on the plane along the contour in the sense 
determined by the arrows ; then the coefficient of the area at his left is one greater 
than that of the area at his right. Giving the area outside the contour the coeffi- 
cient zero, the coefficients of all the other portions may be determined successively. 

If the given arc AB is not closed, we may transform it into a closed curve by 
joining its extremities to the origin, and the preceding formula is applicable to 
this new region, for the integral f xdy — y dx taken over the radii vectores OA 
and OB evidently vanishes. 
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97. Differentiation under the integral sign. We frequently have to 
deal with integrals in which the function to be integrated depends 
not only upon the variable of integration but also upon one or more 
other variables which we consider as parameters. Let /(x, a) be a 
continuous function of the two variables x and ct when x varies from 
Xq to X and or varies between certain limits oq and We proceed 
to study the function of the variable a which is defined by the 
definite integral 

= f a)dx, 


where « is supposed to have a definite value "between 
where the limits and X are independent of a. 


and ai, and 
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We have then 


(33) F(ar 4- ^ct) - J^(^) = f £f(x, a -f- Act) -/-(a;, cr)2 da^. 

Since the function /"(x, a) is continuous, this integrand may be made 
less than any preassigned number c by taking Act sufficiently small. 
Hence the increment AI*\ct) will be less than €\X — Xq\ in absolute 
value, which shows that the function f'(cx) is continuous. 

If the function /*(x, ct) has a derivative with respect to a, let us 
write 


f(x, a 4- Aa) —f(x, a)= Aa:[/„(x, «)+£], 


where c approaches zero with Act. Dividing both sides of (33) by 
Aa:, we find 


F(a: 4- Aa:) — F(cr) 
Aa 




and if rj be the upper limit of the absolute values of c, the absolute 
value of the last integral will be less than tj\X — Xq\. Passing to 
the limit, we obtain the formula 

(34) f„ (x, a) dx . 


In order to render the above reasoning perfectly rigorous we must 
show that it is possible to choose An: so small that the quantity c 
will be less than any preassigned number rj for all values of x between 
the given limits x^ and X. This condition will certainly be satisfied 
if the derivative a) itself is continuous. For we have from 

the law of the mean 


/(ac, a + Aar) — f(x, ar)= Aaf^(x, a + ^Aa), 0 < 0 < 1, 

and hence 

f 4- OAa) —f„(x, a). 

If the function is continuous, this difference c will be less than rj 
for any values of x and or, provided that | Aar | is less than a properly 
chosen positive number A (see Chapter VI, § 120). 

Let us now suppose that the limits X and x^, are themselves func- 
tions of O’. If AY and AXq denote the increments which correspond 
to an increment Ao-, we shall have 
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F(a + Aar)— F^a) = [/(a^ ar + Aar) —/(», «)]<fa 


+ J f(x,a + Aa)dx 

f(x, OT-h Aa)rf»; 


-/■ 


or, applying the first law of the mean for integrals to each of the 
last two integrals and dividing by Aar, 

■F(ar + Aar) — ■F(a) a + Aar) —f(x, ar) , 

Aor Act 

AX 

4* ^ fCX 4 0 AX, a 4 Ao') 

— f(aSo + AXo, a + Aa). 


As Act approaches zero the first of these integrals approaches the 
limit found above, and passing to the limit we find the formula 

which is the general formula for differentiation under the integral 
sign. 

Since a line integral may always be reduced to a sum of ordinary 
definite integrals, it is evident that the preceding formula may be 
extended to line integrals. Xiet us consider, for instance, the line 
integral 

-^(®) = / y, a) dx Q(x, y, a)dy 

Jab 

taken over a curve AB which is independent of or. It is evident that 
we shall have 

^'(“) = r ^«(*> y,a)dx+ «,(*, y, a)dy. 

Jab 

where the integral is to be extended over the same curve. On the 
other hand, the reasoning presupposes that the limits are finite and 
that the function to be integrated does not become infinite between 
the limits of integration. We shall take up later (Chapter VIII, 
§ 175) the cases in which these conditions are not satisfied. 
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The formula (35) is frequently used to eyaluate certain definite 
integrals by reducing them to others which are more easily calcu- 
lated. Thus, if a is positive, we have 

r dx 1 ^ X 

I -r-r — = “7= arc tan —7= f 
^0 4- a va Va 


whence, applying the formula (34) n — 1 times, we find 


(«.l)n-I1.2- 




dx 


fo (x^ + a)- 


d--^ / 1 


arc tan 



98. Examples of dlecontlBiiity. If the conditions imposed are not satisfied for 
all values between the limits of integration, it may happen that the definite inte- 
gral defines a discontinuous function of the parameter. Let us consider, for 
example, the definite integral 


F(a) 



sin a dx 

1 — 2x cos a: H- at® 


This integral always has a finite value, for the roots of the denominator are 
imaginary except when a = in which case it is evident that F{a) s 0. Sup- 
posing that sin a 0 and making the substitution x = cos a 4 t sin a, the indefi- 
nite integral becomes 



sin or dx 
2x cos a + X® 



= arc tan f . 


Hence the definite Integral F{a) has the value 

^ /I — cos a\ ^ / — 1 — cos a\ 

arc tan ( : I — arc tan ( : I » 

\ sin a / \ sin a / 

where the angles are to be taken between ^ 7t/2 and 7c/2, But 


1 — 008 a 

— ; X 

sin a 


— 1 — cos a 
sin a 


1 , 


and hence the difference of these angles is ± n/2. In order to determine the 
sign uniquely we need only notice that the sign of the integral is the same as 
that of sin a. Hence F(a) = ± 7r/2 according as sin a is positive or negative. 
It follows that the function F(a) is discontinuous for all values of a of the form 
kft. This result does not contradict the above reasoning in the least, however. 
For when x varies from — 1 to +1 and ct varies from — « to + «, for example, 
the function under the integral sign assumes an indeterminate form for the sets 
of values a = 0, x = — 1 and a = 0, x = + 1 which belong to the region in ques- 
tion for any value of c. 

It would be easy to give numerous examples of this nature. Again, consider 
the integral 

" sin mx , 
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Making the substitution mx = y, we find 



:dx = ± 

J-^ V 


dy. 


where the sign to be taken is the sign of m, since the limits of the transformed 
integral are the same as those of the given integral if m is positive, but should 
be interchanged if m is negative. We have seen that the integral in the second 
member is a positive number N (§ 01). Hence the given integral is equal to =t ^ 
according as m is positive or negative. If m = 0, the value of the integral is 
zero. It is evident that the integral is discontinuous for m = 0. 


VI. APPROXIMATE EVALUATION OF DEFINITE INTEGRALS 


99. Introduction. When no primitive of f(x) is known we may 
resort to certain methods for finding an approximate value of the 
definite integral The theorem of the mean for integrals 

furnishes two limits between which the value of the integral must 
lie, and by a similar process we may obtain an infinite number of 
others. Let us suppose that C f(x') <i ^(ac) for all values of x 

between a and h (a < b). Then we shall also have 

ft yr* 6 

' <f>(x)dxC I f(x)dx <, / \j/(x')dx. 

a a %J a 

If the functions <^(ac) and ^(x) are the derivatives of two known 
functions, this formula gives two limits between which the value of 
the integral must lie. Let us consider, for example, the integral 

dx 




Vi 


Now ■%/! — = "n/ 1 — a:® ■>/ 1 + ic*, and the factor -f- ^ lies 

between 1 and '\/2 tor all values of x between zero and unity. 
Hence the given integral lies between the two integrals 

r' dx dx 

Jo Vl — V2J0 VlT— X*’ 

that is, between 7r/2 and 7r/(2~>/2^. Two even closer limits may 
be found by noticing that (1-4- a:*)-*/* is greater than 1 — a;Y2, 
which results from the expansion of (1 -f* by means of Taylor’s 

series with a remainder carried to two terms. Hence the integral 
A is greater than the expression 



1 x^dx 

2 Jo “n/ 1 — as* 
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The second of these integrals has the value 7r/4 (§ 105 ) ; hence I 
lies between 7r/2 and 3 tt/S. 

It is evident that the preceding methods merely lead to a rough 
idea of the exact value of the integral. In order to obtain closer 
approximations we may break up the interval (a, h') into smaller 
subintervals, to each of which the theorem of the mean for inte- 
grals may be applied. For definiteness let us suppose that the 
function constantly increases as £c increases from a to h. Let 
us divide the interval (a, V) into n equal parts {b — a = nh). Then, 
by the very definition of an integral, lies between the 

two sums 

s = h\f(a) 

S = h\f(€L -f- K) f(cL -f- 2ih) -f- • ■ • “h nJi) J. 

If we take (^S s)/2 as an approximate value of the integral, the 

error cannot exceed j S — « | / 2 = ) [(& — a) / 2 n] [/(6) —f{a,y\ |. The 
value of (S + s)/2 may be written in the form 

+ /(^ + ^ /(a + h) +f(a 4- 2h) 

(2 2 

/[g -4- (n — 1) A] -f-/(a 4- nh) ) 

2 


Observing that \f(a 4- ih) + (i -\-V) h^\h/2 is the area of 

the trapezoid whose height is h and whose bases are f(a + ih) and 
f(a ih + h), we may say that the whole method amounts to 
replacing the area under tlie curve y = f{x) between two neighbor- 
ing ordinates by the area of the trapezoid whose bases are the two 
ordinates. This method is quite practical when a high degree of 
approximation is not necessary. 

Let us consider, for example, the integral 

dx 

Jo iTV"' 

Taking n = 4, we find as the approximate value of the integral 


4^2 


^ 4 16 

1 7 5 25 


^ = 0.78279 • • , 


and the error is less than 1/16 = .0625.* This gives an approxi- 
mate value of TT which is correct to one decimal place, — 3.1311 • • - . 


* Found from the formula |S — s 1/2. In fact, the error is about .002G0, the exact 
value being x'/4. — Tbaxs. 
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If the function /(x) does not increase (or decrease) constantly as 
X increases from a to b, we may hreak up the interval into suh- 
intervals for each of which that condition is satisfied. 


100 . Interpolation. Another method of obtaining an approximate 
value of the integral dx is the following. Eet us determine 

a parabolic curve of order n, 

y = ^(x) = ao + H h 

which passes through (n 1) points B^y — 7 curve 

y =:f(x') between the two points whose abscissae are a and b. 
These points having been chosen in any manner, an approximate 
value of the given integral is furnished by the integral if>(x)dxy 
which is easily calculated. 

Let (xo, t/o), (Xi, yi), • *, (x„, y„) be the coordinates of the (n + 1 ) 
points Bo, Bi, B„. The polynomial <^(x) is determined by 
Lagrange’s interpolation formula in the form 


ip(x) = yo Ao yi A"i + • • • + y< A< + - • • -h y„ , 

where the coefficient of y*- is a polynomial of degree n, 


^ ^ (X — Xq) ■ • (X — X, ,0 (X — i) > ■ ■ (x — g,) 

• (x. — Xo) • •• (X. — x,_.,)(x. — X..^,) •• (Xf — x„)' 

which vanishes for the given values Xo, 2Ci, • • except for x = x^, 

and which is equal to unity when x = x,.. Hence we have 




b 

X^dx. 


The numbers x, are of the form 


Xo = a 4- 0Q(b — a), x^ = a -k- Bi(b — a), • • •, x„ = a 4- 6„(b — a), 

where 0 < < ^1 < * - • < = 1 - Setting x = a 4- (6 — a) the ap- 

proximate value of the given integral takes the form 

(36) (b _ a) (iCoyo + y. + . . -f AT.y.), 

where is given by the formula 





• («. - - fli + x) • • ■ - «») 


If we divide the main interval (a, b") into subintervals whose 
ratios are the same constants for any given function fix') whatever, 
the numbers $0, 6x, • • and hence also the numbers Kiy are inde- 
pendent of f(x). Having calculated these coefficients once for all, 
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it only remains to replace yoi Vxt •••» l^y their respective values 
in the formula (36). 

If the curve /(x) whose area is to be evaluated is given graph- 
ically, it is convenient to divide the interval (a, 5) into equal parts, 
and it is only necessary to measure certain equidistant ordinates of 
this curve. Thus, dividing it into halves, we should take do 0, 
di = 1/2, da = 1, which gives the following formula for the approxi- 
mate value of the integral : 

^ + y«)- 

Likewise, for n ^ 3 we find the formula 

(yo + 3yi + 3y, + y,), 

and for n = 4 

^ = QQ C^2/c + 32yi H- 12y2 -f- 32i/s -|- 7 ^ 4 ). 

The preceding method is due to Cotes. The following method, 
due to Simpson, is slightly different. Let the interval (a, d) be 
divided into 2n equal parts, and let ysn he the ordi- 

nates of the corresponding points of division. Applying Cotes’ 
formula to the area which lies between two ordinates whose indices 
are consecutive even numbers, such as yo and 1 / 2 , ys £uad y 4 , etc., we 
find an approximate value of the given area in the form 

7 = [(yo -h 4yi H- y*) 4- (y 2 4- 4y# 4- y 4 ) 4- • * * 

4- (y2»i-2 4- 4y8^_ 1 -h y,^)] , 

whence, upon simplification, we find Simpson’s formula : 

^ = 0 ^ [yo 4“ yih. 4“ 2 (ya 4- y* 4- * • * 4“ y 2 * -a) 

4- 4 (yi 4“ yg 4- • • • 4“ ya« _i)] • 

101. Gauss* method. In Gauss’ method other values are assigned 
the quantities d,. The argument is as follows: Suppose that we 
can find polynomials of increasing degree which differ less and less 
from the given integrand y^(x) in the interval (a, d). Suppose, 
for instance, that we can write 

/(sc) = OTO 4- 4- OTiX* -h h ar 9 „_i -f- 12*, (x) , 

where the remainder than a fixed number c„ for all 



200 


DEFINITE INTEGRALS 


[IV. $ 101 


values of x between a and b.* The coefficients ct^ will be in gen- 
eral unknown, but they do not occur in the calculation, as we shall 
see. Let Xq, Xi, • • -, x„_i be values of x between a and b, and lot 
<f>(x) be a polynomial of degree n — 1 which assumes the same 
values as does /*(x) for these values of x. Then Lagrange’s inter- 
polation formula shows that this polynomial may be written in the 
form 

2n-l 

JH = « 

where and are at most polynomials of degree n — 1 . It is 
clear that the polynomial depends only upon the choice of 

^11 ‘‘f ^n-i- other hand, this polynomial <ff„(x) must 

assume the same values as does a?”* for x = x^, ac = xi^ • • -, x = x^_^. 
For, supposing that all the except ct„ and also R^(x') vanish, 
,/Xx) reduces to cr^x*" and <^(a:) reduces to Hence the 

difference x”' — must be divisible by the product 

(^) = (^ — ^o) (ic — xi) - ■ (a; — 

It follows that X”* — where Q^^„(x) is a poly- 
nomial of degree m — if m > n ; and that x^ ~ (x) = 0 ifm<n — 1 . 

The error made in replacing f^/(x')dx by fj'<b (x)dx is evidently 
given by the formula 

(37) X"'» f [*’” ~ «#•».(*)] ‘i* + r 

— X (•*•) f ^ • 

The terms which depend upon the coeffioients ao, • • •, vanish 

identically, and hence the error depends only upon the coefficients 
^n> ^n + 19 "j ^2n-i remainder But this remain- 

der is very small, in general, with respect to the coefficients 
cTn, ■ • *, a2n-i* Hcncc the chances are good for obtaining a 

high degree of approximation if we can dispose of the quantities 
*1, • • x„„, in such a way that the terms which depend upon 

''9 ^9n-i vanish identically. For this purpose it is 
necessary and sufficient that the n integrals 



* This is a property of any function which is continuous in the interval (a. 6), 
aooording to a theorem due to AVeierstrass (see Chapter IX. § 199). 
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should vanish, where (2( is a polynomial of degree •*. We have 
already seen (§ 88) that this condition is satisfied if we talr« of 
the form 

It is therefore sufficient to take for ccj, • the n roots of 

the equation = 0 , and these roots all lie between a and b. 

We may assume that a = — 1 and ^ = 4 - 1 , since all other cases 
may be reduced to this by the substitution x = (& -f a) /2 -h ^ (6 — a) / 2 . 
In the special case the values of Xi, • • x„_, are the roots of 
Legendre’s polynomial X^. The values of these roots and the 
values of for the formula (36), up to n = 5, are to be found to 
seven and eight places of decimals in Bertrand’s Traiti de Calcul 
integral (p. 342). 

Thus the error in Gauss’ method is 





where the functions 4^, (x) are independent of the given integrand. 
In order to obtain a limit of error it is sufficient to find a limit of 
that is, to know the degree of approximation with which 
the function y*(x) can be represented as a polynomial of degree 
2n — 1 in the interval (a, 6 ). But it is not necessary to know 
this polynoniial itself. 

Anotlier process for obtaining an approximate numerical value of 
a given definite integral is to develop the function /(x) in series and 
integrate the series term by term. We shall see later (Chapter VIII) 
under what conditions this process is justifiable and the degree of 
approximation which it gives. 


102. Amsler’s planimeter. A great many machines have been invented to 
measure mechanically the area bounded by a closed plane curve.* One of the 
most ingenious of these is Amsler^s planimeter, whose theory affords an interest- 
ing application of line integrals. 

Let us consider the areas Ai and A 2 bounded by the curves described by two 
points Ax and of a rigid straight line which moves in a plane in any manner 
and finally returns to its original position. Let (xi, ^ 1 ) and (Xa, ps) be the co5r. 
dinates of the points Ax and respectively, with respect to a set of rectangu- 
lar axes. Let I be the distance Ai Aa, and B the angle which Ai Aa makes with 


* A description of these instruments is to be found in a work by Abdank- 
Abakanowicz: Les int^graphes, la courbe integraZe et ees applications (Gauthier- 
ViUam, 1886). 
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the positive x axis* In order to define the motion of the line analytically, Xi, yi, 
and 9 must be supposed to be periodic functions of a certain variable parameter t 
which resume the same values when t is increased by T. We have Xa = xi + I cos 0, 
ys = yi + ^ sin and hence 

x^dyz — ytdx2 = Xidyi — yidxi + Pd$ 

+ /(costfdyi — sin^dxi + XiCOB0d9 + yisinydy). 

The areas Ai and Aa of the curves described by the points and under the 
general conventions made above <§ 96), have the following values : 

Ai = i y* xidyi — yidxi. A* = i x^dy% — 

Hence, integrating each side of the equation just found, we obtain the equation 

Aa=Ai-f^y'd^+^^y cos ^dyi — sin 0 dxi + J* {xy cos ^ -f yi sin 0) dyj , 

where the limits of each of the integrals correspond to the values to and to + 7* 
of the variable t. It is evident that fd0:= 2JK'9r, where IT is an integer which 
depends upon the way in which the straight line moves. On the other hand, 
integration by parts leads to the formulse 


J' Xi cos 0d0 = Xj sin 0 — J* ^ » 

J * yi sin 0d0 = — pi cos ^ + J* cos 0 dy i . 


Hence 


But Xi sin 0 and pi cos 0 have the same values for t = to and t =: to + T, 
the preceding equation may be written in the form 

A2 = Ai H- Kfcl^ ” sintfdxi. 

Now let 8 be the length of the arc described by d 1 counted positive In a certain 
sense from any fixed point as origin, and let a be the angle which the positive 
direction of the tangent makes with the positive x axis. Then we shall have 

cos 0 dpy — sin 6 dxy = (sin a cos 0 — sin 0 cos a)ds = sin V da , 

where V is the angle which the positive direction of the tangent makes with the 
positive direction AyA^ of the straight line taken as in Trigonometry. The 
preceding equation, therefore, takes the form 


(38) 


As = Ai + KttP + lj' BinV da. 


Similarly, the area ol the curve descriloed hy any third point ol the straight 
line is given by the formula 


(39) 


A, = Ai + Kxl't + I'J BtoFcb, 


where V is the distance AyA^. Eliminating the unknown quantity f sinVcfo 
between these two equations, we find the formula 

/'A* - Z A« = (r - 1) Ai H- KtcU\l - O* 
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wbicb may be written in the form 

(40) Ai (23) + Aa (31) + A, (12) + Kn (12) (28) (31) = 0, 

where (iA;) denotes the distance between the points At and At (i. = 1, 2, 8) 

taken with its proper sign. As an application of this formula, let us consider 
a straight line A 1 A 2 of length (a + b), whose extremities Ai and At describe the 
same closed convex curve C. The point As, which divides the line into seg- 
ments of length a and b, describes a closed curve O' which lies wholly Inside C. 
In this case we have 

Aa=Ai, (12) = a + b, (28) = - b. (31) = - a, X=l; 
whence, dividing by a + b, 

Ai — As = TTob . 


But Ai — As is the area between the two curves C and Hence this area is 
indei>endent of the form of the curve C. This theorem is due to Holditch. 

If, instead of eliminating fainVds between the equations (88) and (SO), we 
eliminate Ai, we find the formula 


A* + Kx(l'» - P) + {1' - rflnr*. 


Amsler's planimeter affords an application of this formula. Let Ai As As be a 
rigid rod joined at As with another rod OAs. The point O being fixed, the point 
As. to which Is attached a sharp pointer, is made to describe the curve whose area 
is sought. The point As then 
describes an arc of a circle or 
an entire circumference, accord- 
ing to the nature of the motion. 

In any case the quantities As, K, 

I, r are all known, and the area 
As can be calculated if the in- 
tegral / sin Vds, which is to be 
taken over the curve Ci described 
by the point Ai, can be evaliuted. 

This end Ai carries a graduated 
circular cylinder whose axis coin- 
cides with the axis of the rod Ai As, and which can turn about this axis. 

Let us consider a small displacement of the rod which carries Ai AsAs into 
the position AI AsAa. Let Q be the intersection of these straight lines. About 
Q as center draw the circular arc Ala and drop the perpendicular AiP from 
Ai upon Ai As« We may imagine the motion of the rod to consist of a sliding 
along its own direction until Ai comes to a, followed by a rotation about Q which 
brings a to A{. In the first part of this process the cylinder would slide, with- 
out turning, along one of its generators. In the second part the rotation of 
the cylinder is measured by the arc aA{. The two ratios aAi/A{P and 
AiP/arcAiAf approach 1 and sin V, respectively, as the arc AiAi approaches 
zero. Hence aA{ = As (sin V + e), where e approaches zero with As. It follows 
that the total rotation of the cylinder is proportional to the limit of the sum 
2As (sin V -H c), that Is, to the integral /sin Fds. Hence the measurement of 
this rotation is sufficient for the determination of the given area. 
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1. Show that the sum l/n + l/(n + 1) H + l/2n approaches log 2 as n 

increases indefinitely. 

[Show that this sum approaches the definite integral [1/(1 + x)]dx bs iti 
limit.] 

2. As in the preceding exercise, find the limits of each of the sums 

n n n 

n* + l n* + 2« n* + (n-l)*’ 

Vm* — 1 ^ Vn« - 2* ^ ^ Vn? — (n — 1)*’ 

by connecting them with certain definite integrals. In general, the limit ol 
the sum 

ft 

w), 

i=b 


as n becomes infinite, is equal to a certain definite integral whenerer ^(i, n) is 
a homogeneous function of degree — 1 in i and n. 

3. Show that the value of the definite integral log sin x dx is 

- (sr/2)log2. 

[This may be proved by starting with the known trigonometric formula 


. 3r , 2sr 
am — sin 


• sin 


(n-l)sr 


n 


2--1 


or else by use of the following almost self-evident equalities ; 


rj 1 

log sin xdx = I log cos xdx = - I 
0 2 «/o 

4. By the aid of the preceding example evaluate the definite integral 




tanxdx. 


6. Show that the value of the definite integral 


is (w/8>log2. 



log(l-l-x) 

iH-x* 


[Set X = tan ^ and break up the transformed integral into three parts.] 


6*. Evaluate the definite integral 


i 


log (1 — 2cr cos X -h or*) dx . 


[Poisson.] 
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[Dividing the interval from 0 to a' into n equal parts and applying a well<*known 
formula of trigonometry, we are led to seek the limit of the expression 




as n becomes infinite. If a lies between — 1 and + 1, this limit is zero. U 
> 1, it is TC log a^. Compare § 140.] 


7. Show that the value of the definite integral 



sinxdx 

Vi — 2a cos X -h o:* ' 


where a is positive, is 2 if a < 1, and is 2/a if or > 1. 

8*. Show that a necessary and sufficient condition that /(x) diould be inte- 
grable in an interval (a, b) is that, corresponding to any preassigned number c, 
a subdivision of the interval can be found such that the difference S — a of the 
corresponding sums S and a is less than c. 


9. Let /(x) and 0(x) be two functions which are continuous in the interval (a, b ) , 
and let (a, Xi, x^, • • • , 6) be a method of subdivision of that interval. If (,*, 
are any two values of x in the interval (x,-i, x,), the sum (x< — x<_i) 

approaches the definite integral f^f{x)<^{x)dx as its limit. 


10. Let/(x) be a function which is continuous and positive in the interval (a, 6). 
Show that the product of the two definite integrals 


J'^f(x)dx, 



* j 

dx 

fi^) 


is a minimum when the function is a constant. 


11. Let the symbol denote the index of a 
and Xi. Show that the following formula holds: 


function (§ 77) between Xo 




where € = + 1 if /(xo) > 0 and /(xi) < 0, c = - 1 if /(xo) < 0 and /(xi) > 0, and 
e = 0 if /(xo) and /(xi) have the same sign. 

[Apply the last formula in the second paragraph of § 77 to each of the func- 
tions /(x) and l//(x).] 

12*. Let U and V be two polynomials of degree n and n — 1, respectively, 
which are prime to each other. Show that the index of the rational fraction 
V/U between the limits — ao and + oo is equal to the difference between the 
number of imaginary roots of the equation U -|- iV" = 0 in which the coefficient 
of i is positive and the number in which the coefficient of { is negative. 

[Hermits, Bulletin de la Saciit^ malhimatique^ Vol. VII, p. 128.] 

13*. Derive the second theorem of the mean for integrals by integration 
parts. 
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[Let/(2) and ^(x) be two functions each of which is continuous in the inter- 
val (a, b) and the first of which, /<x), constantly increases (or decreases) and 
has a contlnuouB derivative. Introducing the auxiliary function 

♦(«) =fU{x)dx 

and integrating by parts, we find the equation 

£/(x)«(ii:)dx =/(b)*(6) - fjr'ix)*{x)dx. 

Since f'(x) always has the same sign, it only remains to apply the first theorem 
of the mean for integrals to the new integral.] 

14. Show directly that the definite integral f xdy — ydx extended over a 
closed contour goes over into an integral of the same form when the axes are 
replaced by any other set of rectangular axes which have the same aspect. 

15. Given the formula 

X * 1 

cos Xx dx = - (sin \b — sin Xa), 

X 

evaluate the integrals 

j fb 

x^+^sinXxdx, / x^J" cos Xx dx . 

a va 

16. Let US associate the points (x, y) and {x\ y') upon any two given curves 
C and C', respectively, at which the tangents are parallel. The point whose 
coordinates are Xi = px + qx\ y\ = py + qy\ where p and q are given constants, 
describes a new curve C\. Show that the following relation holds between the 
corresponding arcs of the three curves : 

«i = ± pa ± ga'. 

17. Show that corresponding arcs of the two curves 


X = tf\t) - f{f) + 0'(<) , - AO “ 0'(O » 

y =/'(«) - «0'(O + 0(0 » h' =r(t) + <0'(O ^ 0(t) 


have the same length whatever be the functions f{t) and 0(t). 


18. From a point M of a, plane let us draw the normals MPj , • • • , 3fP„ to 
Yi given curves Ci, Ca, • - - , Cn which lie in the same plane, and let h be the 
distance itfP, . The locus of the points M, for which a relation of the form 
^*^(^11 ia? • - - , L) = 0 holds between the n distances I,-, is a curve F. If lengths 
proportional to oF/dh be laid off upon the lines ilfP<, respectively, according to 
a definite convention as to sign, show that the resultant of these n vectors gives 
the direction of the normal to F at the point M. Generalize the theorem for 
surfaces in space. 


19. Let C be any closed curve, and let us select two points p and p' upon the 
tangent to O at a point m, on either side of m, malcing mp = mp'. Supposing 
that the distance mp varies according to any arbitrary law as m describes the 
curve C, show that the points p and p' describe curves of equal area. Discuss 
the special case where mp is constant. 
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20. Given any closed convex curve, let us draw a parallel curve by laying oft 

a constant length I upon the normals to the given curve. Show that the area 
between the two curves is equal to ± + s{, where s is the length of the given 

curve. 

21. Let C be any closed curve. Show that the locus of the points for 
which the corresponding pedal has a constant area, is a circle whose center Is 
fixed. 

[Take the equation of the curve C in the tangential form 
X COB t + y sin t = /(O* ] 

22. Let C be any closed curve, C\ its pedal with respect to a point and Cs 
the locus of the foot of a perpendicular let fall from A upon a normal to C. 
Show that the areas of these three curves satisfy the relation A = Ai — Aa. 

[By a property of the pedal (§ 36), if p and or are the polar coordinates of a point 
on Cl, the coordinates of the cori'esponding point of Ca are p' and cn + ie/2^ and 
those of the corresponding point of C are r =. + p'^ and 0 = w -|- arc tan p'/p. ] 

23. If a curve C rolls without slipping on a straight line, every point A which 

is rigidly connected to the curve C describes a curve which is called a roulette. 
Show that the area between an arc of the roulette and its bstse is twice the area 
of the corresponding portion of the pedal of the point A with respect to C. Also 
show that the length of an arc of the roulette is equal to the length of the corre- 
sponding arc of the pedal. [Stkinkr. ] 

[In order to prove these theorems analytically, let X and Y be the co5rdi- 
nates of the point A with respect to a moving system of axes formed of the 
tangent and normal at a point M on C. Let s be the length of the arc OM 
counted from a fixed point O on C, and let be the angle between the tangents 
at O and M, First establish the formulae 

and then deduce the theorems from them.] 

24*. The error made in Gauss' method of quadrature may be expressed in 
the form 

/(2»)(f) 2 r 1.2.3. -n -y 

1 . 2 - • • 2n ^ 2n + 1 Ll . 2 • ■ • (2n - 1) J ‘ 

where { lies between — 1 and + 1. 


[Mansion, Comptes rendua^ 1836.] 



CHAPTER V 


INDEFINITE INTEGRALS 

We shall review in this chapter the general classes of elemen- 
tary functions whose integrals can be expressed in terms of ele- 
mentary functions. Under the term elementary functions we shall 
include the rational and irrational algebraic functions, the exponen- 
tial function and the logarithm, the trigonometric functions and 
their inverses, and all those functions which can be formed by a 
finite number of combinations of those already named. When the 
indefinite integral of a function f(x) cannot be expressed in terms 
of these functions, it constitutes a new transcendental function. 
The study of these transcendental functions and their classification 
is one of the most important problems of the Integral Calculus. 


I. INTEGRATION OF RATIONAL FUNCTIONS 


103. General method. Every rational function f(x) is the sum of 
an integral function E(x) and a rational fraction P(x)/Q(x), where 
P(x) is prime to and of less degree than Q(ar). If the real and 
imaginary roots of the equation Q{x) be known, the rational frac- 
tion may be decomposed into a sum of simple fractions of one or the 
other of the two types 

A Mx + N 

{x-ay' l(x-ay+ 

The fractions of the first type correspond to the real roots, those 
of the second type to pairs of imaginary roots. The integral of 
the integral function E(x) can bo written down at once. The inte- 
grals of the fractions of the first type are given by the formulae 


/ A dx 

/: 


' A dx 


(m — l)(a; — 
= A log (x — a), 


if m > 1 ; 
if m = 1 . 


For the sake of simplicity we have omitted the arbitrary constant C, 
which belongs on the right-hand side. It merely remains to examine 
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the simple fractions which arise from pairs of imaginary roots. 
In order to simplify the corresponding integrals, let us make the 
substitution 

X = a -i- fit, dx = fidt. 

The integral in question then becomes 


/i 


Mx + N’ 


[(X - ay + 


dx = 


1 fMa + N + M^t 


and there remain two kinds of integrals : 


/ 


t dt 

(1 + <*)"’ 


/ 


dt 
(1 4- 


Since tdt is half the differential of 1 4- the first of these inte- 
grals is given, if n > 1, by the formula 


/: 


tdt 




(H-f*)" 2 («- 1)(1+ #*)"-* 2(»- l)[(x-a)» + /8“3"-*’ 

or, if n = 1, by the formula 

r tdt 1, 1, /(x-a)* + /8*\ 

J 1+7* = 2 log (1 + e*) = ^ log j . 

The only integrals which remain are those of the type 

r dt 
J (1+ 

If n = 1, the value of this integral is 


/ 


dt ^ ^ X — a 

, = arc tan t = arc tan - 


1 4- 




If n is greater than unity, the calculation of the integral may be 
reduced to the calculation of an integral of the same form, in which 
the exponent of (1 + i®) is decreased by unity. Denoting the inte- 
gral in question by /„, we may write 





dt 

(1 + <•)" 



1 C dt C t^dt 

(1 + <*)- J (1 + t<‘y-^ J (1 + <*)" 


From the last of these integrals, taking 


, tdt _ 1 

u — t, ^ » 2(n - 1) (1 + <*)—*’ 
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dt 


and integrating by parts, we find the formula 

t^dt _ t L. ^ 

(1-f 2(n- 2(n-l)J (1 

Substituting this value in the equation for /,, that equation becomes 

_ 2n — 3 ^ t 

" “ 2» - 2 ^ 2(n — 1)(1+ «»)"-• 

Repeated applications of this formula finally lead to the integral 
= arc tan t. Retracing our steps, we find the formula 

(2/1- 3)(2n-5)...3. 1 ^ 

= (2n-2)(2n-4)...4.2 ^ + ^(0 , 

where Rif) is a rational function of t which is easily calculated. 
We will merely observe that the denominator is (1 -h and that 

the numerator is of degree less than 2n — 2 (see § 97, p. 192). 

It follows that the integral of a rational function consists of 
terms which are themselves rational, and transcendental terms of 
one of the following forms * 

log (x — a), log [(x — or)* + arc tan 

liCt us consider, for example, the integral / [ 1 — 1)3 The 

denominator has two real roots 4- 1 and — 1, and two imaginary 
roots + t and — i. We may therefore write 

1 A ^ B Cx ^ D 


X* — 1 X — 1 xH-1 




In order to determine A, multiply both sides by x — 1 and then set 
X = 1. This gives A =1/4, and similarly B = — 1/4. The iden- 
tity assumed may therefore be written in the form 


i_V 

c4 _ 1 4 _ 1 X -h 1/ 


Cx 


D 


1 + 


or, simplifying the left-hand side, 

- 1 


Cx 


D 


2(1 -hx^) l-f-x» 

It follows that C = 0 and Z> = — 1/2, and we have, finally, 
111 1 


which gives 


— 1 4 (x — 1) 4 (x -f- 1) 2 (x* -f- 1) 

= i - 1 
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Note. The preceding method, though absolutely general, is not 
always the simplest. The work may often be shortened by using 
a suitable device. Let us consider, for example, the integral 


/ dx 

(** - ly 

If n > 1, we may either break up the integrand into partial frac- 
tions by means of the roots + 1 and — 1, or we may use a reduction 
formula similar to that for But the most elegant method is to 
make the substitution a; = (1 -f «) /(I — «), which gives 


— 1 


4z 

(1 - *)*’ 


dx 


2dz 

(!-*)«’ 





dz. 


Developing (1 — by the binomial theorem, it only remains 

to integrate terms of the form where may be positive or 

negative. 


IM. Hermlte’s method. We have heretofore supposed that the 
fraction to be integrated was broken up into partial fractions, which 
presumes a knowledge of the roots of the denominator. The fol- 
lowing method, due to Hermite, enables us to find the algebraic 
part of the integral without knowing these roots, and it involves 
only elementary operations, that is to say, additions, multiplications, 
and divisions of polynomials. 

Let /(pc) /F(x) be the rational fraction which is to be integrated. 
We may assume that prime to each other, and 

we may suppose, according to the theory of equal roots, that the 
polynomial F(x) is written in the form 

F(a;) = a;, 

where Xi, AT,, • are polynomials none of which have multiple 

roots and no two of which have any common factor. We may now 
break up the given fraction into partial fractions whose denomina- 
tors are ATi, AJ, • • -YJ: 

F(x) 

where A,- is a polynomial prime to X^. For, by the theory of high- 
est common divisor, if X and V are any two polynomials which are 



212 


INDEFINITE INTEGRALS 


[V.SlOi 


prime to each other, and Z any third polynomial, two other poly- 
nomials A and B may always be found such that 

BX A- AY Z . 

Let us set X = Xx, K= • • • -Y^, and Z =/(x). Then this identity 
becomes 

BXx + A Xl.-.X^ =/(*), 

or, dividing by P(x), 

f(^=.± + 

F(x} Xx^ XI - -x; 

It also follows from the preceding identity that if f(x) is prime to 
A is prime to Xi and li is prime to -Yj • • • Kepeating the 

process upon the fraction 


and so on, we finally reach the form given above. 

It is therefore sufficient to show how to obtain the rational part 
of an integral of the form 

/ A doc 

IF' 

where is a polynomial which is prime to its derivative. Then, 
by the theorem mentioned above, we can find two polynomials B 
and C such that 

4 - C^\x) = A , 

and hence the preceding integral may be written in the form 

/ Adx^ Cb^A-C<^^ ^ C Bdx . C ^ 4 ^'dx 

If n is greater than unity, taking 

“ = I)*"-*’ 

and integrating by parts, we get 


P , 1 r C" j 

whence, substituting in the preceding equation, we find the formula 

/ Adx _ C r Axdx 
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where is a new polynomial. If n > 2, we may apply the same 
process to the new integral, and so on : the process may always be 
continued until the exponent of ^ in the denominator is equal to 
one, and we shall then have an expression of the form 

where is a rational function of Xy and ^ is a polynomial whose 

degree we may always suppose to be less than that of but which 
is not necessarily prime to </>. To integrate the latter form we must 
know the roots of <f>, but the evaluation of this integral will intro- 
duce no new rational terms, for the decomposition of the fraction 
leads only to terms of the two types 

A Mx -h N 

X — a (x — -h /S® 

each of which has an integral which is a transcendental function. 

This method enables us, in particular, to determine whether the 
integral of a given rational function is itself a rational function. 
The necessary and sufficient condition that this should be true is 
that each of the polynomials like xj/ should vanish when the process 
has been carried out as far as possible. 

It will be noticed that the method used in obtaining the reduction formula 
for In is essentially only a special case of the preceding method. I-et us now 
consider the more general integral 


Si 


dx 




(Axo + 22fi + C)" 

From the identity 

A{Ax* + 2Bx + C)-(Ax+ B)* = AC- B* 
it is evident that we may write 

f dx _ r ^ 

J (Ax<‘ + 2Bx + C)- AC- BoJ {Ax^ + 2Bx + C)--‘ 

^ + B)dx 

~ AC -BO J ^ (Axo + 2Bx + C)« 


Icitograting the laet integral by parte, we find 
Ax 4- B 


/ 


(Ax + B) 


-dx = — - 


Ax + B 


(Ax* + 2 Bx -I- C)" 2 (n — l)(Ax® + 2 Bx + C 7 )““ ^ 

. r ^ , 

2 n - 2 J (Ax* 4 - 2 Bx 4 - U)"-! 
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whence the preceding relation becomea 


/ 


dac 

4- 25x + C)» 


Ax B 

2 (n - 1)(-AC - B^){Ax^ + 2Bx + C)« - 1 
2n-S A r dx 

^ 2n-2 AC - B^ J {Ax^ H- 2-Bx + C)— 


CoDtiniiing tbe same process, we are led eventually to the integral 

dx 


/ 


^x* + 2Bx + C 


which is a logarithm if J5® — -dOO, and an arctangent if — AC<0. 
As another example, consider the integral 


From the identity 


/ 


6x« + 8x - 1 
(x« + 3x 4- 1) 


B 


dx. 


6x* 4- 3x — 1 = 6x (X* 4- 1) — (x® 4- Sx -h 1) 


it is evident that we may write 


r fixB + sx-i r 

J (x«4-3x4-1)« j (x» 4- 3x4-1)* J (x» 4- 


dx 


3x 4- 1)» 


Integrating the first integral on the right by parts, we find 


r*i<^ 

J (** + 


+ V)dx 


3x + 1)* (X* + 3x + 1)* 

whence the value of the given integral is seen to be 




dx 


3x 4- 1)* 


I 


6x® 4- 3x — 1 
(x» 4- 3x 4- 1)« 


dx = 


— X 

(x» + 3x 4- 1)*’ 


Note. In applying Hermite's method it becomes necessary to solve tbe fol** 
lowing problem : given three polynomuUe A^ B^ C, of degrees m, n, p, respectively j 
two of which^ A and B, are prime to each other, find two other polynomials u and v 
such that the relation Au + Bv = C is identically satisfied. 

In order to determine two polynomials u and v of the least possible degree 
which solve the problem, let us first suppose that p is at most equal to m 4- n — 1. 
Then we may take for u and v two polynomials of degrees n — 1 and m — 1, 
respectively. The to + n unknown coefficients are then given by the system of 
TO 4- n linear non-homogeneous equations found by equating the coefficients. 
For the determinant of these equations cannot vanish, since, if it did, we could 
find two polynomials u and v of degrees n — 1 and to — 1 or less which satisfy 
the identity Au Bv = 0, and this can be true only when A and B have a 
common factor. 

If the degree of C is equal to or greater than to 4- n, we may divide C hy AB 
and obtain a remainder C' whose degree is less than to 4- n. Then C ^ A BQ 4- C\ 
and, making the substitution u — BQ= Ui, the relation Au + Bv := C reduces to 
Aui 4- = C'. This is a problem under the first case. 
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105. Integ^ralB of the type / r(x, 2Bx -f- C) dx. After the 

integrals of rational functions it is natural to consider the inte- 
grals of irrational functions. We shall commence with the case in 
which the integrand is a rational function of x and the square root 
of a polynomial of the second degree. In this case a simple substitu- 
tion eliminates the radical and reduces the integral to the preceding 
case. This substitution is self-evident in case the expression under 
the radical is of the first degree^ say ax -h h. If we set cm? -f i 
the integral becomes 

and the integrand of the transformed integral is a rational function. 

If the expression under the radical is of the second degree and 
has two real roots a and h, we may write 

-«)(*-*) = (x - 6) 

and the substitution 

da — bt^ 

t, or * = 
actually removes the radical. 

If the expression under the radical sign has imaginary roots, the 
above process would introduce imaginaries. In or der to get to the 
bottom of the matter, let y denote the radical '\/ A + 2Bx -f- C. 
Then x and y are the coordinates of a point of the curve whose 
equation is 

(1) y* = Ax^ -h 2Bx -h C, 

and it is evident that the whole problem amounts to expressing the 
coordinates of a point upon a conic by means of rational functions 
of a parameter. It can be seen geometrically that this is possible. 
For, if a secant 

y — fi = t(x—a) 

be drawn through any point (a, /3) on the conic, the coordinates of 
the second point of intersection of the secant with the conic are 
given by equations of the first degree, and are therefore rational 
functions of t. 

If the trinomial Ax^ A- 2Bx 4- C has imaginary roots, the coeffi- 
cient A must be positive, for if it is not, the trinomial will be 
negative for all real values of x. In this case the conic (1) is an 
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hyperbola. A straight line parallel to one of the asymptotes of 

this hyperbola, 

y = x Va + t, 

cuts the hyperbola in a point whose coordinates are 


2t Va — 2B 


y + Va 


C — t^ 

2t Va — 2B 


If A <0, the conic is an ellipse, and the trinomial Ax^ 4- 2Bx -h C 
must have two real roots a and b, or else the trinomial is negative 
for all real values of x. The change of variable given above is pre- 
cisely that which we should obtain by cutting this conic by the 
moving secant 

2 / = t(x — a). 

As an example let us take the integral 


J (x^ 4- 7c) a/j?* 4- A; 

The auxiliary conic = a;* 4- /c is an hyperbola, and the straight line 
ar 4- y = ^, which is parallel to one of the asymptotes, cuts the hyper- 
bola in a point whose coordinates are 




= Va:* + 




Making the substitution indicated by these equations, we find 


dr (t^ 4 /A r dx r At dt 


2 

^*4“ A;' 


or, returning to the variable Xy 

/ dx X — Vx* 4- h _ 1 

(x^ 4- Tc)* k Vx^ 4-7: k Vx* 4-7: k 

where the right-hand side is determined save for a constant term. 
In general, if A C — is not zero, we have the formula 


f- 

J (Ax 


J (^Ax^ 4- 2^x 4- C)* AC — Vax^ 4- 2Bx -f C 

In some cases it is easier to evaluate the integral directly without 
removing the radical. Consider, for example, the integral 
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If the coefficient A is positive, the integral may be written 

r '>/Adx r -y/Adx 

J 4- 2A-Ba5 4- A C J VMac -h BY 4- A C — J3 


-4- 2A-Ba; ^ AC 


\Ax ^ By -h AC — 


or setting Ax B = t, 




't* + AC — Va 


= — F= log(< + + AC — B*). 


Returning to the variable x, we have the formula 


^Ax^ + 2Bx 4- 


= = -^^logiAx + B+Va Vylx* + 2Bx + C). 


If the coefficient of x^ is negative, the integral may be written in 
the form 


Ax^ 4- 2Bx 4- C 


’ vC7 dx 

Va c 4- — (Ax — By 


A > 0. 


The quantity A C + is necessarily positive. Hence, making the 

substitution 

Ax ^ B =^t Va C 4* 

the given integral becomes 


1 r dt 1 

— I — ; — ■■■ = — 71= arc Bin 

Va j Vi — f 2 Va 


Hence the formula in this case is 

/ dx 1 _ Ax^B 

V- + 2Bx + C “ VJ + 

It is easy to show that the argument of the arcsine varies from — 1 
to 4- 1 as a; varies between the two roots of the trinomial. 

In the intermediate case when A = 0 and B 0, the integral is 
algebraic : 


■ T = -i ^2Bx + C. 

f2Bx + C -B 


Integrals of the type 


r — 

J (x — a 


-)VAx* + 2Bx 4- C 
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reduce to the preceding type by means of the substitution a: — a 4- 1/y- 
We find, in fact, the formula 




a) VAx» + 2Rx + C 




y* -h -f Cl 


where 


Ai = Aa^ -f 2J5a -h C, Bi == 4- 5, Ci = ^ . 


It should be noticed that this integral is algebraic if and only if 
the quantity a is a root of the trinomial under the radica l. 

Let us now consider the integrals of the type / Var* + A dx. Inte- 
grating by parts, we find 


^ A dx X Vaj* -h A — 


(x^ + A 


On the other hand we have 


fx^ 4- A 


f x^ A dx 




= J* Vx* 4- A dx — A log (x 4- Vx® 4- -4) • 
From these two relations it is easy to obtain the formulae 

(2) J* Vx* -h ^4 dx = ^ ■Vx* 4* A -f — log (x H- Vx* -f -d), 

= |v^r:r:r-giog(x+v^i4:^i. 


4 ^ Vx* -f 


The following formulae may be derived in like manner : 


(4) J 


x^dx = rr Va® — 4- TT arc sin — f 

2 2 a 


X /—z 5 , a* .X 

= — — Va* — as® 4- TT arc sin — • 
2 2 a 


lOe. Area of the h3rperbola. The preceding integrals occur in the eyaluation 
of the area of a sector of an ellipse or an hyperbola. Let us consider, for 
example, the hyperbola 

aa * 
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and let us try to find the area of a segment AJtfP bounded tiy the arc AJ£, the 
X axis, and the ordinate JtfP. This area is equal to the definite integral 

X - Vx* — dx , 

“ 

that is, by the formula (2), 


But 2fP = y = (Va) Vor* — a*, and the 
area of the triangle 03fP. Hence the 
the arc A^M and the radii vectores OA 
and OJf, is 

This formula enables us to express 
the coordinates x and y of a point M 
of the hyperbola in terms of the area S. 
In fact, from the above and from the 
equation of the hyperbola, it is easy to 
show that 


term (6/2a) x Vx** — a* is precisely the 
area S of the sector OAMy bounded by 





- + r = 

e«*, 

X 

_ y . 

a b 


a 

b 

2S _ 

?^\ 


__ b 

+ C 

ab ), 

y 


/ 

~ 2 


06 ^ 


The functions which occur on the right-hand side are called the hyperbolic 
cosine and sine : 


coshx = 


e*- C-* 

2 


sinh X = 


e» — 
2 


The above equations may therefore be written in the form 


X = a cosh 


2S 

Ob' 


y = b sinh 

ab 


These hyperbolic functions possess properties analogous to those of the trigo- 
nometric functions.* It is easy to deduce, for instance, the following formule : 


cosh^x — sinh^x = 1, 

cosh (X + y) = cosh x cosh y 4- sinh x sinh y, 
sinh (x + y) = Binb x cosh y + sinh y cosh x. 


* A table of the logarithms of these functions for positive values of the argument 

is to be found in Houel's Recueil des formvies num4riquea. 
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It may be shown in like manner that the coordinates of a point on an ellipae 
may be expressed in terms of the area of the corresponding sector, as follows : 

2S 1 . » 25 

X = a cos — - * If = 0 sin — - • 

ab ab 

In the case of a circle of unit radius, and in the case of an equilateral hyperbola 
whose semiaxia is one, these formulas become, respectively, 

X = cos 25 , y = sin 25 ; 

X = cosh 25, y =■ sinh 25. 

It is evident that the hyperbolic functions bear the same relations to the equi- 
lateral hyperbola as do the trigonometric functions to the circle. 


107. Rectiilcstioa of the psiabola. Let us try to find the length of the arc of 
a parabola 2py = between the vertex O and any point If. The general 
formula gives 


arc OM 






or, applying the formula (2), 


arc OM = 


X Vx« , p + Vxg + 


dx. 


2p 2 \ p 

The algebraic term in this result Is precisely the length MT ot the tangent, 
for we know that OT = x/2, and hence 

-i- p^) 


M'n = ya -h - 


4pa 


4pa 


If we draw the straight line connecting T to the focus E, the angle MTF will 

be a right angle. Hence we 
have 



= +J = |v^ + ^. 

whence we may deduce a curi- 
ous property of the parabola. 

Suppose that the parabola 
rolls without slipping on the x 
axis, and let us try to find the 
locus of the focus, which is sup- 
X>osed rigidly connected to the 
parabola. When the parabola 
is tangent at M' to the x axis, OJlf' = arc OM. The point T has come into a 
position T' such that M'T' = MT, and the focus E is at a point E' which is 
found by laying off T'F' = TF on a line parallel to the y axis. The codrdi- 
nates JT and Y of the point F' are then 


JT = arc OM - MT 




T=TF=:t Vj>* + a!», 
2 
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and the equation ol the loona is given by eliminating x between theae two eqn»> 
tionB. From the first we find 

X + I 




to which we may add the equation 

X — Vx* + p* = — pe"”? * 

since the product of the two left-hand sides is equal to — p*. Subtracting these 
two equations, we find 

V** +p* = £^e«>+e j>j, 


and the desired equation of the locus is 

tx 2 JrN 


r=£(e7+e-T)=£co«h?£. 
4 V / 2 p 


This cunre, which is called the caJbenary^ is quite easy to construct. Its form 
is somewhat similar to that of the parabola. 


106. Unicursal curves. Let us now consider, in general, the inte- 
grals of algebraic functions. Let 

(6) F(x, y) = 0 

be the equation of an algebraic curve, and let 72 (x, y) bo a rational 
function of and y. If we suppose y replaced by one of the roots 
of the equation (6) in 72 (x, y), tlie result is a function of the single 
variable x, and the integral 


/ 


72(x, y)c2x 


is called an Abelian integral with respect to the curve (6). When 
the given curve and the function 72 (x, y) are arbitrary these inte- 
grals are transcendental functions. But in the particular case where 
the curve is unicursal, i.e. when the coordinates of a point on the 
curve can be expressed as rational functions of a variable param- 
eter the Abelian integrals attached to the curve can be reduced at 
once to integrals of rational functions. For, let 


* =/(0> y = ^(0 


be the equations of the curve in terms of the parameter t. Taking 
t as the new independent variable, the integral becomes 


J* R{x, y)dic= f Rif (t), 

and the new integrand is evidently rational. 
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It is shown in treatises on Analytic Geometry* that every uni* 
cursal curve of degree n has (n — l)(n — 2)/2 double points^ and, 
conversely, that every curve of degree n which has this number of 
double points is unicursal. I shall merely recall the process for 
obtaining the expressions for the coordinates in terms of the param- 
eter. Given a curve of degree n, which has 8 = (n — l)(n — 2)/2 
double points, let us pass a one-parameter family of curves of degree 
n — 2 through these 8 double points and through n ~ 3 ordinary points 
on These points actually determine such a family, for 

2 2 

whereas (n — 2)(n -f l)/2 points are necessary to determine uniquely 
a curve of order n — 2, I^et y) -f- tQ(x, y) = 0 be the equation 
of this family, where t is an arbitrary parameter. Each curve of the 
family meets the curve C. in n(n — 2) points, of which a certain num- 
ber are independent of ty namely the n — S ordinary points chosen 
above and the 8 double points, each of which counts as two points of 
intersection. But we have 

n — 3-f-28 = ?t — 3-1- (ttf — — 2) = Ti(n — 2^ — 1 , 

and there remains just one point of intersection which varies with t. 
The coordinates of this point are the solutions of certain linear equa- 
tions whose coefficients are integral polynomials in ty and hence they 
are themselves rational functions of t. Instead of the preceding we 
might have employed a family of curves of degree n — 1 through the 
(n — l)(n— 2)/2 double points and 2/1 — 3 ordinary points chosen at 
pleasure on C„. 

If 71 = 2, (/I — !)(/*' — 2)/2 = 0, — every curve of the second 
degree is therefore unicursal, as we have seen above. If n = 3, 
(/I — l)(/i — 2)/2 = 1, — the unicursal curves of the third degree 
are those which have one double point. Taking the double point 
as origin, the equation of the cubic is of the form 

(x, y) -h 1 ^ 2 (ar, y) = 0, 

where ^2 a^re homogeneous polynomials of the degree of their 

indices. A secant y := tx through the double point meets the cubic 
in a single variable point whose coordinates are 

a- = _ (1^) _ 

*a(i, ty ^^(1, tj 


See. e.g., NieweDglowski, Cours de Giom^trie analytique, Vol. II, pp. ea-114. 
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A unioursal curve of the fourth degree has three double points. 
Ill order to find the coordinates of a point on it, we should pass a 
family of conics through the three double points and through another 
point chosen at pleasure on the curve. Every conic of this family 
would meet the quartic in just one point which varies with the 
parameter. The equation which gives the abscissae of the points of 
intersection^ for instance, would reduce to an equation of the first 
degree when the factors corresponding to the double points had 
been removed, and would give x b.s b. rational function of the 
parameter. We should proceed to find y in a similar manner. 

As an example let us consider the lemniscate 


(x* 4 - — y*) , 

which has a double point at the origin and two others at the imagi- 
nary circular points. A circle through the origin tangent to one of 
the branches of the lemniscate, 

X* 4- y* = t(x — y ) , 

meets the curve in a single variable point. Combining these two 
equations, we find 

(x — y)* = a* (x* — y®) , 

or, dividing by x — y, 

t*(x — y) = a“(y 4* «). 

This last equation represents a straight line through the origin which 
cuts the circle in a point not the origin, whose coordinates are 


4- a*) 


y = 


— a^) 


These results may be obtained more easily by the following 
process, which is at once applicable to any unicursal curve of the 
fourth degree one of whose double points is known. The secant 
y s= Ax cuts the lemniscate in two points whose co5rdinates are 


± a ■ 


14- A* 


y = Ax. 


The expression under the radical is of the second degree. Hence, 
by § 105, the substitution (1 — A)/(l 4- A) = (a/0“ removes the radi- 
cal. It is easy to show that this substitution leads to the expressions 
just found. 
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Note. When a plane curve has singular points of higher order, it 
can be shown that each of them is equivalent to a certain number of 
isolated double points. In order that a curve be unicursal, it is suffi- 
cient that its singular points should be equivalent to (ti — l)(n — 2)/2 
isolated double points. For example, a curve of order n which has 
a multiple point of order n — 1 is unicursal, for a secant through 
the multiple point meets the curve in only one variable point. 


109. Integrals of binomial differentials. Among the other integrals 
in which the radicals can be removed may be mentioned the follow- 
ing types ; 


^ r[x^ (ax 4 - ^ R{x, "y/ax b, "y/cx d)dx, 

^ R(x“, x“\ xf“, • • •)dx, 


where R denotes a rational function and where the exponents 
a, a\ a”, • • • are commensurable numbers. For the first type it is 
sufficient to set ax b = In the second type the substitution 
ax 4- ^ leaves merely a square root of an expression of the 
second degree, which can then be removed by a second substitution. 
Finally, in the third type we may set x = where D is a common 
denominator of the fractions a, a\ a", • • • . 

In connection with the third type we may consider a class of 
differentials of the form 


x’"(ax** bydXf 


which are called binomial differentials. Let us suppose that the 
three exponents m, n, p are commensurable. If p is an integer, the 
expression may be made rational by means of the substitution 
X t^, as we have just seen. In order to discover further cases 
of integrability, let us try the substitution ax" b = t. This gives 



The transformed integral is of the same form as the original, and 
the exponent which takes the place of p is (m l)/n — 1. Hence 
the integration can be performed if (m -h l)/n is an integer. 
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On the other hand, the integral may be 'written in the form. 


I 


+ 4 bx-^ydx, 


whence it is clear that another case of integr ability is that in which 
(m np + l)/n = (m -\-l)/n p is an integer. To sum up, the 
integration can be performed whenexjer one of the three numbers 
p, (m 4 l)/w, (m 4 l)/n 4 JO an integer. In no other case can the 
integral be expressed by means of a finite number of elementary 
functional symbols when w, n, and p are rational. 

In these cases it is convenient to reduce the integral to a simpler 
form in which only two exponents occur. Setting ax’* = we find 





dt. 




xr{ax^ 4 bydx 




(1 4 


Neglecting the constant factor and setting q = (w 4 l)/n — 1, we 
are led to the integral 



4 t)^dt. 


The cases of integrability are those in which one of the three num- 
bers Py p wf integer. If p is an integer and q — r/Sy we 
should set t = u". If q is an integer and p = r/s, we should set 
1 4 ^ = w". Finally, p + q is an integer, the integral may be 
written in the form 

and the substitution 1 4 ^ = tu*, where p = r/s, removes the radical. 
As an example consider the integral 



x^dx. 


Here w = 1, n = 3, p = 1 /3, and (m 4 V)/n 4 /> = 1. Hence this 
is an integrable case. Setting x^ = t, the integral becomes 




dt, 


and a second substitution 14-^ = tu^ removes the radical. 
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II. ELLIPTIC AND HYPERELLIPTIC INTEGRALS 


110. Reduction of integrals. Let be an integral polynomial 

of degree p which is prime to its derivative. The integral 

r\jc^ VjP(a;)]| rfir, 

where R denotes a rational function of x and the radical y = V P(x)^ 
cannot be expressed in 'terms of elementaiy functions, in general^ 
when p is greater than 2. Such integrals, which are particular 
cases of general Abelian integrals, can be split up into portions which 
result in algebraic and logarithmic functions and a certain number 
of other integrals which give rise to new transcendental functions 
which cannot be expressed by means of a finite number of elemen- 
tary functional symbols. We proceed to consider this reduction. 

The rational function R(x, y) is the quotient of two integral 
polynomials in x and y. Keplacing any even power of y, such as 
y^^ by and any odd power, such as y®*'"*'*, by y we 

may evidently suppose the numerator and denominator of this frac- 
tion to be of the first degree in y. 


y) = 


A + By 
C -f- Dy 


where A, B, C, D are integral polynomials in x. Multiplying the 
numerator and the denominator each by C — Dy, and replacing y* 
by P(x)y we may write this in the form 


R{x, y) = 


R + Oy 


K 


where F, G, and K are polynomials. The integral is now broken 
up into two parts, of which the first / F/K dx is the integral of a 
rational function. For this reason we shall consider only the second 
integral / Gy /K dxy which may also be written in the form 

/ Mdx 
N V/>(x) 

where M and N are integral polynomials in x. The rational frac- 
tion M/N may be decomposed into an integral part and a 

sum of partial fractions 
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where each of the polynomials A,- is prime to its derivatire. Wo 
shall therefore have to consider two types of integrals. 


- _ r af'dx _ r 

"“J "“Ja- 


A dx 


Vl\x) 


If the degree of Pix^ is all the integrals mag be expressed 
in terms of the first p — ^ of them^ Koj Yu certain 

algebraic expressions. 


For, let us write 
It follows that 


P{x) = a^x^ -I- ax®''-* H . 


^ (®’" Vp(®)) = Tiwc"— ^ VjP(®) H- — 

^ 2 Vi^(®) 

The numerator of this expression is of degree m -h ^ — 1, and its 
highest term is (2wt -|- Integrating both sides of the 
above equation, we find 

2*" Vp^ = (2m + 

where the terms not written down contain integrals of the type 
Y whose indices are less than m -hp — 1. Setting m = 0, 1, 2, • • •, 
successively, we can calculate the integrals y^, ••• succes- 

sively in terms of algebraic expressions and the j? — 1 integrals 

Fo, Fi, • •, F^_,. 

With respect to the integrals of the second type we shall distin- 
guish the two cases where X is or is not prime to F(®). 


1) If X is prime to P(x), the integral reduces to the sum of 
an algebraic term, a number of integrals of the type Yu, and a new 
integral 


f 


B dx 


X V/>(®) 


wher^ B is a polynomial whose degree is less than that of X. 


Since X is prime to its derivative X* and also to P(x)y X* is prime 
to PX\ Hence two polynomials X and p can be found such that 
XjT* + = .4, and the integral in question breaks up into 
two parts: 


s 


A dx 

A"VP(x) 



X dx 

Vp^ 



Vpa’ 

A* 


dx. 
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The first part is a sum of integrals of the type Y. In the second 
integral, when n > 1, let us integrate by parts, taking 

which gives 


/ 


It^PX'dx 

X" 


I 

(n — 


_i_ r2j,rp±^^ 

n — 1 J 2A:— > VP(x) 


The new integral obtained is of the same form as the first, except 
that the exponent of is diminished by one. Repeating this 
process as often as possible, i.e. as long as the exponent of X is 
greater than unity, we finally obtain a result of the form 


/ Adx ^ r Bfix ^ r C 
Jf"Vp(x) J xVp J - 


dx D'^P 

, 

V7> a:*-' 


where B, C, D are all polynomials, and where the degree of B may 
always be supposed to be less than that of X. 


2) If X and P have a common divisor D, we shall have A' = YD, 
P = SD, where the polynomials Z>, S, and Y are all prime to each 
other. Hence two polynomials X and /x may be found such that 
A = 4- /* Y", and the integral may be written in the form 


/ 


A dx 

x^Vp 


/ 


X dx 

r"V/> 



/LL dx 

rr^/p 


The first of the new integrals is of the type just considered. 
second integral. 


S 


fL dx 

lpVp’ 


The 


where D is a faxtor of P, redtices to the sum of an algebraic term 
and a number of integrals of the type Y. 

For, since If is prime to the product we can find two poly- 
nomials Xi and /uti such that XiZ>* -|- pxP' S = /x. Hence we may write 


/ 


/UL dx 

zyVp 


f 


Xidx 



PiSD' 

ipVp 


dx. 


Replacing P by DS, let us write the second of these integrals in the 
form 





dx^ 
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and then integrate it by parts, taking 

u = /J.1 Vs, ^ 

which gives 

.Vs 


n-i />»-*' 


f /tiVs ^ 1 r 2^[s + Ml S’ 

J J Vp (» — 2n-lJ ir-^Vp *■ 


This is again a reduction formula ; but in this case, since the expo- 
nent n — 1/2 is fractional, the reduction may be performed even 
when Z> occurs only to the first power in the denominator, and we 
finally obtain an expression of the form 


/ 


/i. dec 

rrVp 


LP 



Hdx 

V? 




where H and K are polynomials. 

To sum up our results, we see that the integral 


/ 


M dec 

nVp 


can always be reduced to a sum of algebraic terms and a number of 
integrals of the two types 


/ 


V? ’ 


/ Xid x 

x^/p’ 


where m is less than or equal to p — 2, where X is prime to its 
derivative X' and also to P, and where the degree of X^ is less than 
that of A. This redtcction involves only the operations of addition^ 
multiplication^ and division of polynomials. 

If the roots of the equation A" = 0 are known, each of the rational 
fractions X^f X can be broken up into a sum of partial fractions of 
the two forms 

A Px -4- C 

X — a’ (x — cr)* + 

where A, B, and C are constants. This leads to the two new types 


/ dx 
(x — a)"v 


)V^ 


r — ^ 

J re* - 


(Bx -h C) dx 


[(a: - af + /3“]V/>(*) 


which reduce to a single type, namely the first of these, if we agree 
to allow a to have imaginary values. Integrals of this sort are 
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called irUeffrals of the third kind. Integrals of the type are 
called integraU of the first kind when m is less than p/2 — and 
are called integrals of the second kind when n% is equal to or greater 
iilinTi p/2 — 1. Integrals of the first kind have a characteristic 
property, — they remain finite when the upper limit increases 
indefinitely, and also when the upper limit is a root of 
(§§ 89, 90); but the essential distinction between the integrals of 
^e second and third kinds must be accepted provisionally at this 
time without proof. The real distinction between them will be 
pointed out later. 

Note. Up to the present we have made no assumption about the 
degree p of the polynomial If p is an odd number, it may 

always be increased by unity. For, suppose that P(x) is a poly- 
nomial of degree 2q — h 


P(x) = -h -I 1- 

Then let us set aj = a -f- 1 /y, where a is not a root of P(x). 
gives 




/X2«-i)(a) 1 

(2q - 1)! 



This 


where Pi (y) is a polynomial of degree 2q. Hence we have 


V/*(x) = 

V / yq 

and any integral of a rational function of x and V/^(x ) is t rans- 
formed into an integral of a rational function of y and VPi (y). 

Conversely, if the degree of the polynomial P(x) imder the radi- 
cal is an even number 2q, it may be reduced by unity provided a 
root of P(x) is known. For, if a is a root of P(jr^j let us set 
X = a 1 /y. This gives 


P(x) = P\a) 


1 _ Pi(y) 

(2qy. y*« y»» ' 


where -Pi(y) is of degree 2q — 1, and we shall have 


Hence the integran d of th e transformed integral will contain no 
other radical than VPj (y). 
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1 11. Cam of IntAgimtioii in Algebraic terma. We have just seen that an integral 
of the form 


fK., 


can always be reduced by means of elementary operations to the sum of an inte> 
gral of a rational fraction, an algebraic expression of the form O VP(a!) /i, and 
a number of integrals of the first, second, and third kinds. Since we can also 
find by elementary operations the rational part of the integral of a rational 
fraction, it is evident that the given integral can always be reduced to the form 

/iC*. VP^] dx = P[x, VPCx)] + T, 


where P is a rational function of x and -v/P^x), and where T is a sum of inte- 
grals of the three kinds and an integral f JCi / X dx, X being prime to its deriva- 
tive and of higher degree than X^^ Liouville showed that if the given integral 
is integrable in algebraic terms, it is equal to P[x, vOP(x)]. We should there- 
fore have, identically, 

P[x. VP(i)] = £ Jp[x, vT^)]{, 

and hence T = 0. 

Hence we can discover by means of multiplications and divisions of polynomials 
whether a given integral is integrable in algebraic terms or not^ and in case it ts, 
the same process gives the value of the integral. 


112. Elliptic integrals. If the polynomial P(x) is of the second 
degree, the integration of a rational function of x and P(x^ can be 
reduced, by the general process just studied, to the calculation of the 
integrals 

dx r dx 

>/p(x) J (x — a) V P(x^ 

which we know how to evaluate directly (§ 105). 

The next simplest case is that of elliptic integrals, for which P(x) 
is of the third or fourth degree. Either of these cases can be 
reduced to the other, as we have seen just above. Let P(x) be a 
polynomial of the fourth degree whose coefficients are all real and 
whose linear factors are all distinct. We proceed to show that 
a fytal substitution can always be found which carries P(x) into a 
polynomial eacli of whose terms is of even degree. 

I^et a, by c, d be the four roots of PQc), Then there exists an 
involutory relation of the form 


( 7 ) 


Lx’x*’ + M(x' + x") + N = 0 
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which is satisfied by x* = a, = b, and by x* = c, sc" = rf. For the 
coefficients L, M, N need merely satisfy the two relations 

Lab 4- M(a + 4- ^ = 0, 

Led 4- mIc 4- 4- = 0, 

which are evidently satisfied if we take 

L = a b — c — dy M = cd — ab, N ^ ab(c d) — <Jd(a 4- 6). 

Let a and be the two double points of this involution^ i.e. the 
roots of the equation 

Lu^ 4 - 2Mu 4 - 0 . 

These roots will both be real if 

(cd — aby— (a b — c — d) [^ab (c d) — cd(a 4- > 0, 

that is^ if 


(8) (a — c) (a — d) (6 — c) (6 — d) > 0. 

The r^yots of jP^x) can always be arranged in such a way that tliis 
condition is satisfied. If all four roots are real, we need merely 
choose a and b as the two largest. Then each factor in (8) is positive. 
If only two of the roots are real, we should choose a and b as the real 
roots, and c and d as the two conjugate imaginary roots. Then the 
two factors a — c and a — d are conjugate imaginary, and so are the 
other two, b — c and b — d. Finally, if all four roots are imaginary, 
we may take a and b as one pair and c and d as the other pair of 
conjugate imaginary roots. In this case also the factors in (8) are 
conjugate imaginary by pairs. It should also be noticed that these 
methods of selection make the corresponding values of X, Af, N real. 

The equation (7) may now be written in the form 


( 9 ) 


X^ — cc x^^ — <x 

x'-fi x" - 


= 0 . 


If we set (x — a)/(x — yS) = y, or x = (/3i/ — a)/(j/ — 1), we find 



where P\(j/) is a new polynomial of the fourth degree with real 
coefficients whose roots are 


a — a b — a c — cc d — cc 

b-p' d^p 

It is evident from (9) that these four roots satisfy the equation 
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y' + y” = 0 by pairs ; lienee the polynomial ^’i(y) contains no term 
of odd degree. 

If the four roots a, 6, c, d satisfy the equation a -h ^ = c -f- rf, we 
shall have Z = 0, and one of the double points of the involution lies 
at infinity. Setting or = — N/2My the equation (7) takes the form 

— a x" — a = 0, 

and we need merely set x = <x y in order to obtain a polynomial 
which contains no term of odd degree. 

We may therefore suppose P(jx) reduced to the canonical form 

P(x)=A^x^-\-A^x^+A^. 

It follows that any elliptic integral, neglecting an algebraic term 
and an integral of a rational function, may be reduced to the sum 
of integrals of the forms 


r rfx r X dx ^ ^ x^dx 

J -y/ A 0 1 A g J ‘y/AoX^A-AiX^^A-A^ J “V AQX^-i-A^x'‘‘A-A2 


1 (I it “T yi 1 X^~\- A 

and integrals of the form 


The integral 


r ^ 

J (x — a) V AqX* + ulix* d- .4ji 

“-r 


-VAqX* a- AiX^ a- 

is the elliptic integral of the jfirst kind. If we consider x, on the 
other hand, as a function of w, this inverse function is called an 
elliptic function. The second of the above integrals reduces to an 
elementai*y integral by means of the substitution x® = u. The third 
integral 

r x^dx 

J AxX^ A^ 

is Legendre’s integral of the second kind. Finally, we have the 
identity 


r r X dx ^ c rfx 

J {x — a) Vp(xj ~J (x* — a^)^P(x) “J (x» — a*)VP(x) 

S-, 


The integral 


(x* + A) V^„x* + AiX^ + A, 
is Legendre’s integral of the third kind. 
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These elliptic integrals were so named because they were first 
met with in the problem of rectifying the ellipse. Let 

35 = 0 . cos ^ , y = ft sin ^ 

be the coordinates of a point of an ellipse. Then we shall have 
ds^ = -H -f ft* cos*<^) 

or, setting — b* = e^o*, 

ds = a Vl — s® cos® ^ d^ . 


Hence the integral which gives an arc of the ellipse, after the sub- 
stitution cos iff == takes the form 



It follows that the arc of an ellipse is equal to the sum of an inte- 
gral of the first kind and an integral of the second kind. 

Again, consider the lemniscate defined by the equations 


t(t^ + «*) 
-|- o^ 



An easy calculation gives the element of length in the form 

2o* 

ds^ == dx^ H- dy* = : dt^. 

t* -i- a* 


Hence the arc of the lemniscate is given by an elliptic integral of 
the first kind,* 


118. Paeud o-ellip tic integrals. It Boraetimes happens that an integral of the 
form f F[x, VP(x)] c2x, where P{x) is a polynomial of the third or fourth 
degree, can be expressed in terms of algebraic functions and a sum of a finite 
number of logarithms of algebraic functions. Such integrals are called pseudo- 
elliptic. This happens in the following general case. Let 

(10) Lx' X" + M{x' + X") H- N = 0 

be an involutory relation which establiahes a correspondence between two pairs of 
the four roots of the quartic equation P(x) = 0. If the function f{x) be such that 
the relation 


( 11 ) 


/(X> +/(^ 


Lx^ M / 


is identically satiq/iedy the integral f [f{x)/ VP(ar)] dx is pseudo-elliptic. 


♦ This is a common property of a whole class of curves discovered by Serret 
{Cours de (Jolcul dijfferentiel et integral^ Vol. II, p. 264). 
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Let a end fi be the doable pointe of the inTolution. Aa we ba>Te already 
seen, the equation (10) may be written in the form 


( 12 ) 




Let ui now make the sabatltution (x — a:)/{x — fi) =y, Thia glTee 


and consequently 


(l-y)« 


P(x) = 


fi(y) 

(1-V)*’ 


dx _ (g fi) dy 

VpTW) 


where Pi {y) is a polynomial of the fourth degree which contains no odd powers 
of y (§ 112). On the other hand, the rational fraction /{x) goes over into a 
rational fraction 0<y), which satisfies the identity 4>{y) + 0( — y) = 0. For if 
two values of x correspond by means of (12), they are transformed into two 
values of y, say y' and y"y which satisfy the equation y' y" =. 0. It is evident 
that 0(y) is of the form where ^ is a rational function of Hence 

the integral under discussion takes the form 


I 




y/Aoy* + Aiy^^Az 


and we need merely set y* = z in order to reduce it to an elementary integral. 
Thus the proposition is proved, and it merely remains actually to carry out 
the reduction. 

The theorem remains true when the polynomial P{x) is of the third degree, 
provided that we think of one of its roots as infinite. The demonstration is 
exactly similar to the preceding. 

If, for example, the equation P{x) = 0 is a reciprocal equation, one of the 
involutory relations which interchanges the roots by pairs is x'x" = 1. Hence, 
if /(x) be a rational funct ion which satisfies the relation f{x) + /{l/x) = 0, 
the integral f[f{x)/ VP(x)] dx is pseudo-elliptic, and the two substitutions 
(x — l)/{x H- 1) = y, ys =r z, performed in order, transform it into an elementary 
integral. 

Again, suppose that P(x) is a polynomial of the third degree, 

P(x) = xix-l)(x-^^. 

Let us set a = oD, 6 = 0, c = 1, d = 1/1:* There exist three involutory rela- 
tions which interchange these roots by pairs : 

, 1 , 1 - 1 - 
X = « X = f X = 

k^x" *:8(l-x'') 1-A:*x" 

Hence, if /(x) be a rational function which satisfies one of the identities 







236 


INDEFINITE INTEGRALS 


tv, f 114 


the Integrral 


/ 


Vx(l - x)(l - k^x) 


is pseudo^iptic. Prom this others may be derived. For instance, if we set 
X = the preceding integral becomes 


/ 


2f{z^)dz 


V(1 - z*)(l - k^z^) 


whence it follows that this new integral is also pseudo-elliptic if /(z^) satisfies 
one of the identities 

The first of these cases was noticed by £uler.* 


III. INTEGRATION OF TRANSCENDENTAL FUNCTIONS 


114. Integration of rational functions of sin z and cos z. It is well 
known that sin x and cos x may be expressed rationally in terms 
of tan a;/2 = t. Hence this change of variable reduces an integral 
of the form 




/2(sin Xy cos x) dx 
to the integral of a rational function of t. For we have 


X = 2 arc tan t, dx = 


2dt 


2< 


IH- 


1— f* 

1 + 


and the given integral becomes 

where is a rational function. For example, 

f -^-= f ^ = \ogt; 

J sinx J t 

dx 


hence 


S-. 


log tan ; 


* See Hermite’s litaographed Coura^ 4th ed., pp. 2.’S-28. 
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The integral J [l/oos xjdas reduces to the preceding means of the 
substitution x = irj^ — y, which gives 

= - logtan (j - l) = log tan (j + |)- 

The preceding method has the advantage of generality, but it is 
often possible to find a simpler substitution which is equally suc- 
cessful. Thus, if the function period tt, it is 

a rational function of tan l^(tan «). The substitution tan aj = f 
therefore reduces the integral to ths form 


/^(ta“*)‘*'=/T5?f* 

As an example let us consider the integ^'al 


/ 


dx 


A cos* X B sin x cos x C sin* a; -h Z> 


where A, B, C, D are any constants. The integrand evidently has the 
period tt ; and, setting tan a; = we find 


cos* X = 


1 

1 + 


sin X cos X 


IH- 


sin* X = 


<* 

1-f- 


Hence the given integral becomes 



dt 

4- Bt -h C<* -h (1 -f- ' 


The form of the result will depend upon the nature of the roots 
of the denominator. Taking certain three of the coefficients zero, 
we find the formulae 


/ dx r dx 

5 — = tan X , I 

cos* X J sin X cc 


I-. 


dx 


cos X 
= — cot X. 


log tan X, 


When the integrand is of the form 72 (sin x) cos x, or of the form 
i 2 (cos x) sin x, the proper change of variable is apparent. In the 
first case wo should set sin x = ^ ; in the second case, cos x = t. 

It is sometimes advantageous to make a first substitution in order 
to simplify the integral before proceeding with the general method. 
For example, let us consider the integral 


/ 


dx 


a cos X -I- ft sin x -b c 
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where a, hy e are any three constants. If p is a positive number 
and ^ an angle determined by the equations 

6 = p sin 


we shall have 

p =*>/a* 4- 6*, 



sin ^ 


Va* H- Va* + 

and the given integral may be written in the form 

dy 


/, 


P cos (x — -h <5 


=/ 


p COB y 


where x — ^ = y. Let us now apply the general method^ setting 
tany/2 = ^. Then the integral becomes 


/; 


2dt 


p + c-|-(c-p)^* 

and the rest of the calculation presents no difficulty. Two different 
forms will be found for the result, according as p* — c* = a® -f- — o* 

is positive or negative. 

The integral 

^ m cos X n sin x -+* i? , 

dx 

a cos X -I- o sm x -f- c 


I 


may be reduced to the preceding. For, let u = a cos x -h & sin x 4- c, 
and let us determine three constants X, p., and v such that the equation 

. du 

m cos X -h n sin x + = Xw 4- p ^ + v 

is identically satisfied. The equations which determine these num- 
bers are 

7W, = Xa p^, w = X^ — pa, =r Xo 

the first two of which determine X and p. The three constants hav- 
ing been selected in this way, the given integral may be written in 
the form 


/ 


\u 


du 

dx 


dx = Xx 4- p log u 4- 




dx 


a cos X H- 6 sin x -f- c 
BxampU. Let us try to evaluate the definite integral 


£ 


1 4 ecoex 


where |a|<l. 
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Considering it first as an indefinite integral, we find successiTely 

= 2 r* — 2 du 

1 + e cosaj J 1 + e + (1 - e)ia ““ Vl - 1 + 


by means of the sucoessive substitutions tan x/2 = t, f = ti V(1 + e)/(l — e). 
Hence the indefinite integral is equal to 


arc tan (•\l — — ^ tan -'j • 
- ea \ \ I -H c 2/ 


VT 

As X varies from 0 to ;r, V(1 — c)/(l + e) tan x/2 increases from 0 to + oo, and 
the arc tangent varies from 0 to ie/2. Hence the given definite integral is equal 
to 3r/V(l — c*). 

115. Reduction formulae. There are also certain classes of integn^als 
for which reduction formulae exist. For instance, the formula for 
the derivative of tan**“^a; may be written 

^ (tan""^a;) = (n — 1) tan"-*sc(l + tan*x), 

whence we find 

/ tan** ” I jjj A* 

tan"j:ifx = — j dx. 

The exponent of tan x in the integrand is diminished by two units. 
Repeated applications of this formula lead to one or the other of 
the two integrals 

^ dx = X , ^y^tan x dx = — log cos x . 

The analogous formula for integrals of the type fcot^xdx is 
^ cot”xdx = — cot""*a;cto. 

In general, consider the integral 




sin*" a; coB^xdXf 

where m and n are any positive or negative integers. When one of 
these integers is odd it is best to use the change of variable given 
above. If, for instance, n = 2p -I- 1, we should set sin a; = t, which 
reduces the integral to the form dt. 

Let us, therefore, restrict ourselves to the case where m and n axe 
both even, that is, to integrals of the type 




sin*"*ap COB**** 
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which may be written in the form 


T =1 sin-"*”* ar cos®**a; sin ajrfa?. 


Taking coB*"a; sinacrfa; as the differential of l/(2n -hl)]cos®" + *aj, 

an integration by parts gives 


I m, n 


COS'* 


Sin-* 


'T 2m — 
2/4 -h 1 2n. 1 




sin*"*”* a; oos®"ar (1 — sin^a?) dx. 


which may be written in the form 


(A) 


sill'"*” ‘at cos® "■^*35 
2 (m 4- n) 


2m — 1 

2 (m -h n) n 


This formula enables us to diminish the exponent m without alter- 
ing the second exponent. If m is negative, an analogous formula 
may be obtained by solving the equation (A) with respect to 
and replacing m by 1 — m : 


(B) 


sin‘~®"*ac cos®*‘'‘'*£c 
1 — 2m 


, 2 (n — m H- 1) ^ 

1 — 2m n 


The following analogous formulae, which are easily derived, enable 
us to reduce the exponent of cos x : 


(C) 

( 1 >) 



sin*”*^ix cos*"“*x 
2 (m -h n) 

sin®"*‘^'x cos*“®"x 
1 — 2n 


274-1 


2(m-l-7l) 




2 (m -1-1 — n) 
l-2n 


Irn^ -» + 1 


Repeated applications of these formulae reduce each of the num- 
bers m and n to zero. The only case in which we should be unable to 
proceed is that in which we obtain an integral where m -h w = 0. 
But such an integral is of one of the types for which reduction for- 
mulae were derived at the beginning of this article. 


118. Wallis* formulae. There exist reduction formulsB whether the exponents 
m and n are even or odd. 

As an example let us try to evaluate the definite integral 

It 


Im= f ^ sin"»xdx, 

Jo 

where m is a positive integer. An integration by parts gives 

*ein«*-->xsinxcix = — [cosx + (m — 1)^* * 8in"»-*co8*x<lx, 
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whence, noting that cos a sin'* - '^vanishes at both limits, we find the formula 


/„ = (to - - sin»x)<te = (m - !)(/«_,- /„), 

which leads to the recurrent formula 
(13) I„ = 

m 


Repeated applications of this formula reduce the given integral to Jo = 
if m is even, or to Ji = 1 if m is odd. In the former case, taking m = 2p and 
replacing m successively by 2, 4, 6, • ■ , 2p, we find 

or, multiplying these equations together, 

1 ■ 3 . 5 . . (2p - 1) ^ 

2 . 4 . 6 . • 2p 2 ‘ 

2 . 4 . 6 . . 2p 

1 . 3 . 5 • • (2p + 1) ’ 


Up = 

Similarly, we find the formula 

Up 4 - 1 = 


A curious result due to Wallis may be deduced from these formulee. It Is 
evident that the value of !„% diminishes as m increases, for sin’"+>x is less than 
sin"*x. Hence 

Up + 1 < Up < Up- 1 » 


and if we replace Up + u Upi Up~-i by their values from the formulae above, we 
find the new inequalities 


H, 


« rr 

> — > Up 


where we have set, for brevity. 


2p 

2p + l’ 


2 2 4 4 2p - 2 2p 
T 3 ' 3 6 ■ ‘ ' 2p - 1 ■ 2p - 1 ' 


It is evident that the ratio TC/2Hp approaches the limit one as p increases indefi> 
nitely. It follows that 9r/2 is the limit of the product Hp as the number of 
factors increases indefinitely. The law of formation of the successive factors is 
apparent. 


117. The integral J cos (ax + b)co8(a'x + b') • • • dx. Let us consider 
a product of any number of factors of the form cos (ax 4- where 
a and b are constants, and where the same factor may occur several 
times. The formula 


cos u cos V = 


COB (u -f- v) 

2 


cos (ft — v) 

2 
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enables us to replace the product of two factors of this sort by the 
sum of two cosines of linear functions of x ; hence also the product 
of n factors by the sum of two products of n — 1 factors each. 
Repeated applications of this formula finally reduce the given inte- 
gral to a sum of the form %H gos(^Ax 4- each term of which is 
immediately integrable. If ^ is not zero, we have 

. «-v j sin(^a5 + R) , _ 

cos (Ax 4- ^ 4- C, 

while, in the particular case when A = 0, f cos B dx = x cos R -4 C. 

This transformation applies in the special case of products of 
the form 

cos”* a; sin"x. 


where m and n are both positive integers, 
be written 


cos”* 35 cos” 



For this product may 


and, applying the preceding process, we are led to a sum of sines and 
cosines of multiples of the angle, each term of which is immediately 
integrable. 

As an example let us try to calculate the area of the curve 



which we may suppose given in the parametric form a? = a cos*^, 
y = h sin*^, where B varies from 0 to 27r for the whole curve. The 
formula for the area of a closed curve. 


gives 


A 



— 



sin*^ COB* BdB. 


But we have the formula 

(sin B cos = i sin*2^ = | (1 — cos 4,0 ) . 

Hence the area of the given curve is 




sin Sirab 

4 J “ 


A 


8 
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It is now easy to deduce the following formulse ■. 
sm*xdx=J ^ dx =- J- + C, 

fsin>xdx=f^^^^^^^dx =_i^ + £^ + C, 


COS 2x 


cos*® dx = ^ 

/ , - 3 cos X + cos 3® 

cos*® dx = j -g 

r 4 ^ r^-f- 

f co 8 ^®a®= I 


_ ® sin 2® 
■"2“*“ 4 


C, 


dx 


3 sin ® , sin 3® . ^ 


4 cos 2® H- cos 4® , 3® . sin 2® . sin 4® _ 

S ‘*" = T+ — + -^+^' 


A general law may be noticed in these formulee. The integrals 
-F(®) = sin"® rf® and 4»(®) = cos"® c?® have the period 27 r 
when n is odd. On the other hand, when n is even, these integrals 
increase by a positive constant when ® increases by 27r. It is evi- 
dent a priori that these statements hold in general. For we have 


F(x -f- 27r) 


-s: 


sin"® dx H- 


r 


sin"® dx^ 


or 


J ^2ir px ^3ir 

I sin"® dx -j- I sin"® dx = F(x) -}- / sin"® dx, 

O c/O a/o 


since sin ® has the period 27r. If ?i is even, it is evident that the 
integral j^^^sin"® dx is a positive quantity. If n is odd, the same 
integral vanishes, since sin (® + tt) = — sin ®. 


Note, On account of the great variety of transformations appli- 
cable to trigonometric functions it is often convenient to introduce 
them in the calculation of other integrals. Consider, for example, 
the integral / [1 /(I -h ®*)*3 Setting ® = tan tf>, this integral 

becomes f cos ^ = sin ^ + C. Hence, returning to the variable x, 


f 


dx 

(! + »*)* 


® 

Vl + ®* 


4-C, 


which is the result already found in § 105. 
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118. The integral / R(x)^dz. Let us now consider an integral 
of the form fii{x)e^'dx^ where R{x) is a rational function of x. 
Let us suppose the function R(x) broken up, as we have done 
several times, into a sum of the form 

R(x)=E(ai) + ^ ^ ^ 4 ?’ 

where E(x), Ag, - • A,, - are polynomials, and A. is 

prime to its derivative. The given integral is then equal to the 
sum of the integral / E(x)e^^dxy which we learned to integrate in 
§ 85 by a suite of integrations by parts, and a number of integrals 
of the form 

J' A e^^dx 

There exists a reduction formula for the case when n is greater 
than unity. For, since X is prime to its derivative, we can determine 
two polynomials \ and /a which satisfy the identity A = A. A 4- /t* X\ 
Hence we have 




r\e*^^dx . , 


and an integration by parts gives the formula 


X' « — 1 X”-* ^ n — ij X"-* 


Uniting these two formulae, the integral under consideration is 
reduced to an integral of the same type, where the exponent n is 
reduced by unity. Repeated applications of this process lead to 
the integral 

j— *'■ 

where the polynomial B may always be supposed to be prime to 
and of less degree than X, The reduction formula cannot be applied 
to this integral, but if the roots of X be known, it can always be 
reduced to a single new type of transcendental function. For 
definiteness suppose that all the roots are real. Then the integral 
in question can be broken up into several integrals of the form 
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Neglecting a oonetant factor, the substitutions « a a + y/«t, usb 
enable us to write this integral in either of the following forms : 

f r 

J y J iogu 

The latter integral f [1/log u^du is a transcendental function which 
is called the integral logarithm. 


119. Miscellaneous integrals. Let \is consider an integral of the form 


/ 


s®^y*(sinx, cosa;)€fa!;, 


where f is an integral function of sin x and cos x. Any term of 
this integral is of the form 


/■ 


go* sin"* a; cos** a: dx^ 


where m and n are positive integers. We have seen above that the 
product sin”* a? cos"® may be replaced by a sum of sines and cosines 
of multiples of x. Hence it only remains to study the following 
two types : 



cos hx dx, 



sin bx dx . 


Integrating each of these by parts, we find the formulae 


r j e^mnbx cl C ^ ■, 

e*^ cos bx dx = ^ ^ ® ^ 

t 7 ^ cos hx , a r - , 

sin bx dx = h I e"® cos bx dx. 

Hence the values of the integrals under consideration are 


/ 

/ 


cos bx + b sin bx) 

e®* cos bxdx =: 75 9 

or + b^ 

- _ e^(a sin bx — b cos bx) 

e®* sin hx dx == — ^ 

a* 4 - ^ 


Among the integrals which may be reduced to the preceding 
types we may mention the following cases : 

^ /"(log x) ®"‘ dx , ^ /(arc sin x) dx , 

/a-) arc sin x dx , ) arc tan® d®. 
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where f denotes any integral function. In the first two cases we 
should take log x or arc sin x as the new variable. In the last 
two we should integrate by parts, taking /(ir) dx as the differential 
of another polynomial which would lead to types of integrals 

already considered. 


EXERCISES 

1. Evaluate the indefinite integrals of each of the following functions : 
1 1 X* — X* — .*1x2 — X 


(X* 4- !)■■* x(x3 4-l)3 
1 


(x2 4- 1)« 


1 4- Vl 4- ® 
1-V^ ’ 


1 4- Vl 4-~x 

1 4“ X 4- Vl 4- 1 — 4- X 

xe*co8X , 


Vx 4“ Vx 4-14- Vx (x 4“ 1) 

H 

ir.2 


COS^X 


P 

x« tanx. 


Va 4- X" + 2 

2. Find the area of the loop of the folium of Descartes ; 

X* 4- — 3axy = 0. 

3. Evaluate the integi’al / y c2x, where x and y satisfy one of the following 
identities ; 

(x* — a2)2 — ay 2 ( 23 / 4 - 3a) = 0 , y® (« — = aJ* , y (x® 4- 3 /*) = a (y* — x^) . 


4. Derive the formulse 

y sin” - * X cos (n 4 - 1 ) X dx = 

sin" X cos nx 

+ c, 

J' sin"- > X sin (n 4 - 1 ) x dx = 

sin" X sin wx 

« + 0 , 

n 

J* co 8 ”-'x cos (a 4- l)x dx = 

coB"x sin nx 

- -- -r i 

71 

J* cos"- ‘x sill (n 4 - l)xdx = — 

cos" X cos nx ^ 

n 

6 . Evaluate each of the following pseudo-elliptic integrals : 

r (l4-x2)dx r (l-x 2 )dx 

J ( 1 -X 2 )V 1 + X< J 


[EuliKR.] 


6 . Reduce the following integrals to elliptic integrals : 


/ 


R(x) tZx 

Va(l 4- X®) 4- 6x(l 4- X*) 4- cx^{i + x^ 4- dx* 


/ 


R(x)dx 

Va(l 4 - X®) 4- 6x2 


where R(x) denotes a rational function. 
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7*. Let a, 6, c, d be the roots of an equation of the fourth degree JP(st) = O. 
Then there exist three involutory relations of the form 


LiX" + ’ 


4=1, 2, 3, 


which interchange the roots by pairs. If the rational function f{x) satisfies the 
identity 

3 


/(“) + Xf(- r^lu' ) = 
V H“ -Mt/ 


the integral /[/(x)/ V-P (x)] dx is pseudo-elliptic (see Bulletin de la Socv6i4 rnaiM- 
matiquef Vol. XV, p. 106). 

8. The rectification of a curve of the type y ~ Ax^ leads to an integral of 
a binomial differential. Discuss the cases of integrability. 

9. If a > 1, show that 


(a — x) Vl ~ x^ Vo* — 1 


Hence deduce the formula 


y Vl^» 

10. If — -B* > 0, show thiit 


3. 5.. . (2a - 1) 
2.4.C.'. .2’n 


£V..- 


1 . 3 . 5 . . . (2n - 3) 


J_^ (^1x2 f 2iix -I- C)« 2 . 4. 0. . . (2n - 2) (^C-JB2)» + * 

[Apply the reduction formula of § 104.] 

11. E\aluate the definite integral 


C-— 

J, 1 + 20 


2a cos X + o* 


12. Derive the following formulae : 


rVr.. 


rx + Vl — 2px + /f* Vtr/S 


/l -h Vor/9\ 

Al-V^/’ 


£rj8>0. 


( 1 - ax )(l — /3x)dx _n 2 — ac^ 

(1 - 2ux -T^^Xl - 2px + Vi -~xa “ 2 


13*. Derive the formula 



X"* “ ^ dx 
1 + x** 


7t 


n sin 


mre 

n 


where m and n are positive integers (m<n). [Break up the integrand into 
partial fractions.] 
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14 . From the preceding exercise deduce the formulik 


i: 


x**-*cto 
l + x 


Bin ax 


0<a<l. 


16. Setting Ip,g= f ^ (^ + I)'* dt, deduce the following redaction formulse : 
(p + g + l)/p., = + i (« -MK + 

(p - l)I-p,g = + + 1)'-^ - (2 + g - p) J-p + l,,, 

and two analogous formulae for reducing the exponent q. 

16. Derive formulae of reduction for the integrals 

x^dx r, (’ dx 


=/ 


V-d-X* -h 2^x H- C 


y'(» - “)' 


»» V-dx* + 2 JB* + C 


17*. Derive a reduction formula for the integral 


S' 


x"dx 
VI ~ X*' 


Hence deduce a formula analogous to that of Wallis for the definite integral 


/' 


dx 


18. Has the definite integral 


a finite value ? 


i: 


Vl — X* 

dx 

1 + X* sin^x 


19. Show that the area of a sector of an ellipse bounded by the focal axis 
and a radius vector through the focus is 

~ Jtt (l+eoo8«)*’ 

where p denotes the parameter b^/a and c the eccentricit y. Applying t he gen- 
eral method, make the substitutions tan w/2 = t, t = u V(1 c)/(l — e) succes- 

sively, and show that the area in question is 

A = ab I arc tan u — e — — — ) . 

\ 1 + «*/ 

Also show that this expression may be written in the form 

oh 

A ~ — (<A - c sin 0) , 

where tp is the eccentric anomaly. See p. 400. 


90. Find the curves for which the distance iV7\ or the area of the triangle 
MNT, is constant (Fig. 3, p. 31). Construct tlie two branches of the curve. 

ILicence, Paris, 1880; Toulouse, 1882.] 
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SI*. Setting 






2 . 4 . 6 . . • 2n 


^*(1 — e*)”eo8a»iIs, 


deriTe the recurrent formula 


Jin'll — (2n + 1) An — 




dAn 

dx 


From this deduce the formuhs 


Aip = ITjp sin X + Fjp cos x , 

A2j> + 1 = 17a jn -I- 1 sin x -f- Faj» + 1 cos x , 


where U 2 p^ F 2 p, TTip + i^ Vip + i ai** polynomials with integral coefficients, and 
where U^p and Uzp + 1 contain no odd powers of x. It is readily shown that 
these formulsB hold when n = 1, and the general case follows from the above 
recurrent formula. 

The formula for Asp enables us to show that is incommensurable. For if 
we assume that wV4 = b/a, and then replace x by 7r/2 in Asp, we obtain a 
relation of the form 




V! - **>*'““ f 


where Ifi is an integer. Such an equation, however, is impossible, for the right- 
hand side approaches zero as p increases indefinitely. 
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DOUBLE INTEGRALS 

L DOUBLE INTEGRALS METHODS OF EVALUATION 
GREEN’S THEOREM 

120. Continuoua functions of two variables. Let & = f(x, y) be a 
function of the two independent variables x and y which is contin- 
uous inside a region A of the plane which is bounded by a closed 
contour C, and also upon the contour itself. A number of proposi- 
tions analogous to those proved in § 70 for a continuous function 
of a single variable can be shown to hold for this function. For 
instance, given any number c, the region A can he divided into 

subregions in such a way that the difference between the values of z at 
any two points (Xy y), (x*, y') in the same subregion is less than c. 

We shall always proceed by means of successive subdivisions as 
follows : Suppose the region A divided into subregions by drawing 

parallels to the two axes at equal dis- 
tances S from each other. The corre- 
sponding sul)divisions of A are either 
squares of side S lying entirely inside C, 
or else portions of squares bounded in 
part by an arc of C. Then, if the prop- 
osition were untrue for the whole region 
A, it would also be untrue for at least 
* one of the subdivisions, say A^, Sub- 
dividing the subregion A^ in the same 
manner and continuing the process indefinitely, we would obtain a 
sequence of squares or portions of squares A, Ai, A„, • • •, for 
which the proposition would be untrue. The region A„ lies between 
the two lines ic = and x = which are parallel to the y axis, 

and the two lines y = y = which are parallel to the x axis. 

As n increases indefinitely and b^ approach a common limit 
and and d^ approach a common limit /i, for the numbers 
for example, never decrease and always remain less than a fixed 
number. It follows that all the points of A,, approach a limiting 

‘ioO 
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point (A, ft) which lies within or upon the contour C. The rest of 
the reasoning is similar to that in § 70; if the theorem stated were 
untrue, the function /(ac, y) could be shown to be discontinuous at 
the point (A, /x), which is contrary to hypothesis. 

Corollary. Suppose that the parallel lines have been chosen 
so near together that the difference of any two values of z in any 
one subregion is less than c/2, and let i; be the distance between 
the successive parallels. Let (a;, y) and (x\ be two points inside 
or upon the contour C, the distance between which is less than 17 . 
These two points will lie either in the same subregion or else in 
two different subregions which have one vertex in common. In 
either case the absolute value of the difference 

/(*. y) —/(*'» y’) 

cannot exceed 2c/2 = c. Hence, given any positive number c, another 
positive number y can he found such that 

l/(*. y) -/(*'. y') I < « 

whenever the distance between the two points (x, y) and (x\ y'), which 
lie in A or on the contour C, is less than yj. In other words, any func- 
tion which is continuous in A and on its botmdary C is uniformly 
contin uous. 

From the preceding theorem it can be shown, as in § 70, that every 
function which is continuous in A (inclusive of its boundary) is neces- 
sarily finite in A. If M be the upper limit and m the lower limit of 
the function in A, the difference M — m is called the oscillation. The 
method of successive subdivisions also enables us to show that the 
function actually attains each of the values m and M at least once 
inside or upon the contour C. Let a be a point for which « = m 
and h a point for which = il/, and let us join a and b by a broken 
line which lies entirely inside C. As the point (x, y) describes this 
line, ti is a continuous function of the distance of the point (x, y) 
from the i^oint a. Hence z assumes every value p between m and 
M at least once upon this line (§ 70). Since a and b can be joined 
b\ an infinite number of different broken lines, it follovrs that the 
function f{x^ y) assumes every value between m and M at an infinite 
number of points wliicli lie inside of C. 

A finite region A of the plane is said to be less than I in all its 
dimensions if a circle of radius I can be found which entirely 
encloses A . A variable region of the plane is said to be infinitesimal 
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in all its dimensions if a circle whose radius is arbitrarily preas* 
signed can be found which eventually contains the region entirely 
within it. For example, a square whose side approaches zero or an 
ellipse both of whose axes approach zero is infinitesimal in all its 
dimensions. On the other hand, a rectangle of which only one side 
approaches zero or an ellipse only one of whose axes approaches zero 
is not infinitesimal in all its dimensions. 

121. Double integrals. Let the region A of the plane be divided 
into subregions cii, a^, • - *, in any manner, and let be the area of 
the subregion a.-, and Mf and the limits of /(sc, y) in a,-. Consider 
the two sums 

n n 

S otfAf,, s =2^ 

l»c I 

each of which has a definite value for any particular subdivision 
of A. None of the sums S are less than mil,* where O is the area of 
the region A of the plane, and where m is the lower limit of /(x, y) 
in the region A ; hence these sums h^.ve a lower limit /. Likewise, 
none of the sums s are greater than Mil, where M is the upper limit 
of /(x, y) in the region A ; hence these sums have an upper limit I\ 
Moreover it can be shown, as in § 71, that any of the sums S is 
greater than or equal to any one of the sums s ; hence it follows 
that 

If the function /(x, y) is continuous, the sums S and s approach 
a common limit as each of the subregions approaches zero in all its 
dimensions. For, suppose that 17 is a positive number such that the 
oscillation of the function is less than c in any portion of A which 
is less in all its dimensions than -q. If each of the subregions Ui, 
be less in all its dimensions than 17 , each of the differences 
A/, — 7 w* will be less than c, and hence the difference iS — » will be 
less than eO, where O denotes the total area of A. But we have 

.V — 5 = — 7 + / — /' -f- /' — 5, 

where none of the quantities S — 7, 7 — 7', 7' — s can bo negative. 
Hence, in particular, 7 — 7'<cn; and since c is an arbitrary posi- 
tive number, it follows that 7 = 7^ Moreover each of the numbers 
S — 7 and / s can be made less than any preassigned number by 

•►If fix, y) Is a constant k, Af = m = Af{ mi ^ k, and S = s = mO ^ IfO. — 
T&Anrs. 
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a proi>er choice of c. Hence the sums 5 and a have a common limit 
/, which ia called the dovble integral of the function /(a, y) extended 
over the region A. It is denoted by the symbol 

/ = f f fix, y)dxdy, 

and the region A is called the field of integration. 

If (fi, 17,) be any point inside or on the boundaiy of the sub- 
region a„ it is evident that the sum lies between the two 

sums and s or is equal to one of them. It therefore also 
approaches the double integral as its limit whatever be the method 
of choice of the point 17,). 

The first theorem of the mean may be extended without difficulty 
to double integrals. Let y) be a function which is continuous 
in A, and let ^(x, y) be another function which is continuous and 
which has the same sign throughout A, For definiteness we shall 
suppose that y') is positive in M and m are the limits of 

f(x, y) in A, it is evident that* 




Adding all these inequalities and passing to the limit, we find the 
formula 


/ / /(*» = /* / / i/)dxdi/, 

diA} J diA) 


where /x lies between M and m. Since the function f(x, y) assumes 
the value /x at a point -q) inside of the contour C, we may write 
this in the form 


(1) J'J'^ f(x, y) y) dx dy =/(f, i/^dxdy, 

which constitutes the law of the mean for double integrals. If 
ib(x, y) = 1, for example^ the integral on the right, f fdx dy, extended 
over the region A, is evidently equal to the area O of that region. 
In this case the formula (1) becomes 


< 2 ) 




f{x, y)dxdy = y). 


* If /(x, y) ia a coaatant k, we shall have M= m = k, and these ineqaalitlea become 
equations. The following formula bolds, however, with k, — Trans. 
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122. Volume. To the analytic notion of a double integral corre- 

sponds the important geometric notion of volume. Let /(au, y) be 
a function which is continuous inside and upon a closed contour C. 
We shall further suppose for definiteness that this function is posi- 
tive. Let 5 be the portion of the surface represented by the equa- 
tion z=f(x, y) which is bounded by a curve T whose projection 
upon the xy plane is the contour C. We shall denote by E the por- 
tion of space bounded by the xy plane, the surface and the cylinder 
whose right section is C. The region A of the xy plane which is 
bounded by the contour C being subdivided in any manner, let a, be 
one of the subregions bounded by a contour c,-, and w, the area of 
this subregion. The cylinder whose right section is the curve cuts 
out of the surface S a portion bounded by a curve y.-. Let p,- and 
P, be the points of s,- whose distances from the xy plane are a mini- 
mum and a maximum, respectively. If planes be drawn through 
these two points parallel to the xy plane, two right cylinders are 
obtained which have the same base and whose altitudes are the 
limits and m, of the function /“(x, y) inside the contour r,, respec- 
tively. The volumes Vi and v.- of these cylinders are, respectively, 
WfM. and The sums iS and s considered above therefore repre- 

sent, respectively, the sums SF, and Sv,* of these two types of cylin- 
ders. We shall call the common limit of these two sums the volume 
of the portion E of space. It may be noted, as was done in the case 
of area (§ 78), that this definition agrees with the ordinary concep- 
tion of what is meant by volume. 

If the surface S lies pai-tly beneath the xy plane, the double integral 
will still represent a volume if w^e agree to attach the sign — to the 
volumes of portions of space below the xy plane. It appears then that 
every double integral represents an algebraic sum of volumes, just as 
a simple integral represents an algebraic sum of areas. The limits of 
integration in the case of a simple integral are replaced in the case of a 
double integral by the contour which encloses the field of integration. 

123. Evaluation of double integrals. The evaluation of a double 
integral can be reduced to the successive evaluations of two simple 
integrals. Let us first consider the case where the field of integration 

•By the vohime of a right cylinder we shall understand the limit approached by 
the volume of a right prism of the same height, whose base is a polygon inscribed in 
a right section of the cylinder, as each of the sides of this polygon approaches zero. 
[This definition is not necessary for the argument, but is useful in showing that the 
definition of volume in general agrees with our ordinary conceptions. — Tbans.J 
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is a rectangle R bounded by the straight lines x = aco, a? = -X, 
1/ == //o) y = where iTo < -Y and yo < I' Suppose this rectangle 
to be subdivided by parallels to the two axes x ^ x^j y = 

(i = 1, 2, • • •, /i ; /: = 1, 2, • • •, rn). The area of the small rectangle 
bounded by the lines x = a? = y = y == y* is 

(jTf ^•-.i)(yife — yt-i)* 

Hence the double integral is the limit of the sum 

^ = »?.*)(*( — — yt-i), 

where 17 ,*) is any point 
inside or upon one of the 
sides of Rij^. 

We shall employ the inde- 
termination of the points 
((tk) Va) order to simplify 
the calculation. Let us re- 
mark first of all that if /(a-) 
is a continuous function in 
the interval (a, b), and if the interval (a, b) be subdivided in any 
manner, a value can be found in each subinterval x,) such 

that 

(■*) (-/(0(* — 

For we need merely apply the law of the mean for integrals to each of 
the subintervals (a, x^), (x^, X 2 ), • - *, b) to find these values of 

Now the portion of the sum .S which arises from the row of rec- 
tangles between the lines x = x,-_i and x = x,. is 

(Xi — x.__o\_Ainf y.iXyi — y«) ’/.s)0/» — y.) H — 

+Atk, vACvt — yt-i) H — 3- 

Let ua take f,, = f,, = ■ ■ • = = x,_,, and then choose tih, 17 , ,, • • • 

in such a way that the sum 

/(*.-!> y.i)(yj — yo) >jij)(y» — yi) H — 

is equal to the integral y)dy, where the integral is to be 

evaluated under the assumption that x^-_i is a constant. If we pro- 
ceed in the same way for each of the rows of rectangles bounded by 
two consecutive parallels to the y axis, we finally find the equation 

(6) 5 = *(xo)(*i — x„) + «»(xi)(*!i — *0 H •-♦(x.-iXx, — x,_,) H , 
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where we hsve set for brevity 

This function ^(x)j defined by a definite integral, where x is con- 
sidered as a parameter, is a continuous function of x. As all the 
intervals x^ — x^_^ approach zero, the formula (5) shows that 
approaches the definite integral 

X 

^(x)ilx. 

Hence the double integral in question is given by the formula 



(6) 


ff y) 

J JiR'i 


dxdy =. 



Y 

fix, y)dy. 


In other words, in order to evaluate the double integral, the function 
f(x, y) should first he Integrated between the limits y© o.nd Y, regard^ 
ing x as a constant and y as a variable; and then the resulting fiunc- 
tioUf which is a f unction of x alone., should be integrated again between 
the limits Xq and X. 

If we proceed in the reverse order, i.e. first evaluate the portion 
of S which comes from a row of rectangles which lie between two 
consecutive parallels to the x axis, we find the analogous formula 



y) dx dy 



X 

f(x, 7j)dx. 


A comparison of these two formulas gives the new formula 



r 

fix, y) dy = 



X 

fix, y)dx, 


which is called the formula for integration under the integral sign. 
An essential presupposition in the proof is that the limits Xq, X, yo, Y 
are constants, and that the function /{(a;, y) is continuous throughout 
the field of integration. 


Example, Let z = xy /a. Then the general formula gives 

rr ^dxd,j=Cdxr^dy 

*/ c/cX) ® c/ac^ ® 

-jf'f (1- - = i (JT* - «S)(1- - SS). 
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In general, if the function f(x, y) is the product of a function of m 
alone by a function of y alone, we shall have 


f f ^x)^(y)dxdy= f <f>(x)dx x f ^(^y)dy. 

The two integrals on the right are absolutely independent of each 
other. 


Franklin * has deduced from this remark a very simple demonstration of cer- 
tain interesting theorems of Tchebycheff. Let 0(x) and be two functions 
which are continuous in an interval (a, 6), where a<b. Then the double integral 

/ f [0(*) - ♦(V)] [^(*) - 

extended over the square bounded by the lines x = a, x 6, ^ = a, ^ = 5 is equal 
to the difference 

2(6 - a) r 0(x)f(x)dx — 2 /* ^(x)dx x f^iff{x)dx. 

Ja va J a 

But all the elements of the above double integral have the same sign if the two 
functions 0(x) and ^(x) always increase or decrease simultaneously ^ or if one of 
them always increases when the other decreases. In the first case the two func- 
tions 0(x) — 0(^) and ^(x) — always have the same sign, whereas they have 
opposite signs in the second case. Hence we shall have 

(6 - a) r 0(x)^(x)dx> r 0(x)dx x f 0(x)dx 

%/ <1 «/ a V d 

whenever the two functions 0(x) and 0(x) both increase or both decrease through- 
out the interval (a, 6). On the other hand, we shall have 

(6 — o) r 0(x)0(x)<ix < f 0(x)dx X f 0(x)dx 

J a **0 V a 

whenever one of the functions increases and the other decreases throughout the 
interval. 

The sign of the double integral is also definitely determined in case 0(x) = ^<x), 
for then the integrand becomes a perfect square. In this case we shall have 

(6 - a)f\i,{x)ydx > [ *, 

whatever be the function ^{x), where the sign of equality can hold only when 
0(x) is a constant. 

The solution of an interesting problem of the calculus of variations may be 
deduced from this result. Let P and Q be two fixed points in a plane whose 
codrdinates are (a, A) and (6, B), respectively. Let y = /(x) be the equation of 
any curve joining these two points, where /(x), together with its first derivative 


^Anurican Journal of Math€matic$t Vol. VII, p. 77 . 
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/^(x), is supposed to be continuous in the interval (a, 6). The problem is to 
find that one of the curves y =/(x) for which the integral is a 

minimum. But by the formula just found, replacing 0(x) by y' and noting 
that /(a) = A and /(6) = B by hypothesis, wo have 

(6 - o) 

The minimum value of the integral is therefore (B — A)^/(b — o), and that value 
is actually assumed when y' is a constant, i.e. when the curve joining the two 
fixed pointe reduces to the straight line PQ. 

124. Let us now pass to the case where the field of integration is 
bounded by a contour of any form whatever. We shall first suppose 
that this contour is met in at most two points by any parallel to the 
y axis. We may then suppose that it is composed of two straight 

lines X = a and x = b (a<ib) 
and two arcs of curves APB 
and QB' whose equations are 
Yx = re- 

spectively, where the functions 
and are continuous be- 
tween a and b. It may happen 
that the points A and A* coin- 
cide, or that B and B' coin- 
cide, or both. This occurs, for 
instance, if the contour is a convex curve like an ellipse. Let us 
again subdivide the field of integration R by means of parallels to 
the axes. Then we shall have two classes of subregions : regular if 
they are rectangles which lie wholly within the contour, irregular 
if they are portions of rectangles bounded in part by arcs of the 
contour. Then it remains to find the limit of the sum 

where <*> is the area of any one of the subregions and (f, rf) is a point 
in that subregion. 

Let us first evaluate the portion of B which arises from the row 
of subregions between the consecutive parallels x — x^_xy x = x^. 
These subregions will consist of several regular ones, beginning 
with a vertex whose ordinate is y* ^ Yi and going to a vertex whose 
ordinate is y” ^ Y^, and several irregular ones. Choosing a suitable 
point (£, rf) in each rectangle, it is clear, as above, that the portion 
of S which comes from these regular rectangles may be written in 
the form 


y 

A 



^ 



B' 

B 

IJ 











A 











. .. 



1 

' 

1 ^ 
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1 
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(xt — J /(«<.!, y)dy. 

Suppose that the oscillation of each of the functions and ^ 2 ( 0 ?) 

in each of the intervals x^) is less than S, and that each of Hie 

differences y* — l/a -i is also less than S. Then it is easily seen that 
the total area of the irregular subregions between x = and x=^xt 
is less than 4 S( 2 rj. — ir,. _j), and that the portion of iS^ which arises 
from these regions is less than 4:Hb(x^ — Xi_^ in absolute value, 
where H is the upper limit of the absolute value of f(x, y) in the 
whole field of integration. On the other hand, we have 



y)dy= f 
JYi 



and since |Fi — y'\ and | Fj — y"\ are each less than 2S, we may write 



y)dy + 4HkS, 




The portion of S which arises from the row of subregions under 
consideration may therefore be written in the form 

(•r. — a-.-i) /(J’f-u yX'/ + 

where 0^ lies between — 1 and -hi. The sum 8//S2^, (a?; — ir^_i) is 
less than SI/B(h — a) in absolute value, and approaches zero with 8, 
which may be taken as small as we please. The double integral is 
therefore the limit of the sum 


where 


4»(a)(3-, — a) + 1- 4>(x,_,)(a:. — x.--,) + 

4 >(ir) = f f(x,y)dy. 

Jr, 


Hence we have the formula 


{") rr f(jr,y)dxdy = 

J JiR) 

In the first integration x is to be regarded as a constant, but 
the limits Vi and are themselves functions of x and not 
constants. 


' dx I fix, y)dy. 

a JYx 
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Example, Let us try to evaluate the double Integral of the function xp/a 
over the interior of a quarter circle bounded by the axee and the circumference 

+ 2/2 - ll2=r 0. 

The limite for x are 0 and R, and if x ie constant, y may vary from 0 to VR* — x*. 
Hence the integral is 




2a 


The value of the latter integral is easily shown to be R^/8a. 


When the field of integration is bounded by a contour of any form 
whatever, it may be divided into several parts in such a way that 
the boundary of each part is met in at most two points by a parallel 
to the y axis. We might also divide it into parts in such a way that 
the boundary of each part would be met in at most two points by 
any line parallel to the a; axis, and begin by integrating with respect 
to X, Let us consider, for example, a convex closed curve which lies 
inside the rectangle formed by the lines a? = a, a; = 6, y = c, y = rf, 
upon which lie the four points /I , R, C, Z>, respectively, for which x 
or y is a minimum or a maximum."* Let y^ =s and y, = ^s(x) 

be the equations of the two arcs ACB and ADB, respectively, and 
let Xi = (y) and Xj = (*/) be the equations of the two arcs CA D 

and CBD, respectively. The functions <^i(x) and ^^(x') are continu- 
ous between a and b, and (y) and (y) are continuous between e 
and d. The double integral of a function y(x, y), which is continuous 
inside this contour, may be evaluated in two ways. Equating the 
values found, we obtain the formula 

dx f f(x, y)di/ = I dy f /(x, y)dx. 

%J Vi c/x, 

It is clear that the limits are entirely different in the two integrals. 
Every convex closed contour leads to a formula of this sort. Eor 
example, taking the triangle bounded by the lines y = 0, x = a, 
y = a; as the field of integration, we obtain the following formula, 
which is due to Lejeune Dirichlet ; 



/(x, y) dy = 



/(x, y)dx. 


* The reader is advised to draw the figure. 
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188. AntioglM te simpto iatogtala. The integnl oonaideied u » 

fanotion of os, has tho derivatlTe /{x). There exists an analogous theorem for 
doable integrals. Jjet f(x^ y) be a function which is continuous Inside a rec- 
tangle bounded by the straight lines x = a, x = ^ = b, y sr -H,(a < .d, 6 < JS), 

The double integral ot/{x, y) extended over a ractangle bounded by the lines 
X = o, X =r JT, y = 6, jf = y,(o <Jr<d., b<F< B), is a function of the coordi- 
nates JT and Y of the variable corner, that is, 

F(X, Y) V)dv. 

Setting ^(x) = f{x^ y) dy^ a first differentiation with respect to JT gives 
- = HX) = lnX,y)dy. 

A second differentiation with respect to T leads to the formula 

02 

<®> 

The most general function u(Jr, Y) which satisfies the equation (9) is evi- 
dently obtained by adding to F(Xy T') a function z whose second derivative 
d^z/dX c)y is zero. It is therefore of the form 

(10) u(X, Y) 

where 0(X) and are two arbitrary functions (see § 38). The two arbitrary 
functions may be determined in such a way that u(X, Y) reduces to a given 
function V{Y) when X = a, and to another given function U{X) when 1^=5. 
Setting JT = a and then F = & in the preceding equation, we obtain the two 
conditions 

V(Y) = 0(0) + 0(r) , U{X) = 0(a:) + 0 (b) , 

whence we find 

^(F) = r(r) - 0(a) , 0(6) = r(6) - 0 (a) , 4>(X) = U(X) - F(6) + 0(a) , 

and the formala (10) takes the form 

(11) u(jr, Y) = y) - ^''(6) • 

CoascrseZy, if, by any means whatever, a function u(jr, 3^) has been found 
which satisfies the equation (9), it is easy to show by methods similar to the 
above that the value of the double integral is given by the formula 

(12) /(x, y)dy = u(X, Y) — u{X, b) - u(o, Y) 4- u(a, b). 

This formula is analogous to the fundamental formula (6) on page 166. 

The following formula is in a sense analogous to the formula for integration 
by parts, lict A be a finite region of the plane bounded by one or more curves 



262 


DOUBLE INTEGRALS 


[VI. § 126 


of any form. A function /(x. y) which is continuous in A varies between its 
minimum vo and its maximum V, Imagine the contour linea /(x, y) = u drawn 
where v lies between Vq and V, and suppose that we are able to find the area of 
the portion of A for which /(x, y) lies between no and v. This area is a func- 
tion F{v) which increases with n. and the area between two neighboring contour 
lines is F{v -I- An) — F(n) = AnF'(n + 6 At). If this area be divided into infinitesi- 
mal portions by lines joining the two contour lines, a point ((, n) may be found 
in each of them such that /(^, 17 ) = n + BAt. Hence the sum of the elements 
of the double integral / f fdx dy which arise from this region is 

(v + 0 At) F'{v + ^ An) An . 

It follows that the double integral is equal to the limit of the sum 
2(n + ^ An) F'(n 4- ^ An) An , 
that is to say, to the simple integral 

f *n F'{v) dv = VF{ V) - f F(n) dt . 

This method is especially convenient when the field of integration is bounded 
by two contour lines 

/(X, y) = no, /(X, y) = V. 

For example, consider the double integral / / Vl + 4 - dx dy extended over 

the interior of the circle 4 = 1. If we set n = Vl 4 x'-^ 4 y^, the field of 

integration is bounded by the two contour lines n = 1 and n = V 2 , and the 
function F(u), which is the area of the circle of radius V^— 1 , is equal to 
7C{t^ — 1). Hence the given double integral has the value 

f^27cv‘^dv = — (2 V 2 — 1) . * 

%/ 1 3 

The preceding formula is readily extended to the double integral 

f <<>{*. V)dxdv, 

where F{v) now denotes the double integral / / 0 (x, y) dx dy extended over that 
portion of the field of integration bounded by the contour line v = /(x, y). 

126. Green’s theorem. If the functiou y*(x, y) is the partial deriva- 
tive of a known function with respect to either x or y, one of the 
integrations may be performed at once, leaving only one indicated 
integration. This very simple remark leads to a vexy important 
formula which is known as Greenes theorem.. 

* Numerous applications of this method are to be found in a memoir by Catalan 
{Journal de Liouville, 1st series, V 0 I. IV. p. 233). 



VI, § 126 ] 


INTRODUCTION GREEN’S THEOREM 


268 


liet us consider first a double integral f f dP/dy dxdy extended 
over a region of the plane bounded by a contour C, which is met 
in at most two points by any line parallel to the y axis (see Fig. 16, 

p. 188). 

Let A and B be the points of C at which x is a minimum and a 
maximum, respectively. A parallel to the y axis between A a and 
meets C in two points and whose ordinates are y^ and 
respectively. Then the double integral after integration with respect 
to y may be written 

// % “X ''“’X ^ ""X ■ 

But the two integrals fJ'P^x, yi)dx and ys)dx are line 

integrals taken along the arcs AniiB and Am 2 B, respectively; hence 
the preceding formula may be written in the form 

where the line integral is to be taken along the contour C in the 
direction indicated by the arrows, that is to say in the positive 
sense, if the axes are chosen as in the figure. In order to extend 
the formula to an area bounded by any contour we should proceed 
as above (§ 94), dividing the given region into several parts for each 
of which tlie preceding conditions are satisfied, and applying the for- 
mula to each of them. In a similar manner the following analogous 
form is easily derived : 

where the line integral is always taken in the same sense. Sub- 
tracting the equations (13) and (14), we find the formula 

Lr + <2 rfy =/X(S - 

where the double integral is extended over the region bounded by C. 
This is Green’s formula; its applications are very important. Just 
now we shall merely point out that the substitution Q = x and 
P = — y gives the formula obtained above (§ 94) for the area of a 
closed curve as a line integral. 
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11. CHANGE OF VARIABLES AREA OF A SURFACE 

In the evaluation of double integrals we have supposed up to the 
present that the field of integration was subdivided into infinitesimal 
rectangles by parallels to the two coordinate axes. We are now going 
to suppose the field of integration subdivided by any two systems of 
curves whatever. 

127. Preliminary formula. Let u and v be the coordinates of a point 
with respect to a set of rectangular axes in a plane, x and y the co5r- 
dinates of another point with respect to a similarly chosen set of 
rectangular axes in that or in some other plane. The formulae 

(16) X v), y = v) 

establish a certain correspondence between the points of the two 
planes. We shall suppose 1) that the functions f(u, v) and v), 
together with their first partial derivatives, are continuous for all 
points (m, v) of the uv plane which lie within or on the boundary of 
a region Ai bounded by a contour Ci ; 2) that the equations (16) 
transform the region of the uv plane into a region A of the 
xy plane bounded by a contour C, and that a one-to-one correspond- 
ence exists between the two regions and between the two contours 
in such a way that one and only one point of A i corresponds to any 
point of A ; 3) that the functional determinant A = !>(/', 4>)/I>(u, v) 
does not change sign inside of Ci, though it may vanish at certain 
points of ^ 1 . 

Two cases may arise. When the point (u, v) describes the con- 
tour Cl in the positive sense the point (x, y) describes the contour C 
either in the positive or else in the negative sense without ever 
reversing the sense of its motion. We shall say that the corre- 
spondence is direct or inverse, respectively, in the two cases. 

The area O of the region A is given by the line integral 



taken along the contour C in the positive sense. In terms of the 
new variables u and v defined by (16) this becomes 

n = ± r /(m, v^d^iu, ?/), 

where the new integral is to be taken along the contour Ci in the 
positive sense, and where the sign + or the sign — should be taken 
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according as the correspondence is direct or inverse. Applying 
Green’s theorem to the neiv integral ivith x = u,v = y, P = fd^/du, 
Q—f dt^/dv, we find 

^ J>(/, 4 >) 
du dv vV 

whence 


O 



/>(^^, v) 


dudv y 


OT, applying the law of the mean to the double integral, 


/■j 7"\ o fi 

(17) 

where (f, rj) is a point inside the contour Ct, and 111 is the area of 
the region Ai in the uv plane. It is clear that the sign -h or the 
sign — should be taken according as A itself is positive or negative. 
Hence the correspondence is direct or inverse according as A is positive 
or negative. 

The formula (17) moreover establishes an analogy between func- 
tional determinants and ordinary derivatives. For, suppose that the 
region A i approaches zero in all its dimensions, all its points approach- 
ing a limiting point (w, v). Then the region A will do the same, and 
the ratio of the two areas O and Oi approaches as its limit the abso- 
lute value of the determinant A. Just as the ordinary derivative is 
the limit of the ratio of two linear inhnitesiinals, the functional 
determinant is thus seen to be the limit of the ratio of two inhnites- 
imal areas. From this point of view the formula (17) is the analogon 
of the law of the mean for derivatives. 


Remarks. Tbe hypotheses which we have made concerning the correspondence 
between A and Ax are not all independent. Tlius, in order that the correspond- 
ence should be one-to-one, it is necessary that A should not change sign in the 
region of the uv plane. For, suppose that A vanishes along a curve y\ which 
divides the portion of Ax where A is 
positive from the portion where A is 
negative. Liet us consider a small arc 
mi Til of y\ and a small portion of A\ 
which contains the arc mini. This 
portion is composed of two regions ai 
and ai which are separated by mini 
(Fig. 26). 

When the point (u, v) describes the 
region ai, where A is positive, the point 
(x, y) describes a region a bounded by a contour mnpm, and the two contours 
mnpm are described simultaneously in the positive sense. When 
the point (u, v) describes the region ai, where A is negative, the point (x, y) 
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describes a region a' whose contour nmqr is described in the negative sense as 

mi 9 i ni is described in the positive sense. The region a' must therefore 
cover a part of the region a. Hence to any point (sb, y ) in the common part 
arm correspond two points in the uv plane which lie on either side of the 
line mini. 

As an example consider the transformation JT = z, T = for which A = 2 y . 
If the point (x. y) describes a closed region which encloses a segment ab of the 
X axis, it is evident that the point (JV. Y) describes two regions both of which 
lie above the AT axis and both of which are bounded by the same segment ALB of 
that axis. A sheet of paper folded together along a straight line drawn upon it 
gives a clear idea of the nature of the region described by the point (^, Y), 

The condition that A should preserve the same sig^ throughout Axis not suf- 
ficient for one-to-one correspondence. In the example AT = x* — y®, Y = 2xy, 
the Jacobian A = 4 (x* H- y*) is always positive. But if (r, 0) and (B, w) are the 
polar coordinates of the points (x, y) and (X, T), respectively, the formulsB of 
transformation may be written in the form B = r^, ta = 2 0. As r varies from a 
to b {a < b) and 0 varies from Oto 7r-|-cr(0<cr< «'/2), the point (B, u) describes 
a circular ring bounded by two circles of radii a® and 6®. But to every value of 
the angle to between 0 and 2a correspond two values of 0, one of which lies 
between 0 and or, the other between ir and -h or. The region described by the 
point (X, Y) may be realized by forming a circular ring of paper which partially 
overlaps itself. 


128. Transformation of double integrals. First method. Ketaining 
the hypotheses made above concerning the regions A and A, and the 
formulae (16), let us consider a function F'(Xf y') which is continuous 
in the region A. To any subdivision of the region Ai into subregions 
corresponds a subdivision of the region A into sub- 
regions a^, a*, • • - , Let <u. and <r* be the areas of the two corre- 

sponding subregions a, and ur,., respectively. Then, by formula (17), 


D{.fy 




where i/, and i%- are the coordinates of some point in the region a,. 
To this point (/«., 7»,) corresponds a point x, =/*(«,, = ^(w,, v,) 

of the region a,. Hence, setting v) = v), €f>(u, v)], we 

may write 


w n 

2^ y,) oj. = Yf 

• = 1 1*1 


-PC/. «^) 

Vi) 


whence, passing to the limit, we obtain the formula 


(18) Flf{u, v), r)] dudv. 
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Hence to perform a transformation in a double integral x and y should 
he replaced hy their values as functions of the new variables u and v, 
and dxdy should he replaced hy \^\dudv. We have seen already 
how' the new field of integration is determined. 

In order to find the limits between which the integrations should 
be performed in the calculation of the new double integral, it is in 
general unnecessary to construct the contour Ci of the new field 
of integration Ai. For, let us consider u and v as a system of 
curvilinear coordinates, and let one of the variables u and i; in the 
formulae (16) be kept constant while the other vaiies. We obtain 
in this way two systems of curves u = const, and v = const. By 
the hypotheses made above, one and only one curve of each of these 
families passes through any ^ 

given point of the region A. 

Let us suppose for definite- 
ness that a curve of the 
family v = const, meets the 
contour C in at most two 
points Ml and which cor- 
respond to values ui and 
of u (ui <C -i/a)) and that each ('w- av 
of the (v) curves which meets ^ 

the contour C lies between 
the two curves v = a and 
'if = h (a <, hy In this case 
we should integrate first ^ 

with regard to w, keeping v constant and letting u vary from Ui 
to Wa, where and are in general functions of v, and then inte- 
grate this result between the limits a and h. 

The double integral is therefore equal to the expression 


(v) 

^ V-h dv) 




r dv r /!’[/(«, v), 4>(u, »)]|A|rfM. 

•J a 


A change of variables amounts essentially to a subdivision of the 
field of integration by means of the two systems of curves («) and 
Let ctf be the area of the curvilinear quadrilateral bounded by the 
curves (m), (w -h dii), (v), (v dv)y where du and dv are positive. 
To this quadrilateral corresponds in the uv plane a rectangle whose 
sides are du and dv. Then, by formula (17), w = | A(f, ly)] du dv, where 
( lies between u and u -h du, and rj between v and v 4- dv. The expres- 
sion |A(w, v')\dudv is called the element of area in the system of 
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coordinates (u, v). The exact value of is a> = || v)\^ €\du dv^ 

where e approaches zero with du and dv. This infinitesimal may be 
neglected in finding the limit of the stun %F(x^ y) cn, for since v) 
is continuous, we may suppose the two (u) curves and the two 
(y) curves taken so close together that each of the c’s is less in ab- 
solute value than any preassigned positive number. Hence the abso- 
lute value of the sum 'StF(x, y'yedudv itself may be made less than 
any preassigned positive number. 

129. Examples. 1) Folar coordinates, Let us pass from rectangu- 
lar to polar coordinates by means of the transformation x = p cos oi, 
y = p sin <k>. We obtain all the points of the xy plane as p varies 
from zero to + oo and a> from zero to 27r. Here A = p ; hence the 
element of area is p dm dp, which is also evident geometrically. Let 
us try first to evaluate a double integral extended over a portion of 
the plane bounded by an arc AB which intersects a radius vector in 
at most one point, and by the two straight lines OA and OB which 
make angles o>i and with the x axis (Fig. 17, p. 189). Let 
B == be the equation of the arc A B, In the field of integration 
<i> varies from mi to a >2 and p from zero to B, Hence the double inte- 
gral of a function /(x, y) has the value 

I dm j j^( p cos cu, p sin <i>) p dp . 

If the arc AB \b closed curve enclosing the origin, we should 
take the limits = 0 and m^ = 27r. Any field of integration can 
be divided into portions of the preceding types. Suppose, for 
instance, that the origin lies outside of the contour C of a given 
convex closed curve. Let OA and OB be the two tangents from 
the origin to this curve, and let Bi =f^(m') and B^ = f^(^m') be the 
equations of the two arcs ANB and A MB, respectively. For a 
given value of m between coi and om, p varies from Bi to B 2 , and 
the value of the double integral is 


\ dm \ f 


y ( p cos m, p sin m) p dp , 

2) ElXiptic coordinates. Let ua consider a family of confocal conics 

xs yS 


\ X - c* 


= 1 , 


(19) 
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where \ denotes an arbitrary parameter. Through every point of the plane pass 
two conics of this family, — an ellipse and an hyperbola, — for the equation (19) 



has one root X greater than and another positive root m less than for any 
values of x and y. From (19) and from the analogous equation where X is 
replaced by y. we find 


( 20 ) 


Vx^t V(X — c''*)(c‘‘* m) 

» y = » 

c c 


0<M<c‘^<X. 


To avoid ambiguity, we shall consider only the first quadrant in the xy plane. 
This region corresponds point for point in a one-to-one manner to the region of 
the Xfi plane which is bounded by the straight lines 

X = c®, /u = 0, ft — 

It is evident from the formulae (20) that when the point (X, fj) describes the 
boundary of this region in the direction indicated by the arrows, the point (z, y) 
describes the two axes Ox and Oy in the sense indicated by the arrows. The 
transformation is therefore inverse, which is verified by calculating A : 

A = ^ 1 

D(X, y) 4 VX/x (X c2)(c2 - m) 


130. Transformation of double integrals. Second method. We shall 
now derive the general formula (18) by another method which 
depends solely upon the rule for calculating a double integral. We 
shall retain, however, the hypotheses made above concerning the 
correspondence between the points of the two regions A and A^. 
If the formula is correct for two particular transformations 

ix = f(u,v), iu=/i{u', v'), 

\y = 4>{>h > ( » = <Ai («'> «'') j 

it is evident that it is also correct for the transformation obtained 
by carrying out the two transformations in succession. Xhis follows 
at once from the fundamental property of functional determinants 
(§ 30) 


y) ^ y) 

D{n', v') D(u, v) D(u', v') 
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Similarly, if the formula holds for several regions A, B, C, • X, 
to which correspond the regions Ai, Bi, Ci, • • •, Xi, it also holds for 
the region A -|-B-|-C4---fX. Finally, the formula holds if the 
transformation is a change of axes : 

a? = Xo 4- ac' cos ir — y' sin or, y = j/o 4- sin a + y' cos a. 
Here A = 1, and the equation 


/ f y) 

J JCAy 

-IS. F(x^ 4- X* cos a — y' sin ac, 4- a;' sin a 4- y' cos or) dx^ dy* 


is satisfied, since the two integrals represent the same volume. 

We shall proceed to prove the formula for the particular trans- 
formation 


(21) X = <l,{x', y'), y = y' , 


which carries the region A into a region A* which is included between 
the same parallels to the x axis, y = y^ and y = yi. We shall sup- 
pose that just one point of A corresponds to any given point of yl' and 

conversely. If a paral- 
lel to the X axis meets 
the boundary C of the 
region A in at most two 
points, the same will be 
true for the boundary 
C of the region A To 
any pair of points 
and tux on C whose or- 
dinates are each y cor- 
respond two points mo 
and m[ of the contour C', But the correspondence may be direct or 
inverse. To distinguish the two cases, let us remark that if d<fy/dx^ is 
positive, X increases with x', and the points and and mi and 
m{ lie as shown in Fig. 29 ; hence the correspondence is direct. On 
the other hand, if dtfy/dx* is negative, the correspondence is inverse. 

Let us consider the first case, and let Xq, x^y xl^, x\ be the abscissae 
of the points m©, m^, mi, mj, respectively. Then, applying the for- 
mula for change of variable in a simple integral, we find 

jf Fix, y)dx y'), y’J ^,dx', 




VI, $ 130] 


CHANGE OF VARIABLES 


271 


where y and y' are treated as constants. A single integration gives 
the formula 

‘^yjT y)d* =jr y% i/l 

But the Jacobian A reduces in this case to d<f>/dx\ and hence the 
preceding formula may be written in the form 

r r y^dxdy = f f | A | dx^dy\ 

This formula can be established in the same manner if dff>/dx* is 
negative, and evidently holds for a region of any form whatever. 

In an exactly similar manner it can be shown that the trans- 
formation 

(22) x = x', y = ^(x', y') 
leads to the formula 

f f F(x, y)dxdy = f f F[.c', \l/(x', ?/')] | A j dx'dy', 

where the new field of integration corresponds point for point to 
the region A. 

Let us now consider the general formulae of transformation 

(23) X =/(a;i, y^}, V=fi (^i, Vi) , 

where for the sake of simplicity (a?, y) and («!, y{) denote the coor- 
dinates of two corresponding points w and with respect to the 
same system of axes. Let A and A , be the two corresponding regions 
bounded by contours C and C\, respectively. Then a third point m', 
whose coordinates are given in terms of those of m and by the 
relations x' = y' = y, will describe an auxiliary region A\ which 
for the moment we shall assume corresponds point for point to each 
of the two regions A and A^. The six quantities x, y, Xi, y^, x\ y' 
satisfy the four equations 

*=/(^i>.Vi)> y = fli-ici, vi) , x’=:xi, y' = y, 

whence we obtain the relations 

(24) x' = xi, y' =/i(i«i, yi)» 

which define a transformation of the type (22). From the equation 
y' =/i(x', yi) we find a relation of the form yi = w(x', y') ; hence 
we may write 

(25) 


X = fix', yi) — tpix', y'), y = y'. 
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The given transformation (23) amounts to a combinatioti of th§ two' 
transformations (24) and (25), for each of which the general formula 
holds. Therefore the same formula holds for the transformation (23). 

Remark. We assumed«iic above that the region described by the 
point m* corresponds point for point to each of the regions A and 
Ax. At least, this can always be brought about. For, let us .con- 
sider the curves of the region Ax which correspond to the strlught 
lines parallel to the x axis in A. If these curves meet a parallel to 
the y axis in just one point, it is evident that just one point m* of 
A* will correspond to any given point m of A. Hence we need 
merely divide the region Ax into parts so small that this condition 
is satisfied in each of them. If these curves were parallels to the 
y axis, we should begin by making a change of axes. 

131. Area of a curved surface. Let iSr be a region of a curved sur- 
face free from singular points and bounded by a contour P. Let 3 
be subdivided in any way whatever, let 5, be one of the subregions 
bounded by a contour y, , and let be a point of . Draw the tan- 
gent plane to the surface S at the point w,-, and suppose taken so 
small that it is met in at most one point by any perpendicular to 
this plane. The contour y. projects into a curve y/ upon this plane ; 
we shall denote the area of the region of the tangent plane bounded 
by y\ by o-,-. As the number of subdivisions is increased indefinitely 
in such a way that each of them is infinitesimal in all its dimensions, 
the sum approaches a limit, and this limit is called the area of 
the region S of the given surface. 

Let the rectangular coordinates a;, y, « of a point of S be given in 
terms of two variable parameters u and v by means of the equations 

(26) * =/(m, v), y = v), z = f(u, v) , 

in such a way that the region S of the surface corresponds point for 
point to a region R of the uv plane bounded by a closed contour C. 
We shall assume that the functions f, and together with their 
first partial derivatives, are continuous in this region. Let R be 
subdivided, let be one of the subdivisions bounded by a contour c<, 
and let <i),- be the area of r,. To corresponds on 5 a subdivision 
bounded by a contour y,.. Let cr< be the corresponding area upon the 
tangent plane defined as above, and let us try to find an expression 
for the ratio 

Let a,, yt be the direction cosines of the normal to the surface S 

at a point y^, Zf) of s. which corresponds to a point (u^p 
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oi Liet^us take the point as a new origin, and as the new axes 
the normal at m,. and two perpendicular lines w, and w, F in the 
tanger^t plane whose direction cosines with respect to the old axes are 
y' Md a”, y*, respectively. Let JV, F, 2r be the coordinates 

of a pdint on the surface S with respect to the new axes. Then, 
fey the ivell-known formulas for transformation of coordinates, we 
shall have 

X = — X,) + ) 3 '(y- y.) 4 - y' 

F = a^\x — a?.) 4- /S'^(y — 4- y\z — «,), 

Z = or,, (jr - Xi) 4- (y _ y.) + y, (« - 

The area o-,* is the area of that portion of the A'F plane which is 

bounded by the closed curve which the point (X, F) describes, as 
the point (w, v) describes the contour c,. Hence, by § 127, 


<r,- = <*),' 


Y) 
Vi) ’ 


where u| and t>J are the coordinates of some point inside of An 
easy calculation now leads us to the form 


D(X, Y) 
D(ui, vi) 


+ (y'a"- a'y") - P'oc") 


D(u[, r!) 


or, by the well-known relations between the nine direction cosines, 


y) = ± L 

vi) ( 'z>{ui,v;) 


+ Pi 


TJ(z, x) 

vi) 


+ y. 


D(^, y) 

D{ui, V(') 


y 


Applying the general formula (17), we therefore obtain the equation 


<T, = Ol, 






+ A 


l>{ui, vi) >'• 


y) 

D(ui, vi) 


where «! and vi are the coordinates of a point of the region in the 
uv plane. If this region is very small, the point (uj, vi) is very near 
the point (m,-, »<), and we may write 




■P(y. ») _ J>(y, g) 

vi) D(tit, Vi) 

-P(.y. g) 


5«r| = S<i>< 






J)(g, a;) /?(g, a;) , 

i- • • • 1+ + P,ti + yi^'\t 


where the absolute value of 0 does not exceed unity. Since the 
derivatives of the functions /, <!>, and ^ are continuous in the 
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region jR, we may assume that the regions have been taken so 
small that each of the quantities c^, ei' is less than an arbitrarily 
preassigned number 17 . Then the supplementary term will certainly 
be less in absolute value than 3yi2, where Q is the area of the 
region Ji. Hence that term approaches zero as the regions 
(and 7 *,) all approach zero in Hhe manner described above, and the 
sum approaches the double integral 



^H'A I j ag) ■ //) 

I>(u, v) " ?>) ^ v) 


du dv , 


where oc, yS, y are the direction cosines of the normal to the surface S 
at the point (w, v). 

Let us calculate these direction cosines. The equation of the 
tangent plane (§ 39) is 


whence 




^( 3 ;, y) ^ 

^(- 1 /, v) ’ 


/3 


— y _ 


±1 


y) y) 

D(w, v) v) v) 

Choosing the positive sign in the last ratio, we obtain the formula 


v)J 


g I a 1 , 

D(u, v) ^ v) ^ D{Uj ii) 


\Ld(m, v)J v)J L/>(w, v)J 

The well-known identity 


(oA' — 6a')^ -f- (be* — cb')^ -h (ca* — ac’)* 

= + 62 + c2)(a'2 4. 6*2 4- c'2) _ (aa' 4- 66 ' 4- cc * y , 

which was employed by Lagrange, enables us to write the quantity 
under the radical in the form EG — E^, where 


(27) 





doe dx 
du do * 


(jr 



the symbol S indicating that a? is to be replaced by y and « succes- 
sively and the three resulting terms added. It follows that the area 
of the surface S is given by the double integral 


A = 


r r vm— 

j Jiii> 


du dv . 


(28) 
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The functions E, JP, and G play an important part in the theory 
of surfaces. Squaring the expressions for dx, dy^ and dz and adding 
the results, we find 

(29) ds^ =5 rfx* -f* dy* dz^ = E du^ -|- 2F du dv G dv\ 

It is clear that these quantities K, F, and G do not depend upon 
the choice of axes, but solely upon the surface .S itself and the inde- 
pendent variables u and v. If the variables u and v and the sur- 
face S are all real, it is evident that EG — F® must be positive. 

132. Surface element. The expression ->/ EG -- F^ du dv is called the 
element of area of the surface 5 in the system of coordinates (m, v). 
The precise value of the area of a small portion of the surface bounded 
by the curves (w), (u 4- du)^ (v), {v -h dv) is {'>/EG — + ^dudv, 

where c approaches zero with du and dv. It is evident, as above, 
that the term c du dv is negligible. 

Certain considerations of differential geometry confirm this result. 
For, if the portion of the surface in question be thought of as a small 
curvilinear parallelogram on the tangent plane to S at the point (w, v), 
its area will be equal, approximately, to the product of the lengths 
of its sides times the sine of the angle between the two curves (u) 
and (y). If we further replace the increment of arc by the differ- 
ential ds, the lengths of the sides, by formula (29), are du and 
a/c7 dv, if du and dv are taken positive. The direction parameters of 
the tangents to the two curves (u) and (y) are dx/du, dy/dxt, dz/du 
and €x/dv, dy/di?, dz/dv, respectively. Hence the angle a between 
them is given by the formula 



whence sin or = ^EG — F^/^EG. Forming the product mentioned, 
we find the same expression as that given above for the element of 
area. The formula for cos cr shows that F = 0 when and only when 
the two families of curves (w) and (y) are orthogonal to each other. 

When the surface iS reduces to a plane, the formul® just found 
reduce to the formulas found, in § 128. For, if we set ^(u, v) = 0, 
we find 



F 


du dv du dv * 
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whence, by the rule for squaring a determinant, 


A’-* = 



dx 

dx 

\ 

3 



du 

dv 



E F 






F G 


du 

dv 

j 




= EG — F^. 


Hence 'VeG — reduces to |A|. 


Examples. 1) To find the area of a region of a surface whose equa- 
tion is z =f(x, y) which projects on the xy plane into a region R in 
which the function f(Xy y), together with its derivatives p = df/dx and 
q = df/dy, is continuous. Taking x and y as the independent vari- 
ables, we find JB = 1 + F pq, = 1 4- and the area in ques- 
tion is given by the double integral 


(30) 



4- 4- dx dy 



dx dy 
cos y 


where y is the acute angle between the z axis and the normal to the 
surface. 


2) To calculate the area of the region of a surface of revolution 
between two plane sections perpendicular to the axis of revolution. 
Let the axis of revolution be taken as the z axis, and let z =«& f(fi) 
Ije the equation of the generating curve in the xz plane. Then the 
coordinates of a point on the surface are given by the equations 


X p cos oj, y = p sin a>, z == f(^p) 9 

where the independent variables p and <o are the polar coordinates of 
the projection of the point on the xy plane. In this case we have 

ds^ = 4- 

£: = l4-/'«(^), /^=0, G^p^. 

To find the area of the portion of the surface bounded by two plane 
sections perpendicular to the axis of revolution whose radii a ’ . pi and 
Pa, respectively, p should be allowed to vary from pi to pa (pi^^. P 2 ) and 
<0 from zero to 27r. Hence the required area is given by the integral 


A = r dp[ = 27r Fpy/l + f'\p)dp, 

fc/pi t/o *ypi 

k and can therefore be evaluated by a single quadrature. If s denote 
the arc of the generating curve, we have 


ds^ = dp2 4- dz^ = ^/»*[l4-/'*(p)]. 
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and the preceding formula may be written in the form 

A=f 2'n’pds. 

*/Pi 

The geometrical interpretation of this result is easy: 2irpds is 
the lateral area of a frustum of a cone whose slant height is ds and 
whose mean radius is p. Replacing the area between two sections 
whose distance from each other is infinitesimal by the lateral area 
of such a frustum of a cone, we should obtain precisely the above 
formula for A. 

Eor example, on the paraboloid of revolution generated by revolv- 
ing the parabola x'^ = 2pz about the z axis the area of the section 
between the vertex and the circular plane section whose radius is r is 

A = 2-7rjf ^ V -hi?® ^ [(r“ -4- 

III. GENERALIZATIONS OF DOUBLE INTEGRALS 
IMPROPER INTEGRALS SURFACE INTEGRALS 

133. Improper integrals. Let f‘(Xy y) be a function which is con- 
tinuous in the whole region of the plane which lies outside a closed 
contour P. The double integral of I/) extended over the region 
between P and another closed curve C outside of P has a finite value. 
If this integral approaches one and the same limit no matter how 
C varies, provided merely that the distance from the origin to the 
nearest point of C becomes infinite, this limit is defined to be the 
value of the double integral extended over the whole region 
outside P. 

Let us assume for the mo:.ient that the function y) has a 
constant sign, say positive, outside P. In this case the limit of the 
double integral is independent of the form of the curves C. For, 
let C, , r/a, • • be a sequence of closed curves each of which 

encloses the preceding in such a way that the distance to the nearest 
point of C„ becomes infinite with n. If the double integral /„ extended 
over the region between P and approaches a limit 7, the same will 
be true for any other sequence of curves C{, which 

satisfy the same conditions. For, if /i, be the value of the double 
integral extended over the region between P and Cj„, n may be 
chosen so large that the curve C\ entirely encloses and we 
shall have 7^ < /^ < 7. Moreover 7'^ increases with w. Hence 7^, 
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has a limit V ^ T, It follows in the same manner that I < Henoe 
I* = /, i.e. the two limits are equal. 

As an example let us consider a function y"), which outside a 
circle of radius r about the origin as center is of the form 


/(*. y) = 


y) 

(»* + y*)* 


where the value of the numerator ^(a?, y) remains between two posi- 
tive numbers m and AT. Choosing for the curves C the circles 
concentric to the above, the value of the double integral extended 
over the circular ring between the two circles of radii r and R is 
given by the definite integral 


It therefore lies between the values of the two expressions 

^’"'X 

By § 90, the simple integral involved approaches a limit as JR 
increases indefinitely, provided that 2cr— 1>1 or a>l. But it 
becomes infinite with R if a <1. 

If no closed curve can be found outside which the function /‘(a?, -y) 
has a constant sign, it can be shown, as in § 89, that the integral 
///(a-, y)dxdi/ approaches a limit if the integral / f\f(Xy y)\dxdy 
itself approaches a limit. But if the latter integral becomes infinite, 
the fonner integral is indeterminate. The following example, due 
to Cayley, is interesting. Let /(a?, y) = sin (a:* + y*), and let us inte- 
grate this function first over a square of side a formed by the axes 
and the two lines x = a, y = a. The value of this integral is 


x-x 


sin(*® 4- y“)dy 


sin a:* da: x I cosy®dy-f- / cos a:* da: x I siny^dy. 

•do xJa cdo 


As a increases indefinitely, each of the integral s on^ the right has 
a limit, by § 91. This limit can be shown to be V7r/2 in each case ; 
hence the limit of the whole right-hand side is tt. On the other 
hand, the double integral of the same function extended over the 
quarter circle bounded by the axes and the circle a;* + y^ = R* is 
equal to the expression 
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Jo “ ““ cobR»], 

which, as R becomes infinite, oscillates between zero and 7r/2 and 
does not approach any limit whatever. 

We should define in a similar manner the double integral of a 
function f(x, y) which becomes infinite at a point or all along a line. 
First, we should remove the point (or the line) from the field of 
integration by surrounding it by a small contour (or by a contour 
very close to the line) which we should let diminish indefinitely. 
For example, if the function JXj^y y) can be written in the form 


/(*> y) = 


y) 

[(* — ay + (y - byy 


in the neighborhood of the point (a, ^), where ^(a:, y) lies between 
two positive numbers m and M, the double integral of f(Xy y') 
extended over a region about the point (a, b) which contains no 
other point of discontinuity has a finite value if and only if a is 
less than unity. 


184. The functioii B(p. q). We have assumed above that the contour Cn 
recedes indefinitely in every direction. But it is evident that we may also Bup> 
pose that only a certain portion recedes to infinity. This is the case in the above 
example of Cayley's and also in the following example. Let us take the function 

/(X, y) = 

where p and q are each positive. This function is continuous and positive in the 
first quadrant. Integrating first over the square of side a bounded by the axes 
and the lines x = a and y = a, we And, for the value of the double integral, 


/; 




X f 2y^*t-^e-v*dy . 
Jo 


Eacli of these integrals approaches a limit as a becomes infinite. For, by the 
definition of the function r(p) in § 92, 

r(p)= 

Jo 

whence, setting t = x^, we find 

(31) r(l)) = y* *2x2p->c-*^dx. 

Hence the double integral approaches the limit r(p)r((;f) as a becomes infinite. 

Let us now integrate over the quarter circle bounded by the axes and the 
circle x* + y® = R®. The value of the double integral in polar coordinates is 

y* X y'*2cos*J»“^0sin*v-*^d0. 
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and the more general integral 


J'j’ P(x, V, z)dxdv + Q{x, v, *)dydz + B(x, y, z)dgdx. 


This latter integral may also be written in the form 


COS 7 -f Q cos a -hJi com /5] Ar , 


where a, y are the direction angles of the direction of the normal which cor- 
responds to the side of the surface selected. 

Surface integrals are especially important in Mathematical Physics. 


186. Stokes’ theorem. Let X be a skew curve along which the functions 
P(ac, y, *), Q(ac, y, z), J2(x, y, z) are continuous. Then the definition of the line 
integral 



Pdsc + Qdy -^Rdz 


taken along the line L is similar to that given in § 93 for a line integral taken 
along a plane curve, and we shall not go into the matter in detail. If the curve L 
is closed, the integral evidently may be broken up into the sum of three line inte- 
grals taken over closed plane curves. Appl> ing Green’s theorem to each of these, 
it is evident that we may replace the line integral by the sum of three double 
integrals. The Introduction of surface integrals enables us to state this result in 
very compact form. 

Let us consider a two-sided piece S of a surface which we shall suppose for 
definiteness to be bounded by a single curve F. To each side of the surface 
corresponds a definite sense of direct motion along the contour F. We shall 
assume the following convention : At any point M of the contour let us draw 
that half of the normal Mn which corresponds to the side of the surface under 
consideration, and let us imagine an observer with his head at n and his feet at M ; 

we shall say that that is the positive sense 
of motion which the observer must take in 
order to have the region 5 at his left hand. 
Thus to the two sides of the surface corre- 
spond two opposite senses of motion along 
the contour F. 

Let us first consider a region S ot a. sur- 
face which is met in at most one point by 
any parallel to the z axis, and let us suppose 
the trihedron Oxyz placed as in Fig. 30, 
wliere the plane of the paper is the yz plane 
and the x axis extends toward the observer. 
To the boundary F of S will correspond a 
closed contour C in the xy plane ; and these 
two curves are described simultaneously in 
the sense indicated by the arrows. Let 
* =/(®* y) be the equation of the given surface, and let P(x, y, z) be a function 
which is continuous in a region of space which contains S. Then the line inte- 
gral P(x, y, z) dx is identical with the line integral 
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j^^P[x, V, 0(x, y)]dx 

taken along the plane curve C. Liet us apply Green’s theorem (§ 126) to this 
latter integral. Setting 

y) = y, y)] 

for definiteness, we find 


aP(x, y) cos/3 

0y 0j/ Zz by by bz cos 7* 


where or, /3, 7 ai^e the direction angles of the normal to the upper side of S, 
Hence, by Green’s theorem. 


=/X> f 


dandy 

, 

cos 7 


where the double integral is to be taken over the region A of the xy plane 
bounded by the contour C. But the right-hand side is simply the surface 
integral 



cos/3 


br \ 
ay 7 


d9 


extended over the upper side of ; and hence we may write 


I I*(x^ y, z)dx = f ( dzdx — dxdy. 

•^<0 J 


This formula evidently holds also when the surface integral is taken over the 
other side of S, if the line integral is taken in the other direction along F. And 
it also holds, as does Green’s theorem, no matter what the form of the surface 
may be. By cyclic permutation of x, y^ and z we obtain the following analogous 
formulse : 


C Q(x,y,z)du r r ^ dxdy — dydz, 
•'tn J J(.^ySX Bz 

C R(x, y, z)dz = C C ^?dydz — ^-^dzdx. 


Adding the three, we obtain Stokes'* theorem in its general form : 

f P(x, y, z)dx Q(x, y, z)dy -I- P(x, y, z)dz 
JCD 

-fW - ^ ^ 


(38) 


The sense in which F is described and the side of the surface over which the 
double integral is taken correspond according to the convention made above. 
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IV. ANALYTICAL AND GEOMETRICAL APPLICATIONS 


137. Volumes. Let us consider, as above, a region of space bounded 
by the plane, a surface S above that plane, and a cylinder whose 
generators are parallel to the z axis. We shall suppose that the 
section of the cylinder by the plane « = 0 is a contour similar to 
that drawn in Fig. 25, composed of two parallels to the y axis and two 
curvilinear arcs A PB and A 'Q,B\ lfz= /(x, y) is the equation of the 
surface S, the volume in question is given, by § 124, by the integral 



f(x, y)dy. 


Now the integral y^dy represents the area A of a section of 

this volume by a plane parallel to the yz plane. Hence the preceding 
formula may be written in the form 


(39) 



b 

kdx. 


The volume of a solid bounded in any way whatever is equal 
to the algebraic sum of several volumes bounded as above. For 
instance, to find the volume of a solid bounded by a convex closed 
surface we should circumscribe the solid by a cylinder whose gen- 
erators are parallel to the z axis and then find the difference between 
two volumes like the preceding. Hence the formula (39) holds for 
any volume which lies between two parallel planes a? = a and x = 5 
(a < U) and which is bounded by any surface whatever, where A 
denotes the area of a section made by a plane parallel to the two 
given planes. Let us suppose the interval (a, h) subdivided by the 
points a, Xi, Xa, ■ ■ 6, and let A©, Ax, • - , A., ■ • - be the areas 

of the sections made by the planes x = a, x = Xi , • • • , respectively. 
Then the definite integral fj" A dx is the limit of tlie sum 


Ao(Xi — a) -h Ax (xa — X,) H -h A._j(Xi — x, 

The geometrical meaning of this result is apparent. For A._i (x^ — x»_x), 
for instance, represents the volume of a right cylinder whose base is 
the section of the given solid by the plane x = and whose height 
is the distance between two consecutive sections. Hence the volume 
of the given solid is the limit of the sum of such infinitesimal cylin- 
ders. This fact is in conformity with the ordinary crude notion of 
volume. 
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If the value of the area A be known as a function of x, the vol- 
ume to he evaluated may be found by a single quadrature. As an 
example let us try to find the volume of a portion of a solid of revo- 
lution between two planes perpendicular to the axis of revolution. 
Let this axis be the x axis and let z = be the equation of the 
generating curve in the xz plane. The section made by a plane par- 
allel to the ^z plane is a circle of radius /(x). Hence the required 
volume is given by the integral ttJ^ 

Again^ let us try to find the volume of the portion of the ellipsoid 



bounded by the two planes x = Xq, x = X. The section made by a 
pla ne paralle l to the plane x = 0 is an ellipse whose seiniaxes are 
b Vl — x^/a^ and c Vl — x^/a\ Hence the volume sought is 

To find the total volume we should set x = — a and X = a, which 
gives the value ^Trabc. 

18S. Ruled surface. Prismoidal formula. When the area A is an integi-al 
function of the second degree in x, the volume may be expressed very simply 
in terms of the areas B and B' of the bounding sections, the area h of the mean 
section, and the distance h between the two bounding sections. If the mean 
section be the plane of yz, we have 

V = "(te* -H 2mx -I- n) dx = 21 ^ + 2na . 

c/— a 3 

But we also have 

A = 2a , b = n, 2? = + 2ma 4- w , S' = la^ — 2ma + n , 

whence n = a = A/2, 21a2 = B + — 26. These equations lead to the formula 

(40) V^^[B + Sr + AV], 

which is called the prismoidal formula. 

This formula holds in particular for any solid bounded by a ruled surface and 
two parallel planes, including as a special case the so-called prismoid.* For, 
let ^ = ax + jp and s = 6x + g be the equations of a variable straight line, where 
a, 6, p, and g are continuous functions of a variable parameter t which resume 
their initial values when t increases from to to T. This straight line describes 


* A prismoid is a solid bounded by any number of planeOf two of which are paral- 
lel and contain all the vertices. — Trans. 
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a ruled surface, and the area of the section made by a plane parallel to the plane 
X = 0 is given, by § 94, by the integral 

A = r {ax + P){b*x + q')dt^ 

where a% b\ c% d' denote the derivatives of a, 6, c, d with respect to t. These 
derivatives may even be discontinuous for a finite number of values between to 
and T, which will be the case when the lateral boundary consists of portions of 
several ruled surfaces. The expression for A may be written in the form 

A = *2 r ab'dt X f (aq' -f pb')dt -|- f pq'dt^ 

•'to •'to •'to 

where the integrals on the right are evidently independent of x. Hence the 
formula (40) holds for the volume of the given solid. It is worthy of notice that 
the same formula also gives the volumes of most of the solids of elemenlary geometry. 


139. Viviani’s problem. Let C be a circle described with a radius OA {= Ji) 
of a given sphere as diameter, and let us try to find the volume of the portion 
of the sphere inside a circular cylinder whose right section is the circle C. 
Taking the origin at the center of the sphere, one fourth the required volume 
is given by the double integral 

^ =j'J' VK* - X* - j/ 2 dxdy 


extended over a semicircle described on OA as diameter. Passing to polar coor- 
dinates p and Of, the angle ta varies from 0 to 9r/2, and p from 0 to E cos u. Hence 
we find 


V 

A 




> 'y/ — p2 dp = 






V 

4 


1 r*(B» - = — 

3 •'0 3 



If this volume and the volume inside the cylinder 
which is symmetrical to this one with respect to 
the z axis be subtracted from the volume of the 
whole sphere, the remainder is 


- 

3 


3 \2 3/ 9 


Again, the area O of the portion of the sur- 
face of the sphere inside the given cylinder is 


o = 4//vr + P® -H dx dy . 


Replacing p and q by their values — x/z and — y/x, respectively, and passing to 
polar coordinates, we find 
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or 



Rp dp 

VR*-pf‘ 






sin u>) dto = 4/if^ 



Subtracting the area enclosed by the two cylinders from the whole area of the 
sphere, the remainder is 




140. Evaluation of particular definite integ^rals. The theorems estab- 
lished above, in particular the theorem regarding differentiation 
under the integral sign, sometimes enable us to evaluate certain defi- 
nite integrals without knowing the corresponding indefinite integrals 
We proceed to give a few examples. 

Setting 



log(l+ ox) 


the formula for differentiation under the integral sign gives 


dA log (1 4“ r“ a* dx _ 

dm 1 4- Jo (1 4- «a*)(l -f X*) 

Breaking up this integrand into partial fractions, we find 


X 

(1 4- ««) (1 4- 

whence 



X dx 

(1 4- ax) (1 4- x*) 


It follows that 


1 / X 4- nr 

1 4“ \1 4- 

_ log (1 4- CZ^) 
2 (1 4- a®) 


4- 


cr \ 

1 4 - / * 


1 + 


arc tan a. 


dA 

da 


; arc 


^ . logCH-rt*) 

tana+ 2(l+a<') ’ 


whence, observing that A vanishes when a = 0, we may write 






arc tan a da . 


Integprating the first of these integrals by parts, we finally find 


^ i arc tan a log ( 1 4 - • 
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Again, consider the function x*. This function is continuous 
when X lies between 0 and 1 and y between any two positive 
numbers a and h. Hence, by the general formula of § 123, 


But 


x^dx. 


f dx f x^dy == I dy f i 

0 \J a. a 


hence the value of the right-hand side of the previous equation is 


f. 


* dy 

y +1 



On the other hand, we have 


whence 



logxjJ~ log a: * 



— a;® 
logo; 


dx = log 



In general, suppose that P(Xf y') and Q(a;, y) are two functions 
which satisfy the relation dP /dy == dQ/dx, and that Xo, a^i, yo> Vx are 
given constants. Then, by the general formula for integration 
under the integral sign^, we shall have 


or 

(41) r [^(*» yi) — yo)3<*e = r y) — Q(»o. y)] dy. 


Cauchy deduced the values of a large number of definite inte- 
grals from this formula. It is also closely and simply related to 
Green’s theorem, of which it is essentially only a special case. 
For it may be derived by applying Green’s theorem to the line 
integral fPdx + Qdy taken along the boundary of the rectangle 
formed by the lines x = sc©, sc = Xj, y = y©, y = y^. 

In the following example the definite integral is evaluated by a 
special device. The integral 


F(ar') = log (1 — 2a 008 X -f- a*) 
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has a finite value if |cr| is different from unity. This function 
F(ct) has the following properties. 

1) — a) = F(cc). For 

F(— or) = log (1 -f 2cc cos X H- or*) dXj 
or, making the substitution x = ir — 

F( — a) = log (1 — 2a cos y -f- a®) dy = F(a:) . 

2) = 2F(a). For we may set 

2F(a) = -h F{— a), 

whence 

2^“) =jr []log(l — 2a cos X 4- cr®) 4 log(l 4 2a cos X 4- a^)~\dx 

= log (1 — 2a^ cos 2x 4" ar^) dx . 

If we now make the substitution 2x = y, this becomes 
2F(a) = “ log(l — 2a^ cos y 4 ct*) dy 

1 r*" 

4- 2 / log oos y 4 <^*)dy. 

Making a second substitution y = 27r — « in the last integral, we 
find 

X Sir 

log(l — 2a^ cos y a*) dy = J log (1 — 2a^ cos z 4- a*)dZf 
which leads to the formula 

2Fia) = I F(a*) + | F(a*) = F(ar») . 


From this result we have, successively, 

F(«) = I F(a») = I F(ar^) = • • • = f(^). 

If I I is less than unity, a^ approaches zero as n becomes infinite. 
The same is true of F(a*"), for the logarithm approaches zero. 
Hence, if | a | < 1, we have F(a) =? 0. 
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where 3f ie a continuous function of p and ta. This second derivative can only 
be discontinuous for values of p and w for which P and Q vanish simultaneously, 
that is to say, for the roots of the equation JP*{z) = 0. Hence, if we can show that 
the two integrals 


(46) 




dot 


are unequal for a given value of R, we may conclude that the equation FXz) = 0 
has at least one root whose absolute value is less than R. But the second inte- 
gral is always zero, for 


I 


BpBta 


and dV/dp is a periodic function of w, of period 2n, Calculating the first inte- 
gral in a similar manner, we find 

r^d,=rirT-*. 

dpdut L^"Jp«o 

and it is easy to show that d V/du> is of the form 

dV _ -- mAl ^ . . . 
duf Al -f . . . 

where the degree of the terms not written down is less than 2m in p, and where 
the numerator contains no term which does not Involve p. As p increases indefi- 
nitely, the right-hand side approaches — m. Hence R may be chosen so large 
that the value of aF/dw, for p = R, is equal to — m -h e, where e is less than m 
in absolute value. The integral — m h- e) doi is evidently negative, and 
hence the first of the integrals (46) cannot be zero. 


EXERCISES 

1. At any point of the catenary defined in rectangular codrdinates by the 
equation 

» = |(eUri) 

let us draw the tangent and extend it until it meets the x axis at a point T. 
Revolving the whole figure about the x axis, find the difference between the areas 
described by the arc of the catenary, where A is the vertex of the catenary, 
and that described by the tangent MT (1) as a function of the abscissa of the 
point JIf, (2) as a function of the abscissa of the point T. 

[Licence, Paris, 1889.] 

2. Using the usual system of trirectangular cobrdinates, let a ruled surface 
be formed as follows : The plane zOA revolves about the x axis, while the gen- 
erating line D, which lies in this plane, makes with the z axis a constant angle 
whose tangent is X and cuts off on OA an intercept OC equal to Xo^, where a 
is a given length and $ is the angle between the two planes zOx and xOA. 
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1) Eind the ▼olume of the solid bounded by the ruled eurfeoe *.i >e p^^ p e e 
xOj/f zOXf end zO^ij where the ang^le 0 between the last two is less fc^*^** 2jr. 

2) Find the area of the portion of the surface bounded by the planes xOv. 
zOx, zOA. 

[Licencey Paris, July, 1882.] 

3. Find the volume of the solid bounded by the xy plane, the cylinder 
b®x* + a®y2 = a* 6^, and the elliptic paraboloid whose equation in rectangular 
oodrdinates is 

c P* 9* ' 

[XriceTice, Paris, 1882.] 

4. Find the area of the curvilinear quadrilateral bounded by the four con- 
focal conics of the family 

X ^ X — c» ’ 


which are determined by giving X the values cV3, 2cVS, 4cV3, 6cV3, respectively. 

[iiceiice, Besan^on, 1885.] 

6. Consider the curve 

y = V2 (sin X — cos x) , 


whore x and y are the rectangular coordinates of a point, and where x varies 
from jr/4 to 6sr/4. Find : 

1) the area between this curve and the x axis ; 

2) the volume of the solid generated by revolving the curve about the x axis ; 

3) the lateral area of the same solid. 

[Licencey Montpellier, 1898.] 


6. In an ordinary rectangular coordinate plane let A and B be any two 
points on the y axis, and let AMB be any curve joining A and B which, together 
with the line ABy forms the boundary of a region AMB A whose area is a pre- 
assigned quantity S. Find the value of the following definite integral taken 
over the curve AMB : 


f [0(y)e* — wy] dz + [0'(y)c* — m] dy , 


where m is a constant, and where the function 0(y), together with its derivative 
0'(y), is continuous. 

[Licence, Nancy, 1895.] 

7. By calculating the double integral 


j r* + « ^ • 

I e-'^v sin axdy dx 
0 Jo 

in two different vpays, show that, provided that a is not zero, 


X' 


sin ox - , TT 

(ix = d:: — • 

X 2 


8. Find the area of the lateral surface of the portion of an ellipsoid of revo- 
lution or of an hyperboloid of revolution which is bounded by two planes perpen- 
dicular to the axis of revolution. 
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9*. To And the area of an elllpaoid with thfoo oneqnal axoa. Half of the total 
area A is given by the doable integral 


A 

2 



dxdy 


extended over the interior of the ellipse Among the methods 

employed to reduce this double integral to elliptic integrals, one of the simplest, 
due to Catalan, consists in the transformation used in § 125. Denoting the 
integrand of the double integral by o, and letting v vary from 1 to + Qo, it is 
easy to show that the double integral is equal to the limit, as I becomes infinite, 
of the difference 






(p« - l)di> 



c* 


) 


This expression is an undetermined form ; but we may write 



and hence the limit considered above is readily seen to be 



10*. If from the center of an ellipsoid whose semiaxes are a, 5, c a perpen- 
dicular be let fall upon the tangent plane to the ellipsoid, the area of the surface 
which is the locus of the foot of the perpendicular is equal to the area of an 
ellipsoid whose semiaxes are be/ a, ac/b, ab/c. 

[William Roberts, Journal de Liouville^ Vol. XI, Ist series, p. 81.] 
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11. Evaluate the double integral of the expreaaion 

(X - vYfiy) 

extended over the interior of the triangle bounded by the straight lines y = Xo, 
y = X, and x = X in two different ways, and thereby establish the formula 

/ ~ vYfiv) dv= f — /(y) dy . 

From this result deduce the relation 

f dxf dx - - f f(x)dx= — r*(x - y)''/{y)dy. 

In a similar manner derive the formula 

f ■'xclx f%dx ■■ f xdx r V(x)dx = I — TV* - T/^Yf(v)dy, 

and verify these formulae by means of the law for differentiation under the 
integral sign. 
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MULTIPLE INTEGRALS 
INTEGRATION OF TOTAL DIFFERENTIALS 

I. MULTIPLE INTEGRALS CHANGE OF VARIABLES 

143. Triple intesrals. Let F{Xy y, «) be a function of the three 
variables x, z which is continuous for all points Af, whose rec- 
tangular coordinates are (x, y, «), in a finite region of space (E) 
bounded by one or more closed surfaces. Let this region be sub- 
divided into a number of subregions (sj), (sg), - (s„), whose vol- 
umes are Vi, Vg, • and let (f,, 17,, i,) be the coordinates of any 

point m,. of the subregion (e,). Then the sum 

( 1 ) 

approaches a limit as the number of the subregions (<?,) is increased 
indefinitely in such a way that the maximum diameter of each of 
them approaches zero. This limit is called the triple integral of 
the function E(x, y, z) extended throughout the region (E), and 
is represented by the symbol 

( 2 ) / / / Vj «)dxdydz, 

%J %J %J {E) 

The proof that this limit exists is practically a repetition of the 
proof given above in the case of double integrals. 

Triple integrals arise in vaiious problems of Mechanics^ for 
instance in finding the mass or the center of gravity of a solid 
body. Suppose the region (E) filled with a heterogeneous sub- 
stance, and let |x(x, y, z) be the density at any point, that is to say, 
the limit of the ratio of the mass inside an infinitesimal sphere about 
the point (x, y, z) as center to the volume of the sphere. If /jli and /xg 
are the maximum and the minimum value of fj. in the subregion (c,), 
it is evident that the mass inside that subregion lies between fiiV, 
and ftgv, ; hence it is equal to 17,, where (f,, i;,, i,) is a 

suitably chosen point of the subregion (6,). It follows that the total 

2oe 
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mass is equal to the triple integral f f fix dxdydz extended through- 
out the region (£). 

The evaluation of a triple integral may be reduced to the suc- 
cessive evaluation of three simple integrals. Let us suppose first 
that the region (^E) is a rectangular parallelepiped bounded by the 
six planes x = a;©* x ^ y = y©, y = K, « = «©, z ^ Z, Let (E) 
be divided into smaller parallelopipeds by planes parallel to the 
three co5rdinate planes. The volume of one of the latter is 
(a:, — (y* — yjb-i) and we have to find the limit of 

the sum 

(3) Vm, 

i L I 

where the point Vtki* tai) any point inside the corresponding 
parallelepiped. Let us evaluate first that part of 5 which arises 
from the column of elements bounded by the four planes 


taking all the points rj^iy Cm} the straight line x = 

y = yjt^i. This column of parallelopipeds gives rise to the sum 


(Xf — ^®t-i)(y* — > yk-iy fOC^i ®o) • * •]> 

and, as in § 123, the may be chosen in such a way that the 
quantity inside the bracket will be equal to the simple integral 


yt-i) = f H^t-iy Vk-iy 

•>'*0 

It only remains to find the limit of the sum 

2^2^ (*. — *.-i)Cy* — yjr-i)- 

» 

But this limit is precisely the double integral 

J* ^(x, y) dx dy 

extended over the rectangle formed by the lines x = x©, x = A", 
y == yg, y Y. Hence the triple integral is equal to 

J f dx f ^(x, y)dy, 

*o 

or, replacing ^(x, y) by its value. 
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The meaniug of this symbol is perfectly obvious. During the firet 
integration x and y are to be regarded as constants. The result will be 
a function of x and y, which is then to be integrated between the limits 
and T, x being regarded as a constant and 2 / as a variable. The 
result of this second integration is a function of x alone, and the last 
step is the integration of this function between the limits Xq and AT. 

There are evidently as many ways of performing this evaluation 
as there are permutations on three letters, that is, six. For instance, 
the triple integral is equivalent to 


p. n. r 

*/*o 


r 

r(x, y, z)dy= I ^(z)dz, 


where S^(z) denotes the double integral of F(a;, y, ss') extended over 
the rectangle formed by the lines x = Xq, x = X, y = yo, y = Y. We 
might rediscover this formula by commencing with the part of the 
sum 5 which arises from the layer of parallelepipeds bounded by the 
two planes 5 ; = z = Zf. Choosing the points (f, 17 , {) suitably, 
the part of S which arises from this layer is 


and the rest of the reasoning is similar to that above. 


144. Let us now consider a region of space bounded in any 
manner whatever, and let us divide it into subregions such that any 

line parallel to a suitably chosen 
fixed line meets the surface which 
bounds any subregion in at most 
two points. We may evidently 
restrict ourselves without loss of 
generality to the case in which a 
line parallel to the z axis meets 
the surface in at most two points. 
The points upon the bounding 
surface project upon the xy plane 
into the points of a region A 
bounded by a closed contour C. 
To every point (x, y) inside C cor- 
respond two points on the bound- 
ing surface whose coordinates are 
V) and «a = y)* We shall suppose that the functions 

(/»i and are continuous inside C, and that Let us now 
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divide the region under consideration by planes parallel to the coor- 
dinate planes. Some of the subdivisions will be portions of paral- 
lelopipeds. The part of the sum (1) which arises from the column 
of elements bounded by the four planes x = a; = y = y*-!, 
y = y* is equal, by § 124, to the expression 

(*< — y*_,, z)dz + e,tj, 

where the absolute value of may be made less than any preassigned 
number e by choosing the parallel planes sufficiently near together. 
The sum 

— yt-i) 

t k 

approaches zero as a limit, and the triple integral in question is 
therefore equal to the double integral 


/X 


4>(ar, y) dx dy 


extended over the region (^) bounded by the contour C, where the 
function 4>(£c, y) is defined by the equation 


*(x, y)= C F(x, y, z)dz. 

If a line parallel to the y axis meets the contour C in at most two 
points whose coordinates are y = ij/i (x) and y = (x), respectively, 

while X varies from Xi to the triple integral may also be written 
in the form 

dx I dy I F(Xy y, z)dz. 

The limits and depend upon both x and y, the limits yi and 
are functions of x alone, and finally the limits x^ and Xa are constants. 

We may invert the order of tlie integrations as for double inte- 
grals, but the limits are in general totally different for different 
orders of integration. 


Note, If 'i'(x) be the function of x given by the double integral 
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extended over the section of the given region by a plane parallel to 
the yx plane whose abscissa is x, the formula (6) may be written 

This is the result we should have obtained by starting with the 
layer of subregions bounded by the two planes = x = 

Choosing the points (f, rj, £) suitably, this layer contributes to the 
total sum the quantity 



Example. Let us evaluate the triple Integral J S fx dxdyde extended through- 
out that eighth of the sphere x* + y* + 2 * = which lies in the first octant. If 
we integrate first with regard to z, then with regard co and finally with regard 
to z, the limits are as follows : x and y being given, z may vary from zero to 
. X being given, y may vary from zero to V-B* — x*-* ; and x itself 
may vary from zero to 22. Hence the integral in question has the value 

f* p f* — /* VR* — X* — n* 

J J J Jo 

whence we find successively 

j '» v'/fS-aV- 1 

1 ** PI 1 -1 « 

(/2*-x*- ya)dy = “ I ^ J o 

and it merely remains to calculate the definite integral — x^)^dx, which, 

by the substitution x = 22 cos 0, takes the form 

o %/o 

Hence the value of the given triple integral is, by § 110, «’22*/16. 


145. Change of variables. Let 


(6) 


'x = f(u, V, w), 
y = r, tv), 

s = ^(m, V, w) , 


be foTuiulse of transformation which establish a one-to-one corre- 
spondence between the points of the region (L') and those of another 
region (L'l). We shall think of ti, v, and w as the rectangular cohr- 
dinates of a point with respect to another system of rectangular 
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oodrdinates, in general different from the first. If F(x, y, «) is a 
continuous function throughout the region (£), we shall always have 


Iff F(x, y, x^dxdydx 
J U U(.By 

= ff f nA^. V, 


vf), . . ■] 


'P(/t 'll) 
D(jUf Vf tv) 


dudv dWf 


where the two integrals are extended throughout the regions (^E) 
and (-ETi), respectively. This is the formula for change of variables 
in triple integrals. 

In order to show that the formula (7) always holds, we shall 
commence by remarking that if it holds for two or more particular 
transformations, it will hold also for the transformation obtained by 
carrying out these transformations in succession, by the well-known 
properties of the functional determinant (§ 29). If it is applicable 
to several regions of space, it is also applicable to the region obtained 
by combining them. We shall now proceed to show, as we did for 
double integrals, that the formula holds for a transformation which 
leaves all but one of the independent variables unchanged, — for 
example, for a transformation of the form 


(8) « = x', y = yS « = y% «') • 

We shall suppose that the two points Af(x, y, ») and Af'(x', y\ «') are 
referred to the same system of rectangular axes, and that a parallel 
to the « axis meets the surface which 
bounds the region (^E) in at most two 
points. The formulae (8) establish a corre- 
spondence between this surface and another 
surface which bounds the region (^'). The 
cylinder circumscribed about the two sur- 
faces with its generators parallel to the 
* axis cuts the plane z = 0 along a closed 
curve C. Every point w of the region A 
inside the contour C is the projection of 
two points and tw, of the first surface, 
whose coordinates are Zi and z^, respectively, and also of two 
points m{ and mjj of the second surface, whose coordinates are s/ 
and z^j respectively. Let us choose the notation in such a way 
that and z[<z^. The formulae (8) transform the point mi 

into the point m{, or else into the point mj. To distinguish the 
two cases, we need merely consider the sign of dij^/dz*. If dtp/dz* is 
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positive, z. increases with z\ and the points and go into the 
points mi and mi, respectively. On the other hand, if d\^/dz' is 
negative, z decreases as z' increases, and mi and go into and 
m{, respectively. In the previous case we shall have 




II 

J[. -^C*» *')] ^ 

whereas in the second case 


dtb 

1 y,)i)dz = — 

I ^[*» y, y, *')] ^ 

%Jz, « 

Jzx 

In either case we may write 

(9) r F{x, y,z)dz = 

Jz. V 

y, tp(x, y, *■)] tfe’. 


If we now consider the double integrals of the two sides of this 
equation over the region A , the double integral of the left-hand side, 



»)dz, 


is precisely the triple integral / / f F(x,y,z') dxdydz extended through- 
out the region {E). Likewise, the double integral of the right-hand 
side of (9) is equal to the triple integral of 


y\ y\ «')] 



extended throughout the region which readily follows when 

X and y are replaced by x^ and y\ respectively. Hence we have in 
this particular case 


SSSj 


F(x, y, 9^ dxdydz 


-ffL' 


^C*'f y'> y', *')] 


dx'dy'dz’. 


But in this case the determinant D(x, y, z)/D{x\ y\ reduces to 
d%l//dz\ Hence the formula (7) holds for the transformation (8), 
Again, the general formula (7) holds for a transformation of the 


type 

(10) ® =/(«', y', 


z 




9 


y = *')> 
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where the variable z remains unchanged. We shall suppose that 
the formulae (10) establish a one-to-one correspondence between 
the points of two regions and (!?'), and in particular that the 
sections R and R' made in (J^T) and respectively, by any 

plane parallel to the xy plane correspond in a one-to-one manner. 
Then by the formulae for transformation of double integrals we 
shall have 


( 11 ) 


/ / F{x, y, z)dxdy 

J 


= f f y', »'), y'. 



The two members of this equation are functions of the variable 
z, = z' alone. Integrating both sides again between the limits 
and « 3 , between which z can vary in the region (^), we find the 
formula 


( 12 ) 


Iff F{x, y, *) dx dy dz 
J J JiEy 


But in this case y, z)/D{x\ y\ z') = I>(x, y')/D(x\ y'). Hence 

the formula (7 ) holds for the transformation (10) also. 

We shall now show that any change of variables whatever 


(13) X =/(xi, yi, «i), y = <^(*1, 2/1, «i), *■ = sK*i, yi, »i) 

ma> be obtained by a combination of the preceding transformations. 
For, let us set x' — Xi, y' = yi, z' = Then the last equation of 

(13) may be written z^ = il/(x\ y\ z^, whence z^ = ir{x\ y\ «'). 
Hence the equations (13) may be replaced by the six equations 

(14) a; y\ ir(x\ y', s?')], y = y\ ^(x\ y\ s')], « = 

(16) a' = a?i, y' = yi, = ^(ari, yi, »i) . 

The general formula (7) holds, as we have seen, for each of the 
transformations (14) and (15). Hence it holds for the transforma- 
tion (13) also. 

W'e might have replaced the general transformation (13), as the 
reader can easily show, by a sequence of three transformations of 
the type (8). 
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146. Element of volume. Setting F(x, y, z) in the formula (7)^ 
we find 


f ff dxdydz^ f f f \ 
J J Jitsy J J 


V, tv) 


dudv dw. 


The left-hand side of this equation is the volume of tiie region (E). 
Applying the law of the mean to the integral on the rights we find 
the relation 


(16) 



V') 

/)(«, r, W) 


where is the volume of and 17 , (; are the co5rdinates of some 
point in (iBTi). This formula is exactly analogous to formula (17), 
Chapter VI. It shows that the functional determinant is the limit 
.of the ratio of two corresponding infinitesimal volumes. 

If one of the variables u, v, tv in ( 6 ) be assigned a constant value, 
while the others are allowed to vary, we obtain three families of 
surfaces, u = const., v = const., tv = const., by means of which the 
region (E) may be divided into subregions analogous to the paral- 
lelepipeds used above, each of which is bounded by six curved faces. 
The volume of one of these subregions bounded by the surfaces 
(u), (u + du), (v), (v -h dv), (tv)y (tv H- dw) is, by (16), 


AV 



^(f> 'f') ^ ^ 

D(u, V, w) 


du dv dw , 


where dv, and dw are positive increments, and where e is infini- 
tesimal with duy dv, and dw. The term c du dv dw may be neglected, 
as has been explained several times (§ 128). The product 


(17) 


dV=^ 


D(f, ^) 

Z>(w, V, w) 


du dv dw 


is the principal part of the infinitesimal AV, and is called the element 
of volume in the system of curvilinear coordinates (w, v, w). 

Let ds^ be the square of the linear element in the same system of 
coordinates. Then, from ( 6 ), 


ou ov dw 


dy^^du-^- 


dz du 

du 


whence, squaring and adding, we find 



=z c/sc* 4- dy^ -h dz^ 

= Hi du^~^ //j i;®4- /f, dw^-i-2Ei dv du dw-{-2F^ du dv , 
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the notation empl<^ed being 


(19) 




O ^35 dx 

^ do dw' 


F — 

* ^ Bu Bw* 


_ fydx Bx 


where the symbol S means, as usual, that x is to be replaced by y 
and z sucoessively and the resulting terms then added. 

The formula for is easily deduced from this formula for 
For, squaring the functional determinant by the usual rule, we find 


Bx By Bz 
Bu Bu Bu 

Bx By Bz 
Bv Bv Bo 

Bx By Bz 
Bw Bw Biv 

whence the element of volume is equal to 'y/Mdudv dw. 

Let us consider in particular the very important case in which 
the coordinate surfaces (w), (v), (w) form a triply orthogonal system, 
that is to say, in which the three surfaces which pass through any 
point in space intersect in pairs at right angles. The tangents to 
the three curves in which the surfaces intersect in pairs form a tri- 
rectangular trihedron. It follows that we must have Fi = 0, F, = 0, 
Fa = 0 ; and these conditions are also sufficient. The formulas for 
dV and ds^ then take the simple forms 

(20) ds^ = Hi du^ -f /fa 4- H^ dw^, dV = yj HiH^H^ du dv dw. 

These formulae may also be derived from certain considerations of 
infinitesimal geometry. Let us suppose duy dvy and dw very small, 
and let us substitute in place of the small subregion defined above a 
small parallelepiped with plane faces. Neglecting infinitesimals of 
higher order, the three adjacent edges of the parallelepiped may be 
taken to bo yjlli du^ respectively. The for* 

mulae (20) express the fact that the linear element and the element of 
volume are equal to the diagonal and the volume of this parallele- 
piped, respectively. The area y/ Hi du dv of one of the faces repre- 
sents in a similar manner the element of area of the surface (wr). 

As an example consider the transformation to polar coordinates 



F, 

Fz 

Fz 

Hz 

Ft 

F, 

Ft 

X, 


(21) a5 = p8in^cos<^, y = psin^sin^, ;r=spC08^, 
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where p denotes the distance of the point M(x, y, ») from the origin, 
B the angle between OM and the positive z axis, and ^ the angle 
which the projection of OM on the plane makes with the positive 
X axis. In order to reach all points in space, it is sufficient to let p 
ysLTy from zero to oo, ^ from zero to tt, and from zero to 27r. 
From (21) we find 

(22) ds^ = dp^ 4- p^dB^ -h p* sin^ Bd<ft^, 
whence 

(23) dV = p^ sin B dp dB dxf > . 

These formulae may be derived without any calculation, however. 
The three families of surfaces (p), (B), («^) are concentric spheres 

about the origin, cones of revolution 
about the « axis with their vertices 
at the origin, and planes through 
the z axis, respectively. These 
surfaces evidently form a triply 
orthogonal system, and the dimen- 
sions of the elementary subregion 
’y are seen from the figure to be e/p, 
pdBy ps\TiBd<f>] the formulae (22) 
and (23) now follow immediately. 

To calculate in terms of the va- 
riables p, B, and 0 a triple integral 
extended throughout a region bounded by a closed surface which 
contains the origin and which is met in at most one point by a radius 
vector through the origin, p should be allowed to vary from zero to i?, 
where R = f{B^ <f>) is the equation of the surface ; B from zero to tt ; 
and from zero to 27r. For example, the volume of such a surface is 

difi I dB I p^ Bin B dp, 

c/O 9^0 

The first integration can always be perforjiied, and we may write 
.. nR^sinB 

1 '‘*1 — r -""’- 

Occasional use is made of cylindrical coordinates r, w, and z defined 
by the equations x = r cos w, ?/ = r sin ci>, z = z. It is evident that 

ds^ — dr^ -|- r® dwl^ -b dz^, 
dV = r dio dr dz . 




and 
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147. Elliptic coordinates. The surfaces represented by the equation 

pa . 


(24) 


X — a X — b X — c 


-1 = 0 , 


where X is a variable parameter and a > 6 > c > 0, form a family of confooal 
conics. Through every point in space there pass three surfaces of this family, — 
an ellipsoid, a parted hyperboloid, and an unparted hyperboloid. For the equa- 
tion (24) always has one root Xi which lies between b and c, another root Xg 
between a and 5, and a third root X^ greater than a. These three roots Xi, X 2 , Xs 
are called the elliptic coordinates of the point whose rectangular coordinates are 
(x, p, z). Any two surfaces of the family intersect at right angles : if X be given 
the values Xi and Xs , for instance, in (24), and the resulting equations be sub- 
tracted, a division by Xi — Xa gives 


(26) 




(Xi — a)(X 3 — a) (Xi — 6 )(X 2 — b) (Xi — c)(X 2 — c) 


= 0 , 


which shows that the two surfaces (Xi) and (X 2 ) are orthogonal. 

In order to obtain x, p, and 2 as functions of Xi , X 2 , Xs , we may note that the 
relation 

(X - a)(X - b)(X - c) - x2(X - &)(X - c) - p2(X - c)(X - a) - z2(X - a)(X - b) 

= (X - Xi)(X - XaXX - Xs) 

is identically satisfied. Setting X = a, X = 6, X = c, successively, in this equa- 
tion, we obtain the values 


(26) 


f jga _ (Xs — a){a — Xi)(a — X2) 
(a — b)(a — c) * 
ya = (Xs - 6)(X2 - 6)(6 - Xi) 


(a - b)(b - c) 

(Xa — c)(Xa — c)(Xi — c) 
(a — c )(6 — c) 

whence, taking the logarithmic derivatives. 


dz : 


dz 


dXi 


dXg 

_L 

dXg ' 

Xi — a 


X 3 — a 


X 3 — a, 

' dX, 


dXg 

+ 

dXn '' 

Xi — b 

Xg- b 

Xs - 6 > 

' dXi 

-I- 

dXg 


^Xs J 

M - <* 

•1^ 

X 3 — c 


Xa — C, 


Forming the sum of the squares, the terms in dXi d\g , dXg dXs , dXs dXi roust dis- 
appear by means of (26) and similar relations. Hence the coeflBcient of dXjf is 


3fi 


_ 1 r gg 
“ 4 L(Xi - a) 


2 ^ (Xi - 6)2 


(Xi 




or, replacing x, v, * by their valaes and slmplilying, 

(Xe — ^l)(X^ — Xi) 


Mt = ] 


4 (M - - I'XXi - C) 


(27) 
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The coel&cients and Mt of dX^ and <2x|, reapeotively, may be obtained from 
this expression by cyclic permutation of the letters. The element of yoltime is 
therefore VJlf i Mq Jfa d\i dx* . 


148. Dirlchlet's integrals. Consider the triple integral 
J* J' f xpy9xr(l — X — y — zydxdydz 


taken throughout the interior of the tetrahedron formed by the four planes 
x = 0, y = 0» s = 0, x-|-y-fz=l. Let us set 

x-f-y + 2 : = f. y-^z-i-ny z = ^iti:. 


where 17 , are three new variables. 

^ = x + y4-2, 17 = 

and the inverse transformation is 


These formula) 

y + z 
« + y + z* 


may 
f = 


be written in the form 
z 

y -i-z' 


x = i(i— v)f y = lv(i— r)» z = {vf- 


When X, y, and z are all positive and x + y + z is less than unity, 17 , and ( all 
lie between zero and unity. Conversely, if 17 * snd all lie between zero and 
unity, X, y, and z are all positive and x + y + z is less than unity. The tetra- 
hedron therefore goes over into a cube. 

In order to calculate the functional determinant, let us introduce the auxiliary 
transformation JTsrf, T=fi 7 tZ = which gives x = jr — T, y = T— Z, 
z = Z. Hence the functional determinant has the value 


■P(g. V, g) _ -P(»» Vf *) -P(-3r, T, Z) _ ^ 

D{(, V, D r, Z) ■ D({, v,0 

and the given triple integral becomes 

The integrand is the product of a function of a function of Vi snd a func- 
tion of j'. Hence the triple integral may be written in the form 

f"^p + q + r + %(^l^ X r v)''d 77 X rV(l- 

•/O a/O s /0 

or, introducing r functions (see (38), p. 280), 

r(p + g + r + 3)r(s + 1 ) ^ r(g + r + 2)r(p +i) ^ r(r -n)r(g +i) 
r(p + <7 + r + 8 + 4) r(p + g + r + 3)' r(g + r + 2) 

Canceling the common factors, the value of the given triple integral is finally 
found to be 

r(p + i)r(g+i)r(r+i)r(s+i) 
r(p + g + r + s + 4) 


( 28 ) 
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149. Green's theorem.* A formula entirely anslogous to (15), § 126, may be 
derived for triple integrals. Let us first consider a closed surface 8 which is 
met in at most two points by a parallel to the z axis, and a function R(x, y, z) 
which, together with dJR/dz, is ^ntinuous throughout the interior of this surface. 
All the points of the surface 8 project into points of a region A of the xy plane 
which is bounded by a closed contour C. To every point of A inside C corre- 
spond two points of 8 whose coordinates are zi = (x, y) and ss = 0t (x, y). 

The surface 8 is thus divided into two distinct portions 8i and 8^ . We shall 
suppose that zi is leas than za . 

Let us now consider the triple integral 



— dxdydz 
dz 


taken throughout the region bounded by the closed surface 8. A first integra- 
tion may be performed with regard to z between the limits Zi and Za (§ 144), 
which gives iJ(x, y, Za) — -B(x, y, Zi). The given triple integral is therefore 
equal to the double integral 


f f [«(*. V, * 2 ) - B(X, y, *i)] dudy 


over the region A. But the double integral f f B(x, y, z^dxdy is equal to the 
surface integral (§ 135) 


r r R{x, y, z)dxdy 


taken over the upper side of the surface . Likewise, the double integral of 
if(x, y, Zi) with its sign changed is the surface integral 


f f R(Xy y, z)dxdy 


taken over the lower side of Si . Adding these two integrals, we may write 



dxdydz = C f Rix, y, z)dxdy^ 
dz J •'(.S’) 


where the surface integral is to be extended over the whole exterior of the sur- 
face S. 

By the methods already used several times in similar cases this formula may 
be extended to the case of a region bounded by a surface of any form whatever. 
Again, permuting the letters x, y, and z, we obtain the analogous formules 


IIS 

Iff 


df* r r 

— dxdydz = I I P(x, y , z) dy dz , 
dx J d(sy 

^ dxdydz = f f Q(x, y, z)dzdx. 
dy d 


* Occasionally called Ostrogrudsky * h theorem.. The theorem of § 126 is sometimes 
called Rien\ann*s theorem. But tlie title Green’s theorem is more clearly established 
and seems to be the more fitting. See Ency. der Math. Wise,, II, A, 7, b and c. — 
Trans. 
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Adding these three formulae, we finally find the general Green’s theorem for 
triple integrals : 

e., 

= r r P{Xy V, z)dydz + Q{x, y, z)dzdx + B{x, y, z)dxdy^ 

J JiS) 

where the surface integrals are to be taken, as before, over the exterior of the 
bounding surface. 

If, for example, we set P = z, Q=R = 0orQ = y, P = P=:0orR = *, 
P = Q =r 0, it is evident that the volume of the solid bounded by S is equal to 
any one of the surface integrals 

(29') y J* xdydz, J'j'^ydzdx, J* j* zdxdy. 


160. Multiple integrals. The purely analytical definitions which have been 
given for double and triple integrals may be extended to any number of vari- 
ables. We shall restrict ourselves to a sketch of the general process. 

Let Xi, 3B2» ' • Xn he n indejiendent variables. We shall say for brevity 
that a system of values X| , X 2 , • ■ * , of these variables represents a point in 
space of n dimensions. Any equation F(Xi, x^ , • • • , x^) = 0, whose first member 
is a continuous function, will be said to represent a surface ; and if F is of the 
first degree, the equation will be said to represent a plane. Let us consider the 
totality of all points whose coordinates satisfy certain inequalities of the form 

(30) ^,(xi, X 2 , . . x«)^0, i = 1, 2, . • Ac. 

We shall say that the totality of these points forms a domain D in space of n 
dimensions. If for all the points of this domain the absolute value of each of 
the coordinates x. is less than a fixed number, we shall say that the domain D is 
finite. If the inequalities w hich define D are of the form 

(31) xY<Xi<x}, XS<X2<XJ, . xJ<Xn<xi, 

we shall call the domain a priamoid, and we shall say that the n positive quan- 
tities x^ — x^ are the dimensions of this prismoid. Finally, we shall say that a 
point of the domain I> lies on the frontier of the domain if at least one of the 
functions in (30) vanishes at that point. 

Now let Z> be a finite domain, and let/(xi, x*, • • •, Xn) be a function which 
is continuous in that domain. Suppose divided into subdomains by planes 
parallel to the planes x, — 0 (i = 1 , 2, • • • , n), and consider any one of the pris- 
moids determined by those planes which lies entirely inside the domain P. 
Let Axi , Ax 2 , - - ■ , AXn be the dimensions of this prismoid, and let , (s , • • • , 
be the coordinates of some point of the prismoid. Then the sum 

(32) S = S/(fi. f 2 , . . . , {„) Axi Ax* . . Ax„, 

formed for all the prismoids which lie entirely inside the domain P, approaches 
a limit I as the number of the prismoids is increased indefinitely in such a way 
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that all of the dimensions of each of them approach zero. We shall call this 
limit I the n*tuple inte^al of /(xi , Xs, • - • , x^) taken in the domain D and shall 
denote It by the symbol 

, xa, • • x«)dxidxs • • • dx*. 

The evaluation of an n^tuple integral may be reduced to the evaluation of 
n successive simple integrals. In order to show this in general, we need only 
show that if it is true for an (n — l)-tuple integral. It will also be true for an 
n-tuple integni^al. For this purpose let us consider any point (xi, Xa,* • x^) 

of D. Discarding the variable Xn for the moment, the point (xi , Xa , • • • , Zn-O evi- 
dently describes a domain ly in space of (n — 1) dimensions. We shall suppose 
that to any point (xi , Xa, •• •, x„-i) inside of ly there correspond just two 
points on the frontier of D, whose coordinates are (xi, X 2 , ■ * *, x^.i ; x^^^) and 
(Xi, Xa, • • •, *n-i ; where the coordinates x^^^ and x{f> are continuous func- 
tions of the n — 1 variables Xi , Xa , • • • , Xm-i inside the domain jy. If this con- 
dition were not satisfied, we should divide the domain 2> into domains so small 
that the condition would be met by each of the partial domains. Let us now 
consider the column of prismoids of the domain D which correspond to the 
same point (xi , Xa , • • • , x^.i). It is easy to show, as we did in the similar case 
treated in § 124, that the part of S which arises from this column of prismoids is 

Axi Axa * ‘ ' dXn — 1 

where | e | may be made smaller than any positive number whatever by choos- 
ing the quantities dXj sufficiently small. If we now set 

(33) 4>(xi, Xa, • • •, x«_i) =J a5»)(iXn, 

it is clear that the integral I will be equal to the limit of the sum 

24»(xi, Xa, Xn_i) AXi Axa- • dXn-i, 

that is, to the (n — l)-tuple integral 

, Xa , • • • , Xn — 1 ) dxi ■ ■ (2Xn — 1 , 

in the domain I/. The law having been supposed to hold for an (n — l)-tuple 
integral, it is evident, by mathematical induction, that it bolds in general. 

We might have proceeded differently. Consider the totality of points 
<xi , Xa , • • • , x„) for which the coordinate Xn has a fixed value. Then the 
point (Xi, Xa, • - describes a domain 5 in space of (n — 1) dimensions, 

and it is easy to show that the it-tuple integral I is also equal to the expression 

(36) (9(Xn)(iX„, 

where tf(x„) is the — l)-tuple integral ///• • -//dxi ■ • • cZac^ _ 1 extended through- 
out the domain 5. Whatever be the method of carrying out the process, the limits 
for the various integrations depend upon the nature of the domain D, and 
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yary in general for different orders of integration. An exception exists in case 
I? is a prismoid defined by inequalities of the form 

The multiple integral is then of the form 

and the order in which the integrations are performed may be permuted in any 
way whatever without altering the limits which correspond to each of the 
variables. 

The formula for change of variables also may be extended to n-tuple integrals. 
Let 

(36) = 01 (3!i , 1 * * ■ » Xi») » i = 1 j 2, • ■ • , n , 

be formulas of transformation which establish a one-to-one correspondence between 
the points (xl, x-j , x'n) of a domain IX and the points (xi , X 2 f • • ■ , x„) of a 
domain D. Then we shall have 


(37) 


Iff -L , , xa , • • , x„) dxi ■ • dxn 


=// 1 ; 


1^(01 » • • • j 0#i) 


1 1>(01 , 




x;)l 


\dxi 


‘dx'„ 


The proof is similar to that given in analogous cases above. A sketch of the 
argument is all that we shall attempt here. 

1) If (37) holds for each of two transformations, it also holds for the trans- 
formation obtained by carrying out the two in succession. 

2) Any change of variables may be obtained by combining two transforma- 
tions of the following types : 


(38) xi = xf, xo = x5, x„_i = x'_i, x„ = 0„(xj, x;), 

( 39 ) Xi = 01 (Xi , • • , x„), • • • , Xn_i = 0,1 _1 (Xi , • • ■ , ^n)i X„ — X^ . 


3) The formula (37) holds for a transformation of the type (38), since the 
given n-tuple integral may be written in the form (34). It also holds for any 
transformation of the form (39), by the second form (35) in which the multiple 
integral may be written. These conclusions are based on the assumption that 
(37) holds for an (n — l)-tuple integral. The usual reasoning by mathematical 
induction establishes the formula in general. 

As an example let us tiy to evaluate the definite integral 

/ = y'J"* y'xf’xj* . x"" (1 — Xi — Xa — x„)^ dxi dX 2 • ■ . dx„ , 

where cri, a 2 » * • » or„, /S are certain positive constants, and the integral is to be 
extended throughout the domain D defined by the inequalities 

0 £ Xi » <1 ^ Xo , • • • , O < Xn , Xi -f Xe -4- ■ • • -H x„ < 1 . 

The transformation 

Xi -h X2 + • • + Xn = fl, *2 + • - ' + Xn = fi€2* •••> X* = f i ft • * • €i» 
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carries D into a new domain jy defined by tbe inequalities 

0<{i<l, 0<fa<l, . . 0 <£«<!, 

and it is easy to show as in § 148 that the value of the functional determinant is 

D(Xi , Xs , • • • , Xit) — — S j. 

D({v, ** •f-i- 

I'he new integrand is therefore of the form 

(I 

and the given integral may be expressed, as before, in terms of F functions : 

(40) I = n -T(a n + l )r(^ + l) 

r(£ri + iTa -f • • . 4- O',* -J- n-f- 1) 


II. INTEGRATION OF TOTAL DIFFERENTIALS 


151. General method. Let P(^x, y) and Q(Xy y) be two functions of 
the two independent variables x and y. Then the expression 

Pdx -|- Qdy 

is not in general the total differential of a single function of the two 
variables x and ?/. For we have seen that the equation 


(41) 


dll = Pdx + Qdy 


is equivalent to the two distinct equations 
(42) f; = g = 


Differentiating the first of these equations with respect to y and the 
second with respect to x, it appears that w(x, y') must satisfy each 
of the equations 

d P{x, y) d’^u dQ{x, y) 

Cx dy dy dy dx dx 

A necessary condition that a function u(x, y) should exist which 
satisfies these requirements is that the equation 


(43) 


dP dQ 
dy dx 
should be identically satisfied. 

This condition is also sufficient. 


For there exist an infinite 


number of functions w(x, y) for which the first of equations (42) 
is satisfied. All these functions are given by the formula 


u = f P(x, y) dx 


-h y. 
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where Xo is an arbitrary constant and F is an arbitrary function of y. 
In order that this function u(x, y) should satisfy the equation (41), 
it is necessary and sufficient that its partial derivative with respect 
to X should be equal to Q(x, y), that is, that the equation 


should be satisfied. 


But by the assumed relation (43) we have 




'*b *^*0 

whence the preceding relation reduces to 


— = Q(x.,y). 


The right-hand side of this equation is independent of x. Hence 
there are an infinite number of functions of y which satisfy the 
equation, and they are all given by the formula 


F = r Q(xo, y) dy -h C, 

where y© is an arbitrary value of y, and C is an arbitrary constant. 
It follows that there are an infinite number of functions u(Xy y) 
which satisfy the equation (41). They are all given by the formula 


(44) u = C PQc, y)dx C Q(xo, y)dy C , 

■*'o Vq 


and differ from each other only by the additive constant C. 
Consider, for example, the pair of functions 


^ a; 4- 'tny ^ _ y — mx 
-f y* ’ ac® -f y® ^ 


which satisfy the condition (43). Setting = 0 and y^ = 1, the 
formula for u gives 


u 



X H- my 
a;®-f-y* 


dx 4“ 


J\ y 


H- c. 


whence, performing the indicated integrations, we find 


^ ~ I + y®)]* + w ^arc tan ^ J 4- log y + 

or, simplifying, 

1 X 

w = - log(x® -i- y®) 4- m arc tan — h C . 

y 
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The preoeding method may be extended to any number of inde- 
pendent variables. We shall give the reasoning for three variables. 
Let Pf Qf and R be three functions of x, and Then the total 
differential equation 

(45) du = Pdx Qdy -^Rdz 

is equivalent to the three distinct equations 


(46) 




du 


= R, 


Calculating the three derivatives d^u/dxdy, d^u/dydz^ d^u/dzdx in 
two different ways, we find the three following equations as neces- 
sary conditions for the existence of the function u : 

a/e a/> 

^ ' dy dx^ dz dy^ dx dz 

Conversely, let us suppose these equations satisfied. Then, by the 
first, there exist an infinite number of functions u(x, y, «) whose 
partial derivatives with respect to x and y are equal to P and Q, 
respectively, and they are all given by the formula 


u 



y,z)dx^ f Q(Xq, y, z)dy 4- Z , 


where Z denotes an arbitrary function of z* In order that the deriva- 
tive du/dz should be equal to /?, it is necessary and sufficient that 
the equation 



dP, 



SQ(xo,y,x) 

dz 


dy 4- 


dZ 

dz 


= R 


should be satisfied. Making use of the relations (47), which were 
assumed to hold, this condition reduces to the equation 

d Z 

J{(x, y, *) - R(x^, y, z) + R(Xa, «) - «(®o, yo, *) + ^ = *) » 


or 


dZ 


Vaj *)• 


It follows that an infinite number of functions u(x, y, a) exist 
which satisfy the equation (46). They are all given by the formula 


(48) u= f P(x, y, «)dx + T «(Xo. Vy «)dy+ f «(*.» y.. ») + Cy 

zJsCf, *^Vo 


where x©, yo, »o three arbitrary numerical values, and C is an 
arbitrary constant. 
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152. The Integral Qdy. The same subject may be 

treated from a different point of view, which gives deeper insight 
into the question and leads to new results. Let P(x, y) and Q(x, y) 
be two functions which, together with their first derivatives^ are 
continuous in a region A bounded by a single closed contour C. 
It may happen that the region A embraces the whole plane, in 
which case the contour C would be supposed to have receded to 
infinity. The line integral 


/ 


P dx H- Q dy 


taken along any path D which lies in A will depend in general upon 
the path of integration. Let us first try to find the conditions under 
which this integral depends only upon the coordinates of the extremi- 
ties yo) (^1 > ^i) path. Let M and N be any two points 

of region A^ and let L and L' be any two paths which connect these 
two points without intersecting each other between the extremities. 
Taken together they form a closed contour. In order that the values 
of the line integral taken along these two paths L and V should be 
equal, it is evidently necessary and sufficient that the integral taken 
around the closed contour formed by the two curves, proceeding 
always in the same sense, should be zero. Hence the question at 
issue is exactly equivalent to the following : What are the conditions 
under which the line integral 


f 


P dx -h Q dy 


taken around any closed contour whatever which lies in the regio^i A 
should vanish ? 

The answer to this question is an immediate result of Green’s 
theorem : 

(49) + Qdy =//(!! - If) dy. 


where C is any closed contour which lies in and where the double 
integral is to be extended over the whole interior of C. It is clear 
that if the functions P and Q satisfy the equation 


(43') 


dp dQ 
dy dx * 


the line integral on the left will always vanish. This condition is 
also necessary. For, if dP/dy — dQ/dx were not identically zero 
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in the region A, since it is a continuous function, it would surely be 
possible to find a region a so small that its sign would be constant 
inside of a. But in that case the line integral taken around the 
boundary of a would not be zero, by (49). 

If the condition (43') is identically satisfied, the values of the 
integral taken along two paths L and V between the same two 
points M and N are equal provided the two paths do not intersect 
between M and N. It is easy to see that the same thing is true 
even when the two paths intersect any number of times between M 
and N. For in that case it would be necessary only to compare 
the values of the integral taken along the paths L and V with its 
value taken along a third path V\ which intersects neither of the 
preceding except at M and N. 

Let us now suppose that one of the extremities of the path of 
integration is a fixed point (aco^ y^y while the other extremity is a 
variable point (ac, y) of A, Then the integral 

J n (*. ) 

I Pdx-\-Q,dy 

taken along an arbitrary path depends only upon the coordinates 
(ac, y) of the variable extremity. The partial derivatives of this 
function are precisely F(x, y) and Q(x, y). For example, we have 


F{x + y) = F(ac, y) H- 


/ 


(* + Ax, v) 


P(x, y)dx, 


for we may suppose that the path of integration goes from (x©, y©) 
to (x, y), and then from (x, y) to (x + Ax, y) along a line parallel to 
the X axis, along which dy = 0. Applying the law of the mean, we 
may write 


F(x -f Ax, y) — F(x, y) 
Ax 


= P(x 4- ^Ax, y), 




Taking the limit when Ax approaches zero, this gives = P. 
Similarly, Fy = Q, The line integral F(x, y), therefore, satisfies the 
total differential equation (41), and the general integral of this 
equation is given by adding to F(x, y) an arbitrary constant. 

This new formula is more general than the formula (44) in that 
the path of integration is still arbitrary. It is easy to deduce (44) 
from the new form. To avoid ambiguity, let (xo, yo) and (xi, yO be 
the codrdinates of the two extremities, and let the path of integra- 
tion be the two straight lines x = x©, y = yi- Along the former, 
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ss Xof dx 0, and y varies from to yi* Along the second, 
y^yu dy = 0, and x varies from x^ to x^. Hence the integral (80) 
is equal to 

V, 

Q(xo, y)dy ^ I P(x, y^dx^ 

which differs from (44) only in notation. 

But it might be more advantageous to consider another path of 
integration. Let x = y = l^e the equations of a curve 

joining (a;©, y©) and (ajj, yj), and let t be supposed to vary con- 
tinuously from ^0 to ti as the point (x, y) describes the curve 
between its two extremities. Then we shall have 



J p C*,. Vj) 

I Pdx H- Qdy = 



y )/'(0 


+ Q(p, y) <^'(<)] 


where there remains but a single quadrature. If the path be 
a straight line, for example, we should set a? = Xq -f- t(xi — Xq), 
y = — y^), and we should let t vary from 0 to 1. 

Conversely, if a particular integral ^(x, y) of the equation (41) 
be known, the line integral is given by the formula 


J p v) 

C*o* 


Pdx -h Qdy = 4»(x, y) — 4>(xo, yo), 


which is analogous to the equation (6) of Chapter IV. 


153. Periods. More general cases may be investigated. In the 
first place. Green’s theorem applies to regions bounded by several 
contours. Let us consider for definiteness a region A bounded by 
an exterior contour C and two contours C' and 
C'' which lie inside the first (Fig. 35). Let P 
and Q be two functions which, together with 
their first derivatives, are continuous in this 
region. (The regions inside the contours C’ 
and C'' should not be considered as parts of 
the region A, and no hypothesis whatever is 
made regarding P and Q inside these regions.) 
C* and C” be joined to the contour C by trans- 
We thus obtain a closed contour abmcdndt^baqa, 
or r, which may be described at one stroke. Applying Green’s 
theorem to the region bounded by this contour, the line integrals 



Let the contours 
versals ab and cd. 
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'which arise froin the transversals ah and cA cancel out, since each 
of them is described twice in opposite directions. It follows that 

+ ddy =//(|f - 

where the line integral is to be taken along the whole boundary of 
the region Ay i.e. along the three contours C, C'y and C'\ in the senses 
indicated by the arrows, respectively, these being such that the 
region A always lies on the left. 

If the functions P and Q satisfy the relation dQ/dx = dP/dy in 
the region Ay the double integral vanishes, and we may write the 
resulting relation in the form 

(51) / Pdx Qdy — f Pdx Qdy f Pdx Qdyy 

a/(C> ayCC") 

where each of the line integrals is to be taken in the sense desig- 
nated above. 

Let us now return to the region A bounded by a single contour 
C, and let P and Q be two functions which satisfy the equation 
dP/dy == dQ/dx, and which, together with their first derivatives, are 
continuous except at a finite number 
of points of at which at least one of 
the functions J? or <2 is discontinuous. 

We shall suppose for definiteness that 
there are three points of discontinuity 
a, by c in A, Let us surround each of 
these points by a small circle, and then 
join each of these circles to the contour 
C by a cross cut (Fig. 36). Then the 
integral / Pdx -\-Qdy taken from a fixed 
point (x^y yo) to a- variable point (x, y) 
along a curve which does not cross any 
of these cuts has a definite value at every point. For the contour C, 
the circles and the cuts form a single contour which may be described 
at one stroke, just as in the case discussed above. We shall call 
such a path direct, and shall denote the value of the line integral 
taken along it from Mq(xq, y^ to M(Xy y') by F(x, y). 

We shall call the path composed of the straight line from to 
a point whose distance from a is infinitesimal, the circumference 
of the circle of radius aa* about a, and the straight line a'Mf,, a loop- 
circuit, The line integral f Pdx Qdy taken along a loop-circuit 
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reduces to the line integral taken along the circumference of the 
circle. This latter integral is not zero, in general, if one of the 
functions P or Q is infinite at the point a, but it is independent of 
the radius of the circle. It is a certain constant ± A, the double 
sign corresponding to the two senses in which the circumference 
may be described. Similarly, we shall denote by ± B and ± C the 
values of the integral taken along loop-circuits drawn about the two 
singular points b and c, respectively. 

Any path whatever joining Mq and M may now be reduced to a 
combination of loop-circuits followed by a direct path from Mo to M. 
For example, the path Mo'mdefM may be reduced to a combination 
of the paths MomdMo, ModeMoy MoefMo, and MofM, The path 
MorndMo may then be reduced to a loop-circuit about the singular 
point a, and similarly for the other two. Finally, the path MofM 
is equivalent to a direct path. It follows that, whatever be the path 
of integration, the value of the line integral will be of the form 

(52) F{Xy y) = F(x, y) -f mA wB -|- ^C, 

where w, Uy and p may be any positive or negative integers. The 
quantities A, B, C are called the periods of the line integral. That 
integral is evidently a function of the variables x and y which 
admits of an infinite number of different determinations, and the 
origin of this indetermination is apparent. 

Remark, The function F(Xy y) is a definitely defined function 
in the whole region A when the cuts a<Xy cy have been traced. 
But it should be noticed that the difference F(^m) — F(m7j between 
the values of the function at two points m and which lie on 
opposite sides of a cut does not necessarily vanish. For we have 



A_r+ r+ r, 

m/ M rn^m mJwkf 

which may be written 


But is zero ; hence 

/ = / / • 


1 

1 

II 

> 


It follows that the difference F(m} — F(m') is constant and equal 
to A all along aa. The analogous proposition holds for each of 
the cuts. 
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Sxample. The line integral 

r xdy — ydx 

*)o, 0) “i" y* 

has a single critical point, the origin. In order to find the corre- 
sponding period, let us integrate along the circle -|- y® — p®. 
Along this circle we have 

X = p cos cu, y ss p sin a>, xdy — ydx = p^dui, 

whence the period is equal to f^^da> = 27 r. It is easy to verify 
this, for the integrand is the total differential of arctany/jc. 


154. Common roots of two equations. Let ^ and T be two functions of the 
variables x and y which, together with their first partial derivatives, are con- 
tinuous in a region A bounded by a single closed contour C. Then the expres- 
sion {JTdY — YdX)/{X^ -h T'®) satisfies the condition of integrability, for it is 
the derivative of arc tan Y/X. Hence the line integral 


(63) 


/= 


XdY - YdX 

r* 


taken along the contour C in the positive sense vanishes provided the coeffi- 
cients of dx and dy in the integrand remain continuous inside C, i.e. if the two 
curves JT = 0, Y = 0 have no common point inside that contour. But if these 
two curves have a certain liumber of common points a, 6, c, • ■ • inside C, the value 
of the integral will be equal to the sum of the values of the same integral taken 
along the circumferences of small circles described about the points a, b, c, • • • as 
centers. Let (a, be the coordinates of one of the common points. We shall 
suppose that the functional determinant X>(jr, F)/7>(x, y) is not zero, i.e. that 
the two curves X = 0 and T" = 0 are not tangent at the point. Then it is pos- 
sible to draw about the point (nr, /3) as centei a circle c whose radius is so small 
that the point (X, T) describes a small plane region about the point (0, 0) 
which is bounded by a contour y and which corresponds point for point to the 
circle c (§§ 26 and 127). 

As the point (x, y) describes the circumference of the circle c in the positive 
sense, the point (X, F) describes the contour y in the positive or in the negative 
sense, according as the sign of the functional determinant inside the circle c is 
positive or negative. But the definite integral along the circumference of c is 
equal to the change in arc tan Y/X in one revolution, that is, ± 23r. Similar 
reasoning for all of the roots shows that 


where 7* denotes the number of points common to the two curves at which 
D(Xf Y) /D(x, y) is positive, and N the number of common points at which the 
determinant is negative. 
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The definite integral on the left is also equal to the variation in arc tan T/X 
in going around c, that is, to the index of the function T/X as the point (as, y) 
describes the contour C. If the functions X and T are polynomials, and if the 
contour C is composed of a finite number of arcs of unioursal curves, we are led 
to calculate the index of one or more rational functions, which involves only 
elementary operations (§77)* Moreover, whatever be the functions X and P, 
we can always evaluate the definite integral (54) approximately, with an error 
less than Tt^ which is all that is necessary, since the right-hand side is always a 
multiple of 2;r. 

The formula (54) does not give the exact number of points common to the 
two curves unless the functional determinant has a constant sign Inside of C. 
Picard's recent work has completed the results of this investigation.* 

155. Generalization of the preceding. The results of the preceding paragraphs 
may be extended without essential alteration to line integrals in space. Let P, 
Q, and 12 be three functions which, together with their first partial derivatives, 
are continuous in a region (E) of space bounded by a single closed surface 8. 
Let us seek first to determine the conditions under which the line integral 

( 66 ) U= Pdx -{-Qdj/ Rdz 

depends only upon the extremities (xo , yo « Zo) and (x, y, z) of the path of inte- 
gration. This amounts to inquiring under what conditions the same integral 
vanfehes when taken along any closed path F. But by Stokes' theorem (§ 136) 
the above line integral is equal to the surface integral 

//(I? “ (I? - - S)**** 

extended over a surface Z which is boimded by the contour F. In order that 
this surface integral should be zero, it is evidently necessary and sufficient that 
the equations 

(66) 1? = ^ ai2 ^ ap 

dy 5x ’ dz dy ^ dx dz 

should be satisfied. If these conditions are satisfied, 27 is a function of the vari- 
ables X, y, and z whose total differential is P dx + Q dy + P dz, and which is single 
valued in the region (E). in order to find the value of U at any i>oint, the path 
of integration may be chosen arbitrarily. 

If the functions P, Q, and R satisfy the equations (56), but at least one of 
them becomes infinite at all the points of one or more curves in (JB^, results 
analogous to those of § 153 may be derived. 

If, for example, one of the functions P, Q, R becomes infinite at all the points 
of a closed curve y, the integral U will admit a period equal to the value of the 
line integral taken along a closed contour which pierces once and only once a 
surface a- bounded by y. 

We may also consider questions relating to surface integrals which are exactly 
analogous to the questions proposed above for line integrals. Let A, B, and C 
be three functions which, together with their first partial derivatives, are 
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oontinuoag in a region (E) of space bounded by a single closed sarfaoe 8. Let 2 
be a surface inside of (E) bounded by a contour r of any form wha>tever. Then 
the surface Integral 

(57) /= r f A, dy dz M dz dn Cdxdy 

** •'(2) 

depends in general upon the surface 2 as well as upon the contour r. In order 
that the integral should depend only upon r, it is evidently necessary and suffi- 
cient that its value when taken over any closed surface in (K) should vanish. 
Green's theorem (§ 149) gives at once the conditions under which this is true. 
For we know that the given double integral extended over any closed surface is 
equal to the triple integral 



extended throughout the region bounded by the surface. In order that this latter 
integral should vanish for any region inside (£7), it is evidently necessary that the 
functions A, and C should satisfy the equation 


( 68 ) 


dA dB dC 
dx dy ^ dz 


This condition is also sufficient. 

Stokes' theorem affords an easy verification of this fact. For if A, R, and C 
are three functions which satisfy the equation (66), it is always possible to deter- 
mine in an infinite number of ways three other functions P, Q, and It such that 


(60) 


= ^ aQ dP 

dy as ~ * as a® ’ ax ay 


In the first place, if these equations admit solutions, they admit an infinite 
number, for they remain unchanged if P, Q, and R be replaced by 


P 


ax 

ax’ 


dy 


R + 


ax 

as’ 


respectively, where X is an arbitrary function of x, y, and s. Again, setting 
P = 0, the first two of equations (60) give 

P = r*B(x, y, z)dz 4- ^(x, y) , Q = - f^Aix, y, x)dz -f ^(x, y), 

where ^(x, y) and V'(x, y) are arbitrary functions of x and y. Substituting these 
values in the last of equations (60), we find 


-B 


or, making use of (68), 


ax ay / dx by 

ax by 


One of the functions ^ or may still be chosen at random. 

The functions P, Q, and R having been determined, the surface integral, by 
Stokes* theorem, is equal to the line integral + Qdy Rdz^ which 

evidently depends only upon the contour F. 
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1. Find the value of the triple integral 


yyy*[6 (x — y)* + 3az — 4aa] dx dp dz 


extended throughout the region of space defined by the inequalities 

x2 + y* — a* < 0 » X* + y* + 2® — 2a® < 0 . 

[Licence, Montpellier, 1896.] 

2. Find the area of the surface 

+ ^ + = 

a»x» + 

and the volume of the solid bounded by the same surface. 

3. Investigate the properties of the function 

F(Ar. r, Z) = T 'dx r"dy r /(X, y, z)dz 
*'*0 *^=0 

considered as a function of X, Y, and Z. Generalize the results of § 126. 

4. Find the volume of the portion of the solid bounded by the surface 

(X® + y® + 2 ®)» = 3a®xy2 
which lies in the first octant. 


5. Reduce to a simple integral the multiple integral 

f f ■ ’ ' f + 3^n)dXxdXz‘ ’ dXr, 


extended throughout the domain D defined by the inequalities 

0 < Xi , 0 ^ Xa , • ' ■ , 0 < Xn , Xi + Xa H- • • • -H x„ < a. 

[Proceed as in § 148.] 


6. Reduce to a simple integral the multiple integral 


dXi <fX 2 • - > dXn 


extended throughout the domain L defined by the inequalities 


0 ^ Xi , 0 < Xa , 


7*. Derive the formula 


0<x« 






///• • •/*=id** • ■ • ‘te. = • 
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where the multiple integral is extended throughout the domain X> defined I9’ the 
inequality 

+ **+... + *t<i. 


8*. Derive the formula 

/%w^2n /• + 1 

J dej F(acoBtf + bsin^cos^ + C8mtfBin0)fiin = 29rj F{uB)du, 
where a, 6, and c are three arbitrary conatants, and where R = Va® + 6* + c*. 

[POIBSON.] 

[First observe that the given double integral ia equal to a certain surface inte- 
gral taken over the surface of the sphere + 2/^ -f ^^ = 1 . Then take the plane 
ox + + cz = 0 as the plane of xy in a new system of coordinates.] 

9*. Let p = 0) be the equation in polar coordinates of a closed surface. 

Show that the volume of the solid bounded by the surface ia equal to the double 
integral 

(-) i J* p y ^ 

extended over the whole surface, where do^ represents the element of area, and y 
the angle which the radius vector makes with the exterior normal. 


10*. Let us consider an ellipsoid whose equation is 


X* 2/2 z* 

1 fi 1 r 


= 1 , 


and let us define the positions of any point on its surface by the elliptic coordi- 
nates p and p, that is, by the roots which the above equation would have if p, 
were regarded as unknown (cf. § 147). The application of the formulse (29) to 
the volume of this ellipsoid leads to the equation 


V (62 - p 2)(,.2 - 6 *) 

Likewise, the formula (a) gives 

(v2 - p^)dp 




M' 

he formula 

f dp f 

Jo Jt V(^- P«)(C2 - p2)(^ _ 62)(C2 _ y2) 


7C 

2* 


[LxMi.] 


11. Determine the functions P(x, y) and Q(x, y) which, together with their 
partial derivatives, are continuous, and for which the line integral 

J P(x + a. If + fi)dx + Q{x + or, if + fi)dy 

taken along any closed contour whatever is independent of the constants cl and 
/3 and depends only upon the contour itself. 

[Licence, Paris, July, 1900.] 
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12*. Coiulder the point traneformation defined the equations 

4 y = ^(a', y% *')* 

I « = y', «') • 

Ab the point (s', y% eO desoTibes a surface <8% the point (x, y, s) describes a sur- 
face 5. Let a, /i, y be the direction angles of the normal to y' the 

direction angles of the corresponding normal to the surface \ and d^ and d^ 
the corresponding surface elements of the two surfaces. Prove the formula 


cosy do- = ± dc' { 4- cosfi' + — oosy'j 

I D(y% z') ^ I>{z\ X') ^ ^ I>{x% y') ^ ) 


13*. Derive the formula (16) on page 304 directly. 

[The volume V may be expressed by the surface integral 

P = I z cos y dtf* , 

and we may then make use of the identity 

j>(/, V-) ^ 3 ( . IX/> 4>) ) . a ( D(/, ») ) . a ( . D(/. ») ) 

D(*', *0 ax' r *') J ^ 81^ r x-) ) ^ ax' r !>(*% vO » ’ 

which is easily verified.} 
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INFINITE SERIES 

I. SERIES OF REAL CONSTANT TERMS 
GENERAL PROPERTIES TESTS FOR CONVERGENCE 

156. Definitions and general principles. Sequences. The elementary 
properties of series are discussed in all texts on College Algebra 
and on Elementary Calculus. We shall review rapidly the principal 
points of these elementary discussions. 

First of all, let us consider an iniinite seguence of quantities 

(1) Sq, ^l, •**, ••• 

in which each quantity has a definite place, the order of precedence 
being fixed. Such a sequence is said to be convergent if approaches 
a limit as the index n becomes infinite. Every sequence which is 
not convergent is said to be divergent. This may happen in either 
of two ways : may finally become and remain larger than any 

preassigned quantity, or may approach no limit even though it 
does not become infinite. 

In order that a sequence should be convergentj it is necessary and 
sufficient thatj corresponding to any preassigned positive nujnber c, a 
positive integer n should exist suck that the difference — s^ is 
less than c in absolute value for any positive integer p. 

In the first place, the condition is necessary. For if s^ approaches 
a limit s as n becomes infinite, a number n always exists for which 
each of the differences s — s — s — • • • is less than 

e/2 in absolute value. It follows that the absolute value of — s^ 
will be less than 2 e/2 = c for any value of p. 

In order to prove the converse, we shall introduce a very impor- 
tant idea due to Cauchy. Suppose that the absolute value of each 
of the terms of the sequence (1) is less than a positive number AT. 
Then all the numbers between — N and -1- N may be separated into 
two classes as follows. We shall say that a number belongs to the 
class A if there exist an infinite number of terms of the sequence (1) 

327 
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which are greater than the given number. A number belongs to 
the class B if there are only a finite number of terms of the 
sequence (1) which are greater than the given number. It is 
evident that every number between — N and 4- ^ belongs to one 
of the two classes^ and that every number of the class A is less 
thaui any number of the class B. Let S be the upper limit of the 
numbers of the class Ay which is obviously the same as the lower 
limit of the numbers of the class B, Cauchy called this number the 
greatest limit {la plus grande des limites) of the terms of the 
sequence (1)-* This number S should be carefully distinguished 
from the upper limit of the terms of the sequence (1) (§ 68). For 
instance^ for the sequence 



the upper limit of the terms of the sequence is 1, while the greatest 
limit is 0. 

The name given by Cauchy is readily justified. There always 
exist an infinite number of terms of the sequence (1) which lie 
between S € and S -f- c, however small c be chosen. Let us then 
consider a decreasing sequence of positive numbers €i, eg, 
e„, where the general term approaches zero. To each num* 
ber €, of the sequence let us assign a number a, of the sequence (1) 
which lies between S — c, and S c, . We shall thus obtain a 
suite of numbers rri, a^y - - • •• belonging to the sequence (1) 

which approach ^ as their limit. On the other hand^ it is clear 
from the very definition of 5 that no partial sequence of the kind just 
mentioned can be picked out of the sequence (1) which approaches 
a limit gi*eater than *S^. Whenever the sequence is convergent its 
limit is evidently the number N itself. 

Let us now suppose that the difference — «« of two terms of 
the sequence (1) can be made smaller than any positive number c 
for any value of by a proper choice of n. Then all the terms of 
the sequence past lie between — c and s„ H- c. Let S be the 
greatest limit of the terms of the sequence. By the reasoning just 
given it is possible to pick a partial sequence out of the sequence (1) 
which approaches 5 as its limit. Since each term of the partial 
sequence, after a certain one, lies between s^ — c and s„ -h c, it is 

* Rtf aum*l 3 analytiques de Turin, {Collected Works, 2d series, Vol. X, p. 49). 
The definition may be extended to any assemblage of numbers which has an upper 
limit. 
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clear that the absolute value oi S — s, is at most equid to <. Now 
let s„ be any term of the sequence (1) whose index m is greater 
than n. Then we may write 

Sm - 5 = (»« - «,) + (», - S), 

and the value of the right-hand side is surely less than 2e. Since c 
is an arbitrarily preassigned positive num^r, it follows that the 
general term 8„ approaches S as its limit as the index m increases 
indefinitely. 

Note, If S is the greatest limit of the terms of the sequence (1), 
every number greater than S belongs to the class and every num- 
ber less than S belongs to the class A, The number 5 itself may 
belong to either class. 

157. Passage from sequences to series. Given any infinite sequence 

^0 > ^1 j “*^2 y ‘ y ' ' ' y 

the series formed from the terms of this sequence, 

(2) Uq A- h H , 

is said to be convergent if the sequence of the successive sums 

-Sro = t/o, 5i = Wo + ?/i, • = T4o -H + Vu^y • • 

is convergent. Let be the limit of the latter sequence, i.e. the 
limit which the sum approaches as n increases indefinitely: 

I'aa* 

S = lim = lim 7 .Uy. 

nsoo nBoo 

Then 5 is called the sum of the preceding series, and this relation is 
indicated by writing the symbolic equation 

+ no 

5 = Wo + Wi -h • • • + H- • • == 

v — 0 

A series which is not convergent is said to be divergent. 

It is evident that the problem of determining whether the series 
is convergent or divergent is equivalent to the problem of determin- 
ing whether the sequence of the successive sums Sq, S^, S^, •••is 
convergent or divergent. Conversely, the sequence 

Sq, Si, s,, •••, 

will be convergent or divergent according as the series 

»o 4 - (*1 — »o) + (*i — *i) H 1- (*« — *»-x) + * •• 
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is conTergent or divergent. For the sum of the first n + 1 terms 

of this series is precisely equal to the general term of the given 

sequence. We shall apply this remark frequently. 

The series (2) converges or diverges with the series 

(3) *1“ 1 H <“ H 9 

obtained by omitting the first p terms of (2). For, if 5„(n > 2 ^) 
denote the sum of the first n + 1 terms of the series (2), and 
the sum of the » — -h 1 first terms of the series (3), i.e. 

2,1 — p — Wp -f- tip + 1 • “I" I 

the difference — 2».p == H -|- Up^i is independent of n. 

Hence the sum 2^..^ approaches a limit if approaches a limits 
and conversely. It follows that in determining whether the series 
converges or diverges we may neglect as many of the terms at the 
beginning of a series as we wish. 

Xiet iSi be the sum of a convergent series, the sum of the first 
71+1 terms, and the sum of the series obtained by omitting the 
first n + 1 terms, 

= Wp + l *+“ Wn + 2 + * * • + + • * *• 

It is evident that we shall always have 

5 == 

It is not possible, in general, to find the sum jS of a convergent 
series. If we take the sum S of the first + 1 terms as an approxi- 
mate value of Sy the error made is equal to R^, Since approaches 

as n becomes infinite, the error R^ approaches zero, and hence the 
number of terms may always be taken so large — at least theoret- 
ically — that the error made in replacing S by is less than any 
preassigned number. In order to have an idea of the degree of 
approximation obtained, it is sufficient to know an upper limit 
of R^. It is evident that the only series which lend themselves 
readily to numerical calculation in practice are those for which 
the remainder R^ approaches zero rather rapidly. 

A number of properties result directly from the definition of con- 
vergence. We shall content ourselves with stating a few of them. 

1) If each of the terms of a given series he multiplied hy a constant 
k different from zero, the new series obtained will converge or diverge 
with the given series; if the given series converges to a sum 5, the sum 
of the second series is kS, 
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2) If there be given Uvo convergent series 

Wo 4“ Wi + Wa "f* • * * "t“ w^ + • • • f 
^0+^1 + Va -h • • • + 4- • • • , 

whose sums are S and respectively^ the new series chtained hy 
adding the given series term by term^ namely y 

(mo + w*) + («i + Vi)H 1-(«, + »,)H , 

converges^ and its sum m 5 + 5'. The analogous theorem holds for 
the term-by-term addition of p convergent series. 

3) The convergence or divergence of a series is not affected if the 
values of a finite number of the terms be changed. For such a change 
would merely increase or decrease all of the sums after a certain 
one by a constant amount. 

4) The test for convergence of any infinite sequence, applied to 
series, gives Cauchy’s general test for convergence ; * 

In order that a series be convergent it is necessary and sufficient 
that, corresponding to any preassigned positive number c, an integer 
n should exist, such that the sum of any number of terms what^ 
ever, starting with, u„ + i, is less than c in absolute value. For 
= ^«+i 4- -I h 

in particular, the general term u„^j = muet approach 

zero as n becomes infinite. 

Cauchy’s test is absolutely general, but it is often difficult to 
apply it in practice. It is essentially a development of the very 
notion of a limit. We shall proceed to recall the practical rules most 
frequently used for testing series for convergence and divergence. 
None of these rules can be applied in all cases, but together they 
suffice for the treatment of the majority of cases which actually arise. 

158. Series of positive terms. We shall commence by investigating 
a very important class of series, — those whose terms are all posi- 
tive. In such a series the sum increases with n. Hence in 
order that the series converge it is sufficient that the sum should 
remain less than some fixed number for all values of n. The most 
general test for the convergence of such a series is based upon com- 
parisons of the given series with others previously studied. The 
following propositions are fundamental for this process : 


*£xercioes de Mathematiqiies, 1827. (Collected Works, Vol. VII, 2d series, p. 2674 
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1) If each of the terms of a given series of positive terms is less 
than or at most equal to the co^*responding term of a known convergent 
series of posit ive terms^ the given series is convergent. For the sum 

of the first n terms of the given series is evidently less than the 
sum of the second series. Hence approaches a limit S which 
is less than 

2) If each of the terms of a given series of positive terms is greater 
than or eqtial to the corresponding term of a known divergent series 
of positive terms ^ the given series diverges. For the sum of the first 
n terms of the given series is not less than the sum of the first 
n terms of the second series, and hence it increases indefinitely 
with n. 

We may compare two series also by means of the following 
lemma. Let 

(F) Vo+Vi-hv, H hVnH 

be two series of positive terms. If the series (f7) converges, and if, 
after a certain term, we always have series ( V) 

also converges. If the series (^U') diverges, and if, after a certain 
term, we always have S the series (F) also diverges. 

In order to prove the first statement, let us suppose that 
^»+i An = + whenever n>p. Since the convergence of a 

series is not affected by multiplying each term by the same con- 
stant, and since the ratio of two consecutive terms also remains 
unchanged, we may suppose that v^ < u^, and it is evident that we 
should have j S etc. Hence the series (F) 

must converge. The proof of the second statement is similar. 

Given a series of positive terms which is known to converge or 
to diverge, we may make use of either set of propositions in order 
to determine in a given case whether a second series of positive 
terms converges or diverges. For we may compare the terms of 
the two series themselves, or we may compare the ratios of two 
consecutive terms. 

159. Cauchy’s test and d’Alembert’s test. The simplest series which 
can be used for purposes of comparison is a geometrical progression 
whose ratio is r. It converges if r <! 1, and diverges if r >1, The 
comparison of a given series of positive terms with a geometrical 
progression leads to the following test, which is due to Cauchy : 
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If the nth root of the general term of a series of positive 
terms after a certain term is constantly less than a fixed nwmher less 
than unity ^ the series converges. If after a certain term is con- 
stantly greater than unity^ the series diverges. 

For in the first case < A; < 1, whence < A**. Hence each 
of the terms of the series after a certain one is less than the corre- 
sponding term of a certain geometrical progression whose ratio is 
less than unity. In the second case, on the other hand, 
whence Hence in this case the general term does not 

approach zero. 

This test is applicable whenever "^fu^ approaches a limit. In 
fact, the following proposition may be stated : 

If approaches a limit I as n becomes infinite, the series will 
converge if I is less than unity, and it will diverge if I is greater than 
unity. 

A doubt remains if I except when remains greater than 

unity as it approaches unity, in which case the seines surely diverges. 

Comparing the ratio of two consecutive terms of a given series 
of positive terms with the ratio of two consecutive terms of a 
geometrical progression, we obtain d’Alembert’s test: 

If in a given series of positive terms the ratio of any term to the 
preceding after a certain term remains less than a fixed number 
less than unity, the series comierges. If that ratio after a certain 
term remains greater than unity, the seiies diverges. 

From this theorem we may deduce the following corollary: 

If the ratio approaches a limit I as n becomes infinite, the 

semes converges if I <i\, and diverges if l'>\. 

The only douthtful case is that in which 1 = 1', even then, if 
remains greater than unity cls it approaches unity, the series is divergent. 

General commentary. Cauchy’s test is more general than d’Alembert’s. For 
suppose that the terms of a given series, after a certain one, are each less than 
the corresponding terms of a decreasing geometrical progression, i.e. that the 
general term Un is less than Ar^ for all values of n greater than a fixed integer p, 
where A is a certain constant and r is less than unity. Hence < rA*/*, and 
the second member of this inequality approaches unity as n becomes infinite. 
Hence, denoting by k a fixed number between r and 1 , we shall have after a cer- 
tain term < k. Hence Cauchy’s test is applicable iu any such case. But it 
may happen that the ratio Un + \/Un assumes values greater than unity, however 
far out in the series we may go. For example, consider the series 

1 4- r|sin rr I + r«|8in2crl -H h r**! sin na | 
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wlierer<l and where aiaaa arbitrary oomitant. InthiBcaBe v^=srv^iSnna|<r, 
whereas the ratio 

^ j sin(n-f l)Qr | 

I sin na | 

may assume, in general, an infinite number of values greater than unity as n 
increases indefinitely. 

Nevertheless, it is advantageous to retain d'Alembert's test, for it is more 
convenient in many cases. For instance, for the series 
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1 . 2 . 


the ratio of any term to the preceding is x/(n + 1), which approaches zero as n 
becomes infinite ; whereas some consi deration is necessary to determine inde- 
pendently what happens to =■ x/ ^1 . 2 * • • n as n becomes infinite. 

After we have shown by the application of one of the preceding tests that each 
of the terms of a given series is less than the corresponding term of a decreasing 
geometrical progression A, Ar, At^, • • • , Ar", • • > , it is easy to find an upper 
limit of the error made when the sum of the first m terms is taken in place of 
the sum of the series. For this error is certainly less than the sum of the 
geometrical progression 

A-f.*** 

Ar* + Ar*+ 1 + Ar*+* + . . . 

1 — r 

When each of the two expressions and approaches a limit, the 

two limits are necessarily the same. For, let us consider the auxiliary aeries 

(4) tto + ttix + U2xa H h u»x" H , 

where x is positive. In this series the ratio of any term to the preceding 
approaches the limit /x, where I is the limit of the ratio Un+i/tCn- Hence the 
series (4) converges when x < 1/^, and dive rges when x > \/l. Denoting the 
limit of by l\ the expression also approaches a limit Z'x, and 

the series (4) converges if x < \/l\ and diverges if x > \/V. In order that the 
two tests should not give contradictory results, it is evidently necessary that I 
and V should be equal. If, for instance, I were greater than 2% the series (4) would 
be convergent, by Cauchy's test, for any number x between 1/2 and 1/2', whereas 
the same series, for the same value of x, would be divergent by d'Alembert's test. 

Still more generally, if ten + i/Un approaches a limit 2, approaches the same 
limit.* For suppose that, after a certain term, each of the ratios 


^ ^ ten -f-jp 

t^n tin+l Un+p— 1 

lies between 2 — e and 2 -f «, where y is a positive number which may be taken 
as small as we please by taking n sufficiently large. Then we shall have 


(I _ t)p < !f»±£ < (1 + e)P, 

Un 




* Cauchy, Voure d *Ana2yse. 
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Aft the number p increaftes indefinitely^ while n remaine fixed, the two terme on 
the extreme right and left of this double inequality approach I + c and I — c, 
reepeotiTely. Hence for all values of m greater than a suitably chosen number 
we shall have 

f — 2« < f + 2e, 

and, flinoe « is an arbitrarily assigned number, it follows that approaches 
the number / as its limit. 

It should be noted that the converse is not true. Consider, for example, the 
sequence 

1, a, a6, •••, o«6^, 

where a and b are two difEerent numbers. The ratio of any term to the preced- 
ing is alternately a and h, whereas the expression approaches the limit 
as n becomes infinite. 

The preceding proposition may be employed to determine the limits of cer- 
tain expressions which occur in undetermined forms. Thus it is evident that 
the expression 1 . 2- • • n increases indefinitely with n, since the ratio n l/(w — 1) ! 
increases indefinitely with n. In a similar manner it may be shown that each of 
the expressions and v^logn approaches the limit unity as n becomes infinite. 

160. Appllestioii of the grosteat limit. Cauchy formulated the preceding test 
in a more general manner. Let On be the general term of a series of positive 
terms. Consider the sequence 

II 1 

(6) ®1 » t t * * * * » • • • . 

If the terms of this sequence have no upper limit, the general term On will not 
approach zero, and the given series will be divergent. If all the terms of the 
sequence (6) are less than a fixed number, let to be the greatest limit of the terms 
of the sequence. 

The series ZUn is convergent if to is less than unity ^ and divergent if to is greater 
than unity. 

In order to prove the first part of the theorem, let 1 — a be a number between 
to and 1. Then, by the definition of the greatest limit, there exist but a finite 
number of terms of the sequence (6) which are greater than 1 — or. It follows 
that a positive integer p may be found such that -v^ < 1 — a for all values of n 
greater than p. Hence the series Zon converges. On the other hand, if w > 1, 
let 1 + ^ be a number between 1 and to. Then there are an infinite number of 
terms of the sequence (5) which are greater than 1 + or, and hence there are an 
infinite number of values of n for which On is greater than unity. It follows that 
the series Zon is divergent in this case. The case in which w = 1 remains in doubt. 

161. Cauchy’s theorem. In case £tn<i both approach 

unity without remaining constantly greater than unity, neither 
d’Alembert’s test nor Cauchy’s test enables us to decide whether 
the series is convergent or divergent. We must then take as a 
comparison series some series which has the same characteristic 
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but which is known to be convergent or divergent. The following 
proposition, which Cauchy discovered in studying definite integrals, 
often enables us to decide whether a given series is convergent or 
divergent when the preceding rules fail. 

Let 4>(x) be a function which is positive for values of x greater 
than a certain number a, and which constantly decreases as x 
increases past x = a, approaching zero as x increases indefinitely. 
Then the x axis is an asymptote to the curve y = ^(x), and the 
definite integral 

dx 

may or may not approach a finite limit as I increases indefinitely. 
The series 

(6) ^ "i“ 1) + * • * 4“ -i- * • • 

converges if the preceding integral approaches a limity and diverges if 
it does not. 



For, let us consider the set of rectangles whose bases are each 
unity and whose altitudes are <l>(a)y + 1), • • •, <l>(a + w), respec- 

tively, Since each of these rectangles extends beyond the curve 
y = €ff{x)y the sum of their areas is evidently greater than the area 
between the x axis, the curve y = 4^x), and the two ordinates x = a, 
X = a + n, that is, 


4 - 4 - 1 ) 4 - • • • 4 - 4 “ 


■f 


4>{x')dx. 


On the other hand, if we consider the rectangles constructed 
inside the curve, with a common base equal to unity and with the 
altitudes 4-1), 4- 2), • • •, 4- n), respectively, the sum of 

the areas of these rectangles is evidently less than the area under 
the curve, and we may write 


^(®) 4 “ 4 - 1 ) 4 - • • ' 4 “ 4 - ri) ■<! 



o + n 

<!> (x) dx . 


Hence, if the integral j^'<^(a;) approaches a limit Z as ^ increases 

indefinitely, the sum </t(a) H 4-^(« 4- n) always remains less than 

<^(a) -f- L. It follows, that the sum in question approaches a limit ; 
hence the series (6) is convergent. On the other hand, if the into- 
gfalXT" ”<f^(x) dx increases beyond all limit as n increases indefinitely, 
the same is true of the sum 


^(a) 4- 4" 1) 4“ — 4- 



vm, § 161] 


CONSTANT TERMS 


887 


as is seen from the first of the above inequalities. Hence in this 
case the series (6) diverges. 

Let us consider, for example, the function = 1 /«'*, where /x 

is positive and a =1. This function satisfies all the requirements 
of the theorem, and the integral ^*[]l/a5^] rfa: approaches a limit as 
I increases indefinitely if and only if /x is greater than unity. It 
follows that the series 



converges if fx is greater than unity, and diverges if /u. ^ 1. 

Again, consider the function <^( 05 ) = l/[a;(log , where logs; 
denotes the natural logarithm, /x is a positive number, and a = 2. 
Then, if /x 1, we shall have 

X ^ ~ 

The second member approaches a limit if /x > 1, and increases 
indefinitely with if ^ < 1. In the particular case when /x =1 it 
is easy to show in a similar manner that the integral increases 
beyond all limit. Hence the series 

2(log 2)" ^ 3(log 3)“ ^ ^ n(log n)'* ^ 

converges if > 1, and diverges if /x ^ 1. 

More generally the series whose general term is 

1 

?i log n log* It log® n • •• log^“* 7x(log^ 71 )**' 

converges if /x > 1, and diverges if /x < 1. In this expression log*n 
denotes log log ro, log* n denotes log log log n, etc. It is understood, 
of course, that the integer n is given only values so large that 
log n, log* n, log* n, - • • , log'* n are positive. The missing terms in 
the series considered are then to be supplied by zeros. The 
theorem may be proved easily in a manner similar to the demon- 
strations given above. If, for instance, ^ ^ 1, the function 

1 

X log X log® as • • • (log*" as)'* 

is the derivative of (log^ a:)*"'*/(l — /x), and this latter function 
approaches a finite limit if and only if /x >- 1. 
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Caaohy^s theorem admite of appUoatioxia of another sort. £et iie euppoee 
that the function eatisfiee the conditlone imposed above, and let us con- 
sider the sum 

0(n) + ^(n + !) + •*• + ^(n + p) , 

where n and pare two integers which are to be allowed to become infinite. If the 
series whose general term is 0<n) is convergent, the preceding sum i^proaohes 
zero as a limit, since it is the difference between the two sums Sn+j, 4 .i and 
each of which approaches the sum of the series. But if this series is divergent, 
no conclusion can be drawn. Returning to the geometrical interpretation given 
above, we find the double inequality 

y”‘^0(a:)dx < 0(?i) + 0(n + 1) -f h 4>{n + p) < 0(nH- 

Since 0(n) approaches zero as n becomes infinite, it is evident that the limit of 
the sum in question is the same as that of the definite integral 
and this depends upon the manner in which n and p become infinite. 

For example, the limit of the sum 



n 


1 

n H- 1 


+ 


+ 


1 

n + p 


is the same as that of the definite integral [l/x]dx = log<l + p/n). It is 

clear that this integral approaches a limit if and only if the ratio p/n approaches a 
limit. If a is the limit of this ratio, the preceding sum approaches log(l + cc) 
as its limit, as we have already seen in § 49. 

Finally, the limit of the sum 


4- 4- • • 

Vn Vn 4- 1 

is the same as that of the definite integral 


1 

VnTp 




In order that this expression should approach a limit, it is necessary that the 
ratio p/Vn should approach a limiter. Then the preceding expression may be 
written in the form 


Vn 4- p 4- Vn 


= 2- 


P 

Vn 


14- 


V 




and it is evident that the limit of this expression is a. 


162. Logarithmic criteria. Taking the series 


I'" 


+ 



H 


as a comparison series, Cauchy deduced a new test for convergence 
which is entirely analogous to that which involves 
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€^jft 0 T €t certatfi tervt the escpreseiefi log(l.yw^)/log^ w ie tUwetffs 
ffveatep thctfi a Jisted wumhev which is gTWJttcT tha/n, unity^ the settee 
converges. J[f after a certain term log(l/tt^)/logn is always less 
than unity^ the series diverges. 

If log (l/u^)/log n approaches a limit I as n increases indefinitely ^ 
the series converges if Z > 1, and diverges if Z < 1. The case m 
which Z = 1 remains in dirubt. 


In order to prove the first part of the theorem, we will remarik 
that the inequality 

log i > A; log n 


is equivalent to the inequality 


> n* 


or 




since A: > 1, the series surely converges. 

Likewise, if 

log;^ < logn, 

we shall have > 1 /n, whence the series surely diverges. 

This test enables us to determine whether a given series con> 
verges or diverges whenever the terms of the series, after a certain 
one, are each less, respectively, than the corresponding terms of 
the series 

I'* ^ 2** ' 


where is a constant factor and /a > 1. For, if 



we shall have log + /a log n < log A or 

^ _ log^ 

log n ^ log n * 

and the right-hand side approaches the limit ft as n increases 
indefinitely. If K denotes a number between unity and /a, we 
shall have, after a certain term. 



logn 


> 


K, 
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Similarly, taking the series 



1 

n(log n)^ * 



1 

n log n(log* n)**' ' 


as comparison series, vre obtain an infinite suite of tests for con- 
vergence which may be obtained mechanically from the preceding 
by replacing the expression* log (l/?/„)/log n by log[l/(wM„)]/log^ », 
then by 

log ^ 
nu^ log n 

log* n * 


and so forth, in the statement of the preceding tests.* These tests 
apply in more and more general cases. Indeed, it is easy to show 
that if the convergence or divergence of a series can be established 
by means of any one of them, the same will be true of any of those 
which follow. It may happen that no matter how far we proceed 
with these trial tests, no one of them will enable us to determine 
whether the series converges or diverges. Du Bois-Reymond f and 
Pringsheim t have in fact actually given examples of both convergent 
and divergent series for which none of these logarithmic tests deter- 
mines whether the series converge or diverge. This result is of great 
theoretical importance, but convergent series of this type evidently 
converge very slowly, and it scarcely appears possible that they 
should ever have any practical application whatever in problems 
which involve numerical calculation. § 


163. Raabe^s or Duhamel’s test. Retaining the same comparison 
series, but comparing the ratios of two consecutive terms instead 
of comparing the terms themselves, we are led to new tests which 
are, to be sure, less general than the preceding, but which are 
often easier to apply in practice. For example, consider the series 
of positive terms 

(7) Wq + -f' ^ 4- * ' • 4- , 

♦ See Bertrand, Traits de Calcul diffdrentiel et integral, Vol. I, p. 2.38; Journal 
de lAouvUle^ let series, Vol. VII, p. 35. 

t Ueher Convergenz von ReiJien . . . {Crelle^s Journal^ Vol. LXXVI, p. 86, 1873). 

XAllgemeine Theorie der Divergenz . . . {MathematUche Annalen, Vol. XXXV, 
1800). 

§ In an example of a certain convergent series due to du Bois-Beymond it would 
be necessary, according to the author, to take a number of terms equal to the volume 
of the earth expressed in cubic millimeters in order to obtain merely h|df the sum of 
the series. 
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in which the ratio u^ + i/u^ approaches unity, remaining constantly 
less than unity. Then we may write 

4- I _ ^ 

where approaches zero as n becomes infinite. The comparison of 
this ratio with [w/(n +1)]'* leads to the following rule, discovered 
first by Raabe* and then by Duhamel.t 

j?/* cLfter a certai/n, term the product is cblways greuter tlia/n, a 
fixed number which is greater than unity, the series converges. If 
after a certain term the same product is always less than unity, the 
series diverges. 

The second part of the theorem follows immediately. For, since 
< 1 after a certain term, it follows that 

1 ^ ^ 

1 + cr„‘^ n+V 


and the ratio u„^^/u„ is greater than the ratio of two consecutive 
terms of the harmonic series. Hence the series diverges. 

In order to prove the first part, let us suppose that after a certain 
term we always have na„ > /c > 1. Let be a number which lies 
between 1 and 7c, 1<C 7c. Then the series surely converges if 

after a certain term the ratio is less than the ratio 

[n/(n H- 1)]'* of two consecutive terms of the series whose general 
term is n~^. The necessary condition that this should be true 
is that 


(S) 


1 H- 


1 + 




or, developing (14-1 /w)'* by Taylor’s theorem limited to the term 
in 1/n*, 




where always remains less than a fixed number as n becomes 
infinite. Simplifying this inequality, we may write it in the form 


/A 4“ "■ ^^n- 

n 


* Zeitschr if t fur Mathp.matik vnd Physik, Vol. X, 1832. 
^Journal de Liouville, Vol. IV, 1838. 
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The left-hand side of this inequality approaches /i as its limit as n/ 
becomes infinite. Hence^ after a sufficiently large value of n, the 
left-hand side will be less than na^, which proves the inequality (8). 
It follows that the series is convergent. 

If the product na^ approaches a limit ^ as n becomes infinite, we 
may apply the preceding rule. The series is convergent if />!, 
and divergent if f < 1. A doubt exists if Z = 1, except when na^ 
approaches unity remaining constantly less than unity : in that case 
the series diverges. 


If the product nan approaches unity as its limit, we may compare the ratio 
Un + i/ttm with the ratio of two consecutive terms of the series 

2(log2)^ n<logn)^ 

which converges if fi>l, and diverges if m^ 1< The ratio of two consecutive 
terms of the given series may be written in the form 


+ i 1 



where Pn approaches zero as n becomes infinite. J/ <nfter a certain term the 
product fin iog n ia always greater than a fixed number which is greater than unity ^ 
the aeries converges. If after a certain term the same product is always less than 
unity ^ the series diverges. 

In order to prove the first part of the theorem, let us suppose that Jogn>Jt> 1. 
Let /I be a number between 1 and k. Then the series will surely converge it miter 
a certain term we have 


<9) 


^ n r logn 
Un w + 1 Llog<n + l)j 


which may be written in the form 


1+1 

71 


71 V n/ U log 71 J 


or, applying Taylor's theorem to the right-hand side, 


- d- 1 > (- i)! - • 


where \n always remains less than a fixed number as n becomes 
Simplifying this inequality, it becomes 


A,!... > .(. + DU. A + 1) 4 

\ »/ logn 
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The product (n + l)log(l + 1/n) approaches unity as n becomes Infinite, for it 
may be written, by Taylor’s theorem, in the form 


(10) (n + l)log^H-i^ = 1 + ^(1 + *), 

where c approaches zero. The right-band side of the above inequality therefore 
approaches /a as its limit, and the truth of the inequality is established for suffi- 
ciently large values of n, since the left-hand side is greater than k, which is itself 
greater than /a. 

The second part of the theorem may be proved by comparing the ratio 
Un + i/Ua with the ratio of two consecutive terms of the series whose general 
term is l/(nlogn). For the inequality 


+ i ^ n logn 
Un n-h 1 log(n + 1 )’ 

which is to be proved, may be written in the form 


or 



/3„logn < (n + l)log 



The right-hand side approaches unity through values which are greater than 
unity, as is seen from the equation (10). The truth of the inequality is there- 
fore established for sufficiently large values of n, for the left-hand side cannot 
exceed unity. 

From the above proposition it may be shown, as a corollary, that if the prod- 
uct |9n log n approaches a limit Z as n becomes infinite, the series converges if Z > 1, 
and diverges if Z <1. The case in which Z = 1 remains in doubt, unless /S^logn 
is always less than unity. In that case the series surely diverges. 

If pn log n approaches unity through values which are greater than unity, we 
may write, in like manner. 


Uh-H 

Un 


1+1 + Ip!- 

n n log n 


where 7 ,, approaches zero as n becomes infinite. It would then be possible to 
prove theorems exactly analogous to the above by considering the product 
7 „ log*n, and so forth. 

Corollary. If in a series of positive terms the ratio of any term to the pre- 
ceding can be written in the form 


+ 1 __ ^ 


- + 
n 




where /a is a positive number, r a constant, and g» a quantity whose absolute 
value x^mains Jess than a fixed number as n increases indefinitely, the series con- 
verges if rie greater than unUy^ and diverges in all other cases. 
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For if we set 


wc shall have 


_ I 

ttn 1 + OLn 




1 - 




and hence lim ncxn = r. It follows that the series converges if r > 1, and diverges 
if r < 1. The only case which remains in doubt is that in which r = 1. In order 
to decide this case, let us set 


From this we find 


M« + 1 I 



n n 


/3„logn = 


log n n + 1 „ log n 

— 

n n nf*- 



n 


Sn 


and the right-hand side approaches zero as n becomes infinite, no matter how 
small the number fi may be. Hence the series diverges. 

Suppose, for example, that Un + i/Un is a rational function of n which ap- 
proaches unity as n increases indefinitely : 

tin-f 1 _ ny -f ai ^ 

Un + binf* - ^ + • • ’ 

Then, performing the division indicated and stopping with the term in 1/n^, we 
may write 

+ 1 _ ^ , ai — bi , 0(n) 

— 1 H r — 

Un n n* 

where </>{n) is a rational function of n which approaches a limit as n becomes 
infinite. By the preceding theorem, the necessary and sufficient condition that 
the series should converge is that 

> «! + 1 • 

This theorem is due to Gauss, who proved it directly.* It was one of the first 
general tests for convergence. 


164. Absolute convergence. We shall now proceed to study series 
whose terms may he either positive or negative. If after a certain 
term all the terms have the same sign^ the discussion reduces to 
the previous case. Hence we may restrict ourselves to series 
which contain an infinite number of positive terms and an infinite 


* {Collected Works^ Vol. Ill, p. 138.) Disquisitiones generales circa seriem ir\finUam 
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number of negative terms. We shall prove first of all the fol* 
lowing fundamental theorem : 

Any series whatever is convergent if the series formed of the abso- 
ItUe values of the terms of the given series converges^ 

Let 

( 11 ) Ux * 

be a series of positive and negative terms, and let 

(12) f/o-H + ••• + + 

be the series of the absolute values of the terms of the given series, 
where = \ u^\. If the series (12) converges, the series (11) like- 
wise converges. This is a consequence of the general theorem of 
§ 157. For we have 

1 4- • • * + 1 < 4- 4- • • ■ 4- 

and the right-hand side may be made less than any preassigned num- 
ber by choosing n sufficiently large, for any subsequent choice of p. 
Hence the same is true for the left-hand side, and the series (11) 
surely converges. 

The theorem may also be proved as follows : Let us write 

= (^» 4- 17n) — 

and then consider the auxiliary series whose general term is 4- ^ 

(13) («o 4- U^) 4- («^i 4- ^^i) 4- • • • -h (un 4- ^7«) 4- • 

Let 5^, and denote the sums of the first n terms of the series 
(11), (12), and (13), respectively. Then we shall have 

The series (12) converges by hypothesis. Hence the series (13) 
also converges, since none of its terms is negative and its general 
term cannot exceed 2C7„. It follows that each of the sums and 
and hence also the sum approaches a limit as n increases 
indefinitely. Hence the given series (11) converges. It is evident 
that the given series may be thought of as arising from the subtrac- 
tion of two convergent series of positive terms. 

Any series is said to be ahsolutely convergent if the series of the 
absolute values of its terms converges. In such a series the order of 
the terms may he changed in any way whatever without altertfig the 
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sum of the series, Ijet us first consider a convergent series of posi- 
tive terms^ 

(14) Oo + ®i + * • • + ^ 
whose sum is S, and let 

(15) *0 4- H h H 

be a series whose terms are the same as those of the first series 
arranged in a different order^ i.e. each term of the series (14) is to 
be found somewhere in the series (15), and each term of the series 
(16) occurs in the series (14). 

Let Sl^ be the sum of the first m terms of the series (15). Since 
all these terms occur in the series (14), it is evident that n may be 
chosen so large that the first m terms of the series (15) are to be 
found among the first n terms of the series (14). Hence we shall have 

su <s^< 

which shows that the series (15) converges and that its sum S* does 
not exceed S. In a similar manner it is clear that 5 S S*. Hence 

= S, The same argument shows that if one of the above series 
(14) and (15) diverges, the other does also. 

The terms of a convergent series of positive terms may also be 
grouped together in any manner^ that is^ we may form a series each 
of whose terms is equal to the sum of a certain mimher of terms of 
the given series without altering the sum of the series,^ Let us first 
suppose that consecutive terms are grouped together, and let 

(16) Ao + Ai As h ■ 

be the new series obtained, where, for example, 

Aq = o,, -f* • 4“ Ai = + i 4- • ■ * 4- 

-4a = + i 4- • • • 4- 

Then the sum .9^ of the first m terms of the series (16) is equal to 
the sum Sy of the first N terms of the given series, where N > m. 
As m becomes infinite, N also becomes infinite, and hence also 
approaches the limit S. 

Combining the two. preceding operations, it becomes clear that any 
convergent series of positive terms may he replaced by another series 
each of whose terms is the sum of a certain number of terms of the 
given series taken in any order whatever ^ without altering the sum of 


* It is often said tliat parentheses tnay be inserted in a convergent series of positive 
terms in any manner whatever without altering the sum of the series. — Tramb. 
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the series. It is ovlj necessaiy that each term of the giyen series 
should occur in one and in only one of the groups which form the 
terms of the second series. 

Any absolutely convergent series may be regarded as the differ- 
ence of two convergent series of positive terms ; hence the preceding 
operations are permissible in any such series. It is evident that an 
absolutely convergent series may be treated from the point of view 
of numerical calculation as if it were a sum of a finite number of 
terms. 

165. Conditionally convergent series. A series whose terms do not ail 
have the same sign may be convergent without being absolutely con- 
vergent. This fact is brought out clearly by the following theorem 
on alternating series, which we shall merely state, assuming that it 
is already familiar to the student.* 

A series whose te7*ms are alternately positive and negative converges 
if the ahsoltUe value of each term is less than that of the preceding j 
and if in addition, the absoltUe value of the terms of the series 
diminishes indefinitely as the number of temns increases indefinitely. 

For example, the series 

converges. We saw in § 49 that its sum is log 2. The series 
of the absolute values of the terms of this series is precisely the 
harmonic series, which diverges. A series which converges but 
which does not converge absolutely is called a conditionally convene 
gent series. The investigations of Cauchy, Lejeune-Dirichlet, and 
Kiemann have shown clearly the necessity of distinguishing between 
absolutely convergent series and conditionally convergent series. 
For instance, in a conditionally convergent series it is not always 
allowable to change the order of the terms nor to group the terms 
together in parentheses in an arbitrary manner. These operations 
may alter the sum of such a series, or may change a convergent 
series into a divergent series, or vice versa. For example, let us 
again consider the convergent series 

^ 2 3 4 2w -f- 1 271 + 2 

• It is pointed out in $ 166 that this theorem is a special case of tlio theorem proved 
there. — Trams. 
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whose sum is evidflutly equal to the limit of the expression 

as m becomes infinite. Let us write the terms of this series in another 
order, putting two negative terms after each positive term, as follows : 

^ 1 1 , 

2 4:^3 6 ^2n+l ^ 2 4n4-4“^”‘‘ 

It is easy to show from a consideration of the sums ^%n+i 9 arid 
that the new series converges. Its sum is the limit of the 
expression 

y”/ 1 1 1 \ 

\2n -h 1 4n + 2 4n -1-4/ 

as m becomes infinite. From the identity 

1 1 1 \ 

2n -1- 1 4n 4- 2 4/4 + 4 2 \2 to -f- 1 2n 4-2/ 

it is evident that the sum of the second series is half the sum of 
the given series. 

In general, given a series which is convergent but not absolutely convergent, 
it is possible to arrange the terms in such a way that the new series converges 
toward any preassigned number A whatever. Let Sp denote the sum of the 
first p positive terms of the series, and iS^ the sum of the absolute values of the 
first q negative terms, taken in such a way that the p positive terms and the q 
negative terms constitute the first p + q terms of the series. Then the sum of 
the first p + 9 terms is evidently As the two numbers p and q increase 

indefinitely, each of the sums Sp and Sg must increase indefinitely, for otherwise 
the series would diverge, or else converge absolutely. On the other hand, since 
the series is supposed to converge, the general term must approach zero. 

We may now form a new series whose sum is A in the following manner: 
Let us take positive terms from the given series in the order in which they occur 
in it until their sum exceeds A. Let us then add to these, in the order in which 
they occur in the given series, negative terms until the total sum is less than A. 
Again, beginning with the positive terms where we left off, let us add positive 
terms until the total sum is greater than A. We should then return to the 
negative terms, and so on. It is clear that the sum of the first n terms of the 
new series thus obtained is alternately greater than and then less than A, and 
that it differs from A by a quantity which approaches zero as its limit. 

166, Abel’s test. The following test, due to Abel, enables us to establish the 
convergence of certain series for which the preceding testa fail. The proof is 
based upon the lemma stated and proved in § 76. 

Let 


+ 1 tln + ••• 
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be a series which coDTerges or which is iftd^tenninaie (that 1b, for which the sain 
of the first n terms is always less than a fixed number A in absolute value). 
Again, let 

*0i *lf * * ' t • 

be a monotonically decreasing sequence of positive numbers which approach 
zero as n becomes infinite. T?ien the aeries 

(17) « 0 'no + «1 Wl + • • * + CnM,* + • ■ • 

converges under the hypotheses made above. 

For by the hypotheses made above it follows that 

4- • • -,-1- Un+^l < 2A 

for any value of n and p. Hence, by the lemma just referred to, we may write 

1 1 + 1 "+■ • • * + Un 4 . p Cn 4- ^ j ^ 2 4 . j . 

Sine - e„ 4 .i approaches zero as n becomes infinite, n may be chosen so large that 
the absolute value of the sum 

Cfi-t-lMw + l 4- * * 4-C„4.pM» + p 

will be less than any preassigned positive number for all values of p. The 
series (17) therefore converges by the general theorem of § 157. 

When the series it© 4 - + • • • + 4 * ■ • • reduces to the series 

1 - 1+1-14-1 -I--, 

whose terms are alternately + 1 and — 1 , the theorem of this article reduces to 
the theorem stated in § 165 with regard to alternating series. 

As an example under the general theorem consider the series 

sin 0 + sin 2 0 -j- sin 8 ^ + • • • + sin n0 , 

which is convergent or indeterminate. For if sin 9 = 0, every term of the series 
is zero, while if sin 9 7 ^ 0, the sum of the first n terms, by a formula of Trigo- 
nometry, is equal to the expression 



which is less than 1 1 /sin (9/2) | in absolute value. It follows that the series 

sin 0 sin 29 sinn9 

1 2 n 

converges for all values of 9. It may be shown in a similar manner that the 

008 9 C082 9 ^ cosn9 

12 n 

converges for all values of 9 except 9 = 2fcjr. 
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Corollary, Restricting ourselves to convergent series, we may state a ^re 
general theorem. Let 

Uo + Uj Hh • • • + tt» -4- • • • 
be a convergent aeries, and let 

*Oi » *111 ' * * 

be any monotonically increasing or decreasing sequence of positive numbers 
which approach a limit k different from zero as n increases indefinitely. Then 
the aeries 

(18) eoUo + €iUi 4- • * • + + • • • 

tUao converges. 

For definiteness let us suppose that the e's always increase. Then we may 
write 

eo = k-ao, = = • • •, 

where the numbers cto, ori, • • • , • form a sequence of decreasing positive 

numbers which approach zero as n becomes infinite. It follows that the two 
series 

kuo + '-feui + • • * + kun H , 

aoUo + OTi tti + • • • + CtnUn + * • * 

both converge, and therefore the aeries (18) also converges. 


II. SERIES OF COMPLEX TERMS MULTIPLE SERIES 

167. Definitions. In this section we shall deal with certain gen- 
eralizations of the idea of an infinite series. 

Let 

(19) w® Wi -|- Wj -f- • • • -|- ■ 

be a series whose terms are imaginary quantities : 

Uo^ao^-boif Ui = ai bii, • ••, u^ = a^-hb^iy 

Such a series is said to be convergent if the two series formed of 
the real parts of the successive terms and of the coefficients of the 
imaginary parts, respectively, both converge: 

(20) a® 4- ai 4- ®a 4- • • • -f- -l- • • ' = 

( 21 ) 4 . 4 . ... = 5". 

Let S* and S** be the <sums of the series (20) and (21), respectively. 
Then the quantity S = S* tS" is called the sum of the series (19). 
It is evident that 5 is, as before, the limit of the sum of the first 
n terms of the given series as » becomes infinite. It is evident 
that a series of complex terms is essentially only a combination of 
two series of real terms. 
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When the aeriee of absolute values of the terms of the series (19) 

(22) “H ^ + \/®i + ^ -h • • • -f- \/®S + ^ 4- • * • 

converges^ each of the ser ies (20) atid (21) evi dently converges also- 
lutelyy for |a,| ^ V«5 4- ^ and ^ 4- 

In this case the series (19) is said to be absolutely convergent. The 
sum of such a series is not altered by a change in the order of the 
termsy nor by grouping the terms together in any way. 

Converselyy if each of the series (20) an d (21) c onverges aJbsolntelyy 
the series (22) converges absolutely y for \/al bl ^ 1 | 4- | | . 

Corresponding to every test for the convergence of a series of 
positive terms there exists a test for the absolute convergence of 
any series whatever, real or imaginary. Thus, if the absolute value 
of the ratio of two consecutive terms of a series after a cer- 

tain term, is less than a fixed number less than unity, the series con- 
verges absolutely. For, let I/, = | ttj . Then, since | Wn + i/^n [ < A; < 1 
after a certain term, we shall have also 






which shows that the series of absolute values 


4- 4- • • • 4- 17. 4- • • • 

converges. If \u^^i/u^\ approaches a limit I as n becomes infinite, 
the semes converges if I <C.\y and diverges if I '>\. The first half is 
self-evident. In the second case the general term does not 
approach zero, and consequently the series (20) and (21) cannot 
both be convergent. The case / = 1 remains in doubt. 

More generally, if w be the greatest limit of Vf/n as n becomes infinite, the 
series (19) converges </■«<!, and diverges if w>l. For in the latter case the 
modulus of the general term does not approach zero (see § ltd). The case in 
wbiclrw = 1 remains in doubt — the series may be absolutely convergent, simply 
convergent, or divergent. 


168. Multiplication of aeries. Let 

(23) 4- tq 4- tta 4 4- w. + • * *, 

(24) 4- «*i 4- '-2 4 4- 4- • • • 

be any two series whatever. Let us multiply terms of the first 
series by terms of the second in all possible ways, and then group 
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together all the products u^Vj for which the sum i of the sub- 
scripts is the same ; we obtain in this way a new series 

(2S'\ J + «!»! + H 

^ ^ ( +(«»*’« 4- Ml v»_i H hM,»o)H . 

JfjT sacA the series (23) (24) is absolutely convergent^ the 

series (25) converges^ and its sum is the product of the sums of the 
two given series. This theorem, which is due to Cauchy, was gener- 
alized by Mertens,* who showed that it still holds if only one of the 
series (23) and (24) is absolutely convergent and the other is merely 
convergent. 

Let us suppose for definiteness that the series (23) converges 
absolutely, and let be the general term of the series (25): 

= MoV, + H h 

The proposition will be proved if we can show that each of the 
differences 


-i- H h — (wo + Wi H h w,.) (v® 4- Vi H h v,) t 

-h w'l H b — (Wo 4* 1^1 4 h w«+i)(^^o 4- Vj 4 h v^ + i) 

approaches zero as n becomes infinite. Since the proof is the same 
in each case, we shall consider the first difference only. Arranging 
it according to the le’s, it becomes 


S = 'Wo(v« + i 4 h v*„) 4- (?;„+! H h Va„-i)4 h + i 

4- ^n + l(^0 4- * * • 4- Vn-l)4~ ^n + 2(^0 4“ * ' ’ 4" ^^*-2) 4" * ' * 4“ 


Since the series (23) converges absolutely, the sum f/© 4- 4 h f7„ 

is less than a fixed positive number A for all values of n. Like- 
wise, since the series (24) converges, the absolute value of the sum 
^0 4 t?! 4- • • • 4- is less than a fixed positive number B. Moreover, 
corresponding to any preassigned positive number c a number m 
exists such that 


C7. 


»+i 


^»+p < ^ ^ 


^ ^ 

for any value of p whatever, provided that n>m. Having so chosen 
n that all these inequalities are satisfied, an upper limit of the quan- 
tity |£| is given by replacing Mo, Wi, w,, • • , u^^ by l/o, Ui, I/,, • 


* Crelle*s Journal, Vol. LXXIX. 
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respectively, ^ -f. by e/(^ + B), and finally each 

of the expressions i^o + wi H 1- v,_,, «;* -I 1- Vn-*. • ■ by B. 

This gives 


|S|< £^o 


A + B 


+ £^, 


A +B ' 
U, 






+ U,,B, 


or 


l«l< 


A + B 


(U, + U, + ■ . . + U„_,) + £(£/„+, + • • • + f/„) 


<-^ + - . 
A + B A + B 


whence, finally, 1 8 [ < e. Hence the difference 8 actually does approach 
zero as n becomes infinite. 


169. Double series. Consider a rectangular network which is lim- 
ited upward and to the left, but which extends indefinitely down- 
ward and to the right. The network will contain an infinite number 
of vertical columns, which we shall number from left to right from 
0 to -t- oo . It will also contain an infinite number of horizontal 
rows, which we shall number from the top downward from 0 to -h oo • 
Let us now suppose that to each of the rectangles of the network a 
certain quantity is assigned and written in the corresponding rec- 
tangle. Let It,* be the quantity which lies in the tth row and in the 
A;th column. Then we shall have an array of the form 


(26) 


®00 

“ o » 

«02 • • 

«0n * • 

®10 

a \ 1 

^12 ■ 

• ' • 

®20 

^21 

®22 

• ■ • 

®inO 


0'm2 • • 

®mn 


Wo shall first suppose that each of the elements of this array is real 
and positive. 

Now let an infinite sequence of curves Ci, C®, • - *, • • • be drawn 

across this array as follows : 1) Any one of them forms with the two 
straight lines which bound the array a closed curve which entirely 
surrounds the preceding one ; 2) The distance from any fixed point 
to any point of the curve which is otherwise entirely arbitraiy, 
becomes infinite with n. Let S, be the sum of the elements of the 
array which lie entirely inside the closed curve composed of and 
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th* two straight lines which bound the array. If 5, approaidies a 
limit 5 as » becomes infinite, we shall say that the double series 

+ «© ao 

( 27 ) XS*'* 

twO 

convergesj and that its sum is S. In order to justify this definition, 
it is necessary to show that the limit 5 is independent of the form 
of the curves C, L*et CJ, Cj, •••be another set of curves 

which recede indefinitely, and let SI be the sum of the elements 
inside the closed curve formed by C[ and the two boundaries. If m 
be assigned any fixed value, n can always be so chosen that the 
curve lies entirely outside of Hence S'^< 5,, and therefore 

< Sf for any value of m. Since S*„ increases steadily with m, it 
must approach a limit .S' < ^ as m becomes infinite. In the same 
way it follows that 6’ < S'. Hence S' = S. 

For example, the curve may be chosen as the two lines which 
form with the boundaries of the array a square whose side increases 
indefinitely with t, or as a straight line equally inclined to the two 
boundaries. The corresponding sums are, respectively, the following ; 

“+“• • nH H »0n) f 

«wi+(aio-f-aoi)*+*(aao + ®ii + «o 2)H + i H haoi.)* 

If either of these sums approaches a limit as n becomes infinite, the 
other will also, and the two limits are equal. 

The array may also be added by rows or by columns. For, sup- 
pose that the double series (27) converges, and let its sum be S. It 
is evident that the sum of any finite number of elements of the series 
cannot exceed s. It follows that each of the series formed of the 
elements in a single row 

(28) ■+• • • ’ , t = 0, 1, 2, ■ • •, 

converges, for the sum of the first w 4- 1 terms ^lo •+• a,i 4- * • • -h a.n 
cannot exceed .Sf and increases steadily with n. Let or, be the sum of 
the series formed of the elements in the »th row. Then the new series 

(29) 4- . -j- -I- — 

surely converges. For, let us consider the sum of the terms of the 
array Sa.jt for which i k^r. This sum cannot exceed 5, and 
increases steadily with r for any fixed value of p; hence it 
approaches a limit as r becomes infinite, and that limit is equal to 

(30) ,7^ -l_ o-j 4 . , . . 4 . 
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for anj fixed value of p. It follows that 0*0 + or| + • * • + ir, canuot 
exceed S and increases steadily with p. Consequently the series (29) 
converges, and its sum E is less than or equal to 5. Conversely, if 
each of the series (28) converges, and the series (29) converges to a 
sum 2, it is evident that the sum of any finite number of elements 
of the array (26) cannot exceed X Hence S<J&, and consequently 
S = -S. 

The argument just given for the series formed from the elements 
in individual rows evidently holds equally well for the series formed 
from the elements in individual columns. The sum of a convergent 
double series whose elements are all positive may be evaluated by 
rou)s^ by columns j or by means of curves of any form which recede 
indefinitely. In particular^ if the series converges when added by rows^ 
it will surely converge when added by columns^ and the sum will be the 
same, A number of theorems proved for simple series of positive 
terms may be extended to double series of positive elements. For 
example : if each of the elements of a double series of positive elements 
is less, respectively, than the corresponding elements of a known conr 
vergent double series, the first series is also convergent ; and so forth. 

A double series of positive terms which is not convergent is said 
to be divergent. The sum of the elements of the corresponding 
array which lie inside any closed curve increases beyond all limit 
as the curve recedes indefinitely in every direction. 

Let us now consider an array whose elements are not all positive. 
It is evident that it is unnecessary to consider the cases in which 
all the elements are negative, or in which only a finite number of 
elements are either positive or negative, since each of these cases 
reduces immediately to the preceding case. We shall therefore sup- 
pose that there are an infinite number of positive elements and an 
infinite number of negative elements in the array. Let a,^ be the 
general term of this array T, If the array of positive elements, 
each of which is the absolute value |a,t| of the corresponding element 
in T, converges, the array T is said to ^ absolutely convergent. Such 
an array has all of the essential properties of a convergent array of 
positive elements. 

In order to prove this, let us consider two auxiliary arrays T 
and T", defined as follows. The array T is formed from the array T 
by replacing each negative element by a zero, retaining the positive 
elements as they stand. Likewise, the array T* is obtained from 
the array T by replacing each positive element by a zero and chang- 
ing the sign of each negative element. Each of the arrays T and T" 
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converges whenever the array 7\ converges, for each element of T\ 
for example, is less than the corresponding element of . The sum 
of the terms of the series T which lie inside any closed curve is 
equal to the difference between the sum of the terms of 7'' which 
lie inside the same curve and the sum of the terms of which 
lie inside it. Since the two latter sums each approach limits as 
the curve recedes indefinitely in all directions, the first sum also 
approaches a limit, and that limit is independent of the form of 
the boundary curve. This limit is called the sum of the array T, 
The argument given above for arrays of positive elements shows 
that the same sum will be obtained by evaluating the array T by 
rows or by columns. It is now clear that an array whose elements 
are indiscriminately positive and negative, if it converges absolutely ^ 
may be treated as if it were a convergent array of positive terms. 
But it is essential that the series of positive terms be shown to 
be convergent. 

If the array T\ diverges, at least one of the arrays T' and T" diverges. If 
only one of them, T* for example, diverges, the other T" being convergent, the 
sum of the elements of the array T which lie inside a closed curve C becomes 
infinite as the curve recedes indefinitely in all directions, irrespective of the 
form of the curve. If both arrays T' and T" diverge, the above reasoning 
shows only one thing, — that the sum of the elements of the array T inside 
a closed curve C is equal to the difference between two sums, each of which 
increases indefinitely as the curve C recedes indefinitely in all directions. It 
may happen that the sum of the elements of T inside C approach different 
limits according to the form of the curves C and the manner in which they 
recede, that is to say, according to the relative rate at which the number of 
positive terms and the number of negative terms in the sum are made to increase. 
The sum may even become infinite or approach no limit whatever for certain 
methods of recession. As a particular case, the sum obtained on evaluating by 
rows may be entirely different from that obtained on evaluating by columns if 
the array is not absolutely convergent. 

The following example is due to Arndt.* Let us consider the array 



* Grunert’s Archiv^ Vol. XI, p. 319. 
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which contains an infinite number of pcMitire and an infinite number of negative 
eleinenta. Each of the series formed from the elements in a single row or from 
those in a single column converges. The sum of the series formed from the 
terms in the nth row is evidently 


1 

2 



1 

2n + l* 


Hence, evaluating the array (31) by rows, the result obtained is equal to the 
sum of the convergent series 

1+1 + ... + JL + ... 

23 2 * 2 “ + * ’ 


which is 1/2. On the other hand, the series formed from* the elements in the 
(p ^ l)th column, that is. 


1^ 

P 


_ ^ 

p + l 




converges, and its sum is 


p -1 P ^ -1 ^ 1 

p p + 1 p(p + 1 ) p + i 


fe)'-] 



Hence, evaluating the array (31) by columns, the result obtained is equal to the 
sum of the convergent series 




which is — 1/2. 

This example shows clearly that a double series should not be used in a 
calculation unless it is absolutely convergent. 


We shall also meet with double series whose elements are complex 
quantities. If the elements of the array (26) are complex, two other 
arrays 2'' and may be formed where each element of 7'' is the 
real part of the corresponding element of T and each element of T" 
is the coefficient of £ in the corresponding element of 7\ If the 
array 7\ of absolute values of the elements of T, each of whose 
elements is the absolute value of the corresponding element of T, 
converges, each of the arrays T' and T' converges absolutely, and 
the given array 7Ms said to be absolutely convergent. The sum of 
the elements of the array which lie inside a variable closed curve 
approaches a limit as the curve recedes indefinitely in all directions. 
This limit is independent of the form of the variable curve, and it 
is called the of the given array. The sum of any 8bsolute](y 
convergent array may also be evaluated by rows or by colu mn s* 
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170. An nbflolntely conTexgent doable series may be replaced by a sbn^ 
series formed from the same elements. It will be sufficient to show that the 
rectangles of the network (26) can be numbered in such a way that each rec- 
tangle has a definite number, without exception, different from that of any other 
rectangle. In other words, we need merely show that the sequence of natural 
numbers 

(62) 0, 1, 2, n, 

and the assemblage of all pairs of positive integers (i, k), where i ^0, Ai;>0, can 
be paired off in such a way that one and only one number of the sequence (82) 
will correspond to any given pair (i, k), and conversely, no number n corresponds 
to more than one of the pairs (i, Jb). Let us write the pairs (i, k) in order as 
follows ; 

( 0 , 0 ), ( 1 . 0 ), ( 0 . 1 ), ( 2 , 0 ), ( 1 , 1 ), ( 0 , 2 ), ... 

where, in general, all those pairs for which i + k r= n are written down after 
those for which i + k < n have all been written down, the order in whioh those 
of any one set are written being the same as that of the values of i for the various 
pairs beginning with (n, 0) and going to (0, n). It is evident that any pair (i, k) 
will be preceded by only tkjlnite number of other pairs. Hence each pair will 
have a distinct number when the sequence just written down is counted off 
according to the natural numbers. 

Suppose that the elements of the absolutely convergent double series SSoo; are 
written down in the order just determined. Then we shall have an ordinary series 

(83) Ooo + <*io + <*01 + <*ao + <*ii + <*o» + Uwo + <*n— i, i + • • • 

whose terms coincide with the elements of the given double series. This simple 
series evidently converges absolutely, and its sum is equal to the sum of the given 
double series. It is clear that the method we have employed is not the only pos- 
sible method of transforming the given double series into a simple series, since 
the order of the terms of the series (33) can be altered at pleasure. Conversely, 
any absolutely convergent simple series can be transformed into a double series 
in an infinite variety of ways, and that process constitutes a powerful instrument 
in the proof of certain identities.* 

It is evident that the concept of double series is not essentially different from 
that of simple series. In studying absolutely convergent series we found that 
the order of the terms could be altered at will, and that any Jlnite number of 
terms could be replaced by their sum without altering the sum of the series. 
An attempt to generalize this property leads very naturally to the introduction 
of double series. 

171. Multiple aeries. The notion of double series may be generalized. 
In the first place we may consider a series of elements with two 
subscripts m and n, each of which may vary from — oo to -h oo . 
The elements of such a series may be arranged in the rectangles of 
a rectangular network which extends indefinitely in all directions ; 


* Tannery, Introduction a la th4orie dea f<mctiona d^unc variable, p. 67. 
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it is evident that it may be divided into four double series of the 
type we have just studied. 

A more important generalization is the following. Let us consider 
a series of elements, of the type where the subscripts 

inj, ma, • • •, may take on any values from 0 to + oo, or from — ao 
to + but may be restricted by certain inequalities. Although no 
such convenient geometrical form as that used above is available 
when the number of subscripts exceeds three, a slight consideration 
shows that the theorems proved for double series admit of immediate 
generalization to multiple series of any order p. Let us first sup- 
pose that all the elements are real and positive. Let Sx 

be the sum of a certain number of elements of the given series, 
the sum of and a certain number of terms previously neglected, 
Sf the sum of and further terms, and so on, the successive sums 
^9 9 S ^9 ••• being formed in such a way that any particular 

element of the given series occurs in all the sums past a certain one. 
If approaches a limit S as n becomes infinite, the given series 
is said to be convergent, and ^ is called its sum. As in the case of 
double series, this limit is independent of the way in which the 
successive sums are formed. 

If the elements of the given multiple series have different signs 
or are complex quantities, the series will still surely converge if the 
series of absolute values of the terms of the given series converges. 

172. Generalization of Cauchy’s theorem. The following theorem, 
which is a generalization of Cauchy’s theorem (§ 161), enables us to 
determine in many cases whether a given multiple series is conver- 
gent or divergent. I^et y\x, y) be a function of the two variables x 
and y which is positive for all points (x, y) outside a certain closed 
curve r, and which steadily diminishes in value as the point (x, y) 
recedes from the origin.* Let us consider the value of the double 
integ^ral f f f(x, y) dx dy extended over the ring-shaped region between 
r and a variable curve C outside P, which we shall allow to recede 
indefinitely in all directions ; and let us compare it with the double 
series %f(in, n), where the subscripts m and n may assume any posi- 
tive or negative integral values for which the point (m, n) lies out- 
side the fixed curve F. Then the double series converges if the double 
integral approaches a limit, and conversely. 


• All that is necessary for the present proof is that/(zi, yi)^/(a!a» Vs) whenever 
a;i>sr2 ond tfi>y2 outside F. It is easy to adapt the proof to still more general 
hypotheses. — Trans. 
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The lines x = 0, a? = ± 1, a; = ± 2, • • ■ and y = 0, y ± 1, y = ± 2, • * • 
divide the region between T and C into squares or portions of squares. 
Selecting from the double series the term which corresponds to that 
corner of each of these squares which is farthest from the origin, it 
is evident that the sum n) of these terms will be less than the 

value of the double integral f ff(x,y)dxdi/ extended over the region 
between F and C. If the double integral approaches a limit as C 
recedes indefinitely in all directions, it follows that the sum of any 
number of terms of the series whatever is always less than a fixed 
number ; hence the series converges. Similarly, if the double series 
converges, the value of the double integral taken over any finite 
region is always less than a fixed number ; hence the integral 
approaches a limit. The theorem may be extended to multiple 
series of any order jo, with suitable hypotheses ; in that case the 
integral of comparison is a multiple integral of order p. 

As an example consider the double series whose general term is 
where the subscripts m and n may assume all integral 
values from oo to -h oo except the values m = n = 0. This series 
converges for /a > 1, and diverges for fx<l» For the double integral 


//(^ 

extended over the region of the plane outside any circle whose 
center is the origin has a definite value if /x > 1 and becomes 
infinite if ft<l (§133). 

More generally the multiple series whose general term is 

1 

(mf + »w| + h toP" ’ 

where the set of values = - - • = = 0 is excluded, con- 

verges if 2fju '>p,* 


IIT. SERIES OF VARIABLE TERMS UNIFORM CONVERGENCE 

173. Definition of uniform convergence. A series of the form 

(35) uo (x) + Ui (x) -f- h (x) H , 

whose terms are continuous functions of a variable x in an inter- 
val (a, b)y and which converges for every value of x belonging to 
that interval, does not necessarily represent a continuous function, 


*More general theorems are to be found in Jordan's Cours d* Analyse, Vol. 1, p. 163. 
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as we might be tempted to believe. In order to prove the fact we 
need only consider the series studied in § 4 : 

4- 4- =«* . 

^14-**^ (14-**)*+ •• + (14-**)-'^' 

which satishes the above conditions, but whose sum is discontinuous 
for X = 0. Since a large number of the functions which occur in 
mathematics are defined by series, it has been found necessary to 
study the properties of functions given in the form of a series. The 
first question which arises is precisely that of determining whether 
or not the sum of a given series is a continuous function of the 
variable. Although no general solution of this problem is known, 
its study has led to the development of the very important notion 
of uniform convergence. 

A series of the type (35), each of whose terms is a function of x 
which is defined in an interval (a, 6), is said to be uniformly con- 
vergent in that interval if it converges for every value of x between 
a and 6, and if, corresponding to any arbitrarily preassigned positive 
number e, a positive integer iV, independent of x, can be found such 
that the absolute value of the remainder of the given series 

^» = + 1 (®) +“»+»(*) H h (*) 4 

is less than € for every value of n ^ iV" and for every value of x 
which lies in the interval (a, h). 

The latter condition is essential in this definition. For any pre- 
assigned value of X for which the series converges it is apparent 
from the very definition of convergence that, corresponding to any 
positive number e, a number N can be found which will satisfy 
the condition in question. But, in order that the series should con- 
verge uniformly, it is necessary further that the same number JV 
should satisfy this condition, no matter what value of x be selected 
in the interval (a, b). The following examples show that such is not 
always the case. Thus in the series considered just above we have 

^»(*) = (1 + * =# 0 . 

The series in question is not uniformly convergent in the inter- 
val (0, 1). For, in order that it should be, it would be mcesaary 
(though not sufficient) that a number N exist, sucb that 

1 

(J 4-**)^ 
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for all values of a; in the interval (0, 1), or, what amounts to the 
same thing, that 

1 

Whatever be the values of JV and e, there always exist, however, 
positive values of x which do not satisfy this inequality, since the 
right-hand side is greater than unity. 

Again, consider the series defined by the equations 

5,(x)= nxe—^, So(x)=0, m,(*) = 5, — 5,_i, » = 1, 2, •• •. 

The sum of the first n terms of this series is evidently (ar), which 
approaches zero as n increases indefinitely. The series is therefore 
convergent, and the remainder It^(x) is equal to — In order 

that the series should be uniformly convergent in the interval (0, 1), 
it would be necessary and sufficient that, corresponding to any ai‘bi- 
trarily preassigned positive number e, a positive integer N exist such 
that for all values of 7 l> N 

< c, 0 < a; < 1 . 

But, if X be replaced by 1/n, the left-hand side of this inequality is 
equal to e”*/", which is greater than 1/e whenever m > 1. Since e 
may be chosen less than 1/e, it follows that the given series is not 
uniformly convergent. 

The importance of uniformly convergent series rests upon the 
following property: 

The sum of a series whose terms are contimwus functions of a 
variable x in an interval (a, h') and which converges uniformlg in that 
interval^ is itself a continuo'us function of x in the same interval. 

Let Xo be a value of x between a and by and let Xq + ^ be a value 
in the neighborhood of Xo which also lies between a and b. Let n 
be chosen so large that the remainder 

R. (*) = M. + 1 (») + M. +* (*) H 

is less than c/3 in absolute value for all values of x in the interval 
(a, 6), where c is an arbitrarily preassigned positive number. Letyi^x) 
be the sum of the given convergent series. Then we may write 

/(*) = ^(x) + R. (*) , 

whero ^(x) denotes the sum of the first ra + 1 terms, 

^(x) = Mo(x) + Uj (x) H h M,(x) . 
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Subtracting the two eqiialities 

y(«b) = ♦(*«) + «,(a!o) » 
y(pBo + A) = ^(*0 + A) + -EnC®* + A), 

we find 

C^(®o + A) — ^(®o)] + ^) — 

The number n was so chosen that we have 

l■R-(*o)|<§» i«.(*0+ A)|<|- 

On the other hand, since each of the terms of the series is a continu- 
ous function of x, <^( 2 b) is itself a continuous function of x. Hence 
a positive number rj may be found such that 

I ^(^0 H" A) — <^(«o)| < ^ 

whenever | A | is less than rj. It follows that we shall have, afartiorij 

|/(»o + A)-A*<.)I<3| 

whenever | A | is less than iy. This shows that f(x) is continuous 
for X == Xq. 

Note. It would seem at first very difficult to determine whether 
or not a given series is uniformly convergent in a given interval. 
The following theorem enables us to show in many cases that a 
given series converges uniformly. 

Let 

(36) (^) + ^1 (®) 4" • • * + 4“ • ' • 

be a series eeuch of whose terms is a continuous function of x in an 
interval (a, b), and let 

(37) Afo 4- A/i 4- • • • + Af, 4- • • 

be a convergent series whose terms are positive constants. Then^ 
if I I = values of X in the interval (a, b) and for all 

values of n, the first series (36) converges uniformly in the interval 
considered. 

VoT it is evident that we shall have 

l«»+i + ^.+* H Is ^.+1 + ^.+t + • •• 
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for all values of ^ between a and h. If N be chosen so large that 
the remainder of the second series is less than c for all values 
of n greater than we shall also have 

4" 4 I < 

whenever n is greater than N, for all values of x in the interval (a^ 6). 
For example, the series 

ATo 4- Mx sin x 4- sin 2x 4- • • • 4- sin n® 4- • • • , 

where Afg, Afi, Afg, • •• have the same meaning as above, converges 
uniformly in any interval whatever. 


174. Integration and differentiation of series. 

Any series of continuous functions which converges uniformly in an 
interval (a, li) may he integrated term by term, provided the limits of 
integration are finite and lie in the interval (a, bf 

Let ®o a-nd be any two values of x which lie between a and b, 
and let N be a positive integer such that |/J„(®)| < c for all values 
of X in the interval (a, b) whenever n ^ N, Let f(x) be the sum of 
the series 

f(x) — Uo (x) + «, (x) H + w, (x) H , 

and let us set 


f(x)dx^ I Uitdx — I Uidx —I u„dx = I R„dx. 

The absolute value of />„ is less than c | — ®o | whenever 71 ^ JV. 

Hence approaches zero as n increases indefinitely, and we have 
the equation 

r=^i r^x r^x 

f(x)dx= I Uo(x)dx + I (x) rf® -h . . • H- / 4- • • •. 

-Tp Jxq Jx^ Jxq 

Considering x© as fixed and x^ as variable, we obtain a series 



dx ^ 



which converges uniformly in the interval («, b) and represents a 
continuous function whose derivative is f(x)^ 
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Conversely^ any convergent series may be differentictted term by term 
if the resulting series converges uniformly,^ 

For, let 

f{x) = + Wi (a?) H h (x) H 

be a series which converges in the interval (a, h'). Let us suppose 
that the series whose terms are the derivatives of the terms of the 
given series, respectively, converges uniformly in the same interval, 
and let ^(x) denote the sum of the new series 




dug 

dx 


dux 

dx 



Integrating this series term by term between two limits Xq and x, 
each of which lies between a and b, we find 

«^(x) dx = [wo (^) — Wo (*o)] -h [wi (x) — Ux (Xo)] H 

or 

f 4>(x)dx =f(x) — /(Xo) . 

This shows that ^(x) is the derivative of f(x ) . 

Examples. 1) The integral 

Xx 

cannot be expressed by means of a finite number of elementary 
functions. Let us write it as follows : 



The last integral may be developed in a series which holds for all 
values of x. For we have 


a: ^1.2 


x^ x“-* 

12.3 ^ 


and this series converges uniformly in the interval from — R to -h 
no matter how large R be taken, since the absolute value of any 


• It is assumed in the proof also that each term of the new series is a continuous 
function. The theorem is true, however, in general. — Trans. 
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term of the series is less than the corresponding term of the oon^* 
vergent series 


1 + 


+ ••• + 




1.2 ' ^ 1.2 ..n " • 

It follows that the series obtained by term-by-term integration 

.1 iC" 




n 1 • 2 • • • n 


converges for any value of x and represents a function whose deriva- 
tive is (fl* — l)/x. 

2) The perimeter of an ellipse whose major axis Is 2a and whose eccentricity 
is e is equal, by § 1 12, to the definite integral 


\ = 4a ^ * Vl — e» sin3 ^ . 


The product e^sins ^ lies between 0 and e^(< 1). Hence the radical is equal to the 
sum of the series given by the binomial theorem 

VI — c* sin®^ = 1 — ^ e* sin^^ — c* sin* 0 — . . . 

2 2*4 


1 . 8 . 6 • . . (2n - 3) 
2 . 4 . 6 . . . 2n 


^••sin’**0 — . 


The series on the right converges uniformly, for the absolute value of each of 
its terms is less than the corresponding term of the convergent series obtained 
by setting sin 0=1. Hence the series may be integrated term by term ; and 
since, by § 116, 

r5sin*-0d0 = l ?- .5 ;- , (2n.:- l) w 
Jo ^ ^ 2.4.6...2n 2 

we shall have 


f * v'l — e^sin3 0 <f0 = — (l — — —e* — 

Jo 2l 4 04 


-[ 


1 . 8.6 


— - - 

266 
(2n - 8)-|a 


2.4.6--2n 


J*(2n-l)e9- 1. 


If the eccentricity e is small, a very good approximation to the exact value of the 
integral is obtained by computing a few terms. 

Similarly, we may develop the integral 

J^^Vl— c*Bin*0£l0 

in a series for any value of the upper limit 0. 

Finally, the development of Legendre^s complete integral of the first kind 
leads to the formula 

J» 2 L 2.4.6--2n 
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The definition of uniform convergence may be extended to series 
whose terms are functions of several independent variables. For 
example^ let 

«o(*i y) + »i (*. y) H — + «,(*, y) H — 

be a series whose terms are functions of two independent variables x 
and 7/, and let us suppose that this series converges whenever the 
point (Xy y) lies in a region JR bounded by a closed contour C. 
The series is said to be uniformly convergent in the region R if, 
corresponding to every positive number c, an integer N can be found 
such that the absolute value of the remainder is less than c 
whenever n is equal to or greater than Ny for every point (a?, y) 
inside the contour C. It can be shown as above that the sum of 
such a series is a continuous function of the two variables x and 
y in this region, provided the terms of the series are all continu- 
ous in R. 

The theorem on term-by-term integration also may be generalized. 
If each of the terms of the series is continuous in R and if f{Xy y) 
denotes the sum of the series, we shall have 


y)dxdy =J'J' «o(«j y)dxdy + //«• (x, y)dxdy 

^{Xyy^dxdy A , 


where each of the double integrals is extended over the whole inte- 
rior of any contour inside of the region R, 

Again, let us consider a double series whose elements are functions 
of one or more variables and which converges absolutely for all sets 
of values of those variables inside of a certain domain Z). Let the 
elements of the series be arranged in the ordinary rectangular array, 
and let R^ denote the sum of the double series outside any closed 
curve C drawn in the plane of the array. Then the given double 
series is said to converge uniformly in the domain Z> if correspond- 
ing to any preassigned number c, a closed curve K, not dependent 
on the values of the variables, can be drawn such that |i2e| < e for 
any curve C whatever lying outside of K and for any set of values 
of the variables inside the domain D. 

It is evident that the preceding definitions and theorems may be 
extended without difficulty to a multiple series of any order whose 
elements are functions of any number of variables. 



368 INFINITE SERIES [VIII, §175 

Kote. If a series does not converge uniformly, it is not always allowable to 
integrate it term by term. For example, let us set 

8n (x) = 7ixe-«^ , So(x) = 0 , u* (x) — Sn — Sn~\. n = 1 , 2 , • • • . 

The series whose general term is Un (x) converges, and its sum is zero, since Sn (x) 
approaches zero as n becomes infinite. Hence we may write 

/(x) = 0 = Ui (X) + ti 2 (x) + • • + (x) H , 

whence f^/ix) dx = 0, On the other hand, if we integrate the series term by 
term between the limits zero and unity, we obtain a new series for which the 
sum of the first n terms is 

j r* 1 f-g— njrS-il f 

^S,(x)dx = -[— 

which approaches 1/2 as its limit as n becomes infinite. 

175. Application to differentiation under the integral sign. The proof 
of the formula for differentiation under the integral sign given in 
§ 97 is based essentially upon the supposition that the limits Xq 
and X are finite. If A' is infinite, the formula does not always hold. 
Let us consider, for example, the integral 

J /' + *> 

f sin ax , rk 

I fij. ^ or > 0 , 

0 ^ 

This integral does not depend on or, for if we make the substitu- 
tion y = ax it becomes 

If we tried to apply the ordinary formula for differentiation to F(a)y 
we should find 

4- * 

[ cos ax dx 
0 

This is surely incorrect, for the left-hand side is zero, while the 
right-hand side has no definite value. 

Sufficient conditions may be found for the application of the 
ordinary formula for differentiation, even when one of the limits 
is infinite, by connecting the subject with the study of series. Let 
us first consider the integral 

which we shall suppose to have a determinate value (§ 90). Let 
ttj, Ug, - • - , a,,, - - • be an infinite increasing sequence of numbers, all 
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greater than a^, where becomes infinite with n. If we set 
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I j(^x)rfx, f/i=/ f(x;)dx, f/„=/ f(x)dx, 

«b •-'“l •>'«n 


the series 


^^0 + 4- 4- • - + 4- • ■ • 


converges and its sum is dxy for the sum of the first n terms 

is equal to JJ^f(p^)dx. 

It should be noticed that the converse is not always true. 
If, for example, we set 


/(«) = cosx, 
we shall have 


Uq — 0 , a-i — TT , 


= nTT, 




=/ 


(n + l>ir 


cos 5C rfx = 0 . 


Hence the series converges, whereas the integral f^^cosxdx ap- 
proaches no limit whatever as I becomes infinite. 

Now let f(x, a) be a function of the two variables x and a which 
is continuous whenever x is equal to or greater tlian and a lies 
in an interval (cto, ori). If the integTal f(x, a) dx approaches a 
limit as I becomes inhnite, for any value” of a, that limit is a 
function of a:, 


F(a 


' /(*, 
«0 


t)dXy 


which may be replaced, as we have just shown, by the sum of a 
convergent series whose terms are continuous functions of a : 


F(a) = i7o(ar) + (fr) -f • • • + 4- ■, 

Uo(a)= f f(x,a)dx, Ux{a) — f f(x, a^dx , 

•''“x 

This function F(c^ is continuous whenever the series converges uni- 
formly. By analogy we shall say that the integral f(x^ a)dx 
converges uniformly in the interval (oto, czi) if, corresponding to any 
preassigned positive quantity e, a number JV independent of a can 
be found such that | a')dx\<€ whenever 1>N, for any value 

of a which lies in the interval (a©, «i)-* If the integral converges 


♦ See W. F. OflOOOD, Annals of Mathematics, 2d series, Vol. Ill (1902), p. 129. - 
Trans, 
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nniformlj, the series will also. For if a. be taken greater tban N, 
we shall have 




f(x, a) dx 


< «; 


hence the function F(a) is continuous in this case throughout the 
interval (ao, aO- 

liet us now suppose that the derivative df/da is a continuous 
function of x and cc when x^a^ and ctQ<€x<a^, that the integral 




has a finite value for every value of a in the interval (aro, cri), and 
that the integral converges uniformly in that interval. The integral 
in question may be replaced by the sum of the series 


where 


J |£«*c = r„(a) + rj(«) + -.. + r.(a) + ..-, 


The new series converges uniformly, and its terms are equal to the 
corresponding terms of the preceding series. Hence, by the theorem 
proved above for the differentiation of series, we may write 


F* 



u 

da 


dx B 


In other words, the formula for differentiation under the integral sign 
still holds, provided that the integral on the right converges uniformly. 

The formula for integration under the integral sign (§ 123) also 
may be extended to the case in which one of the limits becomes 
infinite. Let f(x, a) be a continuous function of the two variables 
X and a, for x > ao, a ^ ai. If the integral a) dx is uni- 

formly convergent in the interval (a^, ai), we shall have 


pa, ✓»4.o6 

I dx L f(x,a)da=: I da I f(x,a)dx. 

“o •^‘*0 


To prove this, let us first select a number I > ao; then we shall 
have 
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As I increases indefinitely the right-band side of this equation 
approaches the double integral 



f(x, a)dx, 


for the difference between these two double integrals is equal to 



f(x, a)dx. 


Suppose N chosen so large that the absolute value of the integral 
a)dx is leas than c whenever I is greater than Ny for any 
value of O' in the interval (aro> Then the absolute value of the 

difference in question will be less than c | cri — «© [ » and therefore it 
will approach zero as I increases indefinitely. Hence the left-hand 
side of the equation (B) also approaches a limit as I becomes infi- 
nite^ and this limit is represented by the symbol 


I dx I 


f(Xy a) da. 


This gives the formula (A) which was to be proved-* 


176. Examples. 1) Let us return to the integral of § 91 : 

F{a)= f 

Jo ® 

where a is positive. The integral 



+ « 

e-** sinx 


dx, 


* The formula for differentiation may be deduced easily from the formula (A). For, 
suppose that the two functions /(*, a) and (a:, a) are continuous for ao<a<a:i, 
X ^ oo; that the two integrals Fia) — f„^ */(x, a)dz and ^(a) = */* (*, a) dx have 

finite values; and that the latter converges uniformly in the interval (oto, a^). From 
the formula (A), if a lies in the interval (ao, ori), we have 

X a /• + » ^ + ao pa 

r /«(*, W)dx=/ dx I /u(x,u)du, 

0 *^**0 •'“o 

where for distinctness a has been replaced by u under the integral sign. But this 
formula may be written in the form 

r #(t*) die = r ^ /(x, a) dx — r /(x, ao) dx = F(a) — F{a^ , 

•'«© •'**0 

whence, taking the derivative of each side with respect to a, we find 

F"(a) = ^(a). 
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obtained by differentiating under the integral sign witb respect to a, converg^BS 
uniformly for all values of cr greater than an arbitrary positive number k. For 
we have 

sin X dasj ^ «-«*dx = 

and hence the absolute value of the integral on the left will be less than e for all 
values of a greater than i:, if 2 > where N is chosen so large that ke^^ > 1/e. 
It follows that 

F'{a) = — r sin x dx . 

•/o 


The indefinite integral was calculated in § 119 and gives 


whence we find 


F'ia) = 


g-tf* ^cos X + or sin x) 

1 + 

F(<jr) = C — arc tan ct , 


Jo 1-k- ct^ 


and the constant C may be determined by noting that the definite integral Fia) 
approaches zero as tz becomes infinite. Hence C = and we finally find the 
formula 


(38) 



sin X - ^1 

aa: fix = arc tan — . 

X a 


This formula is established only for positive values of o', but we saw in § 91 that 
the left-hand side is the sum of an alternating series whose remainder Jtn is always 
less than 1/n. Hence the series converges uniformly, and the integral is a con- 
tinuous function of or, even for a = 0. As ct approaches zero we shall have in 
the limit 


(39) 

2) If in the formula 



sinx 

X 



X 




e-^dx = 

0 2 


of § 134 we set x = y Vo", where or is positive, we find 


(40) 


x: 


or-*, 

2 


and it is easy to show that all the integrals derived from this one by successive 
differentiations with respect to the parameter ct converge uniformly, provided 
that or is always greater than a certain positive constant k. From the preceding 
formula we may deduce the values of a whole series of integrals : 


I Jo 1 


( 41 ) 


2* 




X -t* 60 1 ^ 

y4 e-^dy = 4 , 

r" V”e-.^dy = . vi. 

•nt 2” + ' 


2 « + > 
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By combining these an infinite number of other integrals may be evaluated. 
We have, for example. 


X "*" * 

e- cos 


2^dy — r H + • • -J 

/• + - r'^° 

= / a-«»*dy— J 

•'» Jo 

a 


e-.^<?ft')*dy. 

1.2 




1 . 2 ■ ■ ■ 2n 

All the Integrals on the right have been evaluated above, and we find 


r‘*^*e-ary»co8 2^ydy = ^ ^ 

Jo 2 \ « 1 . 2 2 


y/ir or- 1 

T" 


+ (-!)> 


(2/3)*» Vtt 1.3.6. .(2n-l)^-*»^J 
1.2.3. •.2n 2 ' 2»' ^ 8 +. 


or, simplifying, 

/* + ® 1 jjg 

(42) J e- cos 2^y dy = - e « . 


EXERCISES 

1. Derive the formula 

-J- ^ [x« (log*)"] = 1 + Si log* + ^ (log*)* + . • • + f" - (log*)-, 

where denotes the sum of the products of the first n natural numbers taken p 

at a time. [MwBPHy.] 

[Start with the formula 


^ r, 1 . o:®(logx)* , , a:»(logx)» “| 

x» + « = x«| 1 + a logx + — T 2~ ^ I 2 ~ ’ ’ ~ n ' J 

and differentiate n times with respect to x.] 


2. Calculate the value of the definite integral 


r 


1 — e-'* 


dx 


by means of the formula for differentiation under the integral sign. 


3. Derive the formula 



[First show that dl/da = — 21, ] 


e! 

xs dx = € 

2 





874 

INFINITE SERIES 

[VIII, Eza 

4. Derive the formula 



I. 

va 


by making use of the preceding ezerciee. 


6. From the relation 



derive the formula 

^1 1 z^dx 

e.-r 




CHAPTER IX 


POWER SERIES TRIGONOMETRIC SERIES 

In this chapter we shall study two particularly important classes 
of series — power series and trigonometric series. Although we shall 
speak of real variables only, the arguments used in the study of 
power series are applicable without change to the case where the 
variables are complex quantities, by simply substituting the expres- 
sion modulus or absolute value (of a complex variable) for the expres- 
sion absolute value (of a real variable).* 


I. POWER SERIES OF A SINGLE VARIABLE 


177. Interval of convergence. Let us first consider a series of the form 


(1) A -f“ ^2 A® + ■ ■ • 4“ A'** 

where the coefficients Ao, **• are all positive, and where 

the independent variable X is assigned only positive values. It is 
evident that each of the terms increases with A. Hence, if the 
series converges for any particular value of A, say Ai, it converges 
a fortiori for any value of A less than A^. Conversely, if the series 
diverges for the value Aj, it surely diverges for any value of A 
greater than Aj. We shall distinguish the following cases. 

1) The series (1)* may converge for any value of A whatever. 
Such is the case, for example, for the series 



A* 

1.2 


4-. ..4. 


A** 


1.2 


2) The series (1) may diverge for any value of A except A = 0 
The following series, for example, has this property: 

1 4 A -f 1 . 2 A* + -.41.2.3 - - »A" H . 

3) Finally, let us suppose that the series converges for certain 
values of A and diverges for other values. Let Aj be a value of A 
for which it converges, and let be a value for which it diverges. 


* See Vol. II, §§ 260-275. —Tbans. 
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From the remark made above, it follows that Xi is less than Tho 
series converges if X<Xi, and it diverges if X > X^* The only 
uncertainty is about the values of X between Xj and A'a, But all 
the values of X for which the series converges are less than X^, and 
hence they have an upper limit, which we shall call H. Since all tho 
values of X for which the series diverges are greater than any value 
of X for which it converges, the number R is also the lower limit of 
the values of X for which the series diverges. Hence the series (1) 
diverges for all values of X greater than R, and converges for all values 
of X less than R. It may either converge or diverge when X = R. 

For example, the series 

l-hX-fX*H hX"H 

converges if X <1 1, and diverges if X ^ 1. In this case = 1. 

This third case may be said to include the other two by suppos- 
ing that R may be zero or may become infinite. 

Let us now consider 2 ^ power seriesy i.e. a series of the form 

(2) flto + + a^x^ H H- 4- • ■ 

where the coefficients a, and the variable x may have any real values 
whatever. From now on we shall set = | a, | , X = | x | . Then the 
series (1) is the series of absolute values of the terms of the series (2). 
Let R be the number defined above for the series (1). Then the 
series (2) evidently converges absolutely for any value of x between 
— R and 4- /?, by the very definition of the number R. It remains 
to be shown that the series (2) diverges for any value of x whose 
absolute value exceeds R. This follows immediately from a funda- 
mental theorem due to Abel : * 

If the series (2) converges for any particular value Xq , it converges 
absolutely for any values of x whose absolute value is less than (xo|. 

In order to prove this theorem, let us suppose that the series (2) 
converges for x = Xq, and let M be a positive number greater than 
the absolute value of any term of the series for that value of x. 
Then we shall have, for any value of n, 

-^.1*01“ < ■M'. 

and we may write 


• Recherche sur la aerie 14 - ^ 2 ** ' 


1.2 
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It follows that the series (1) converges whenever ^<|a?p|, which 
proves the theorem. 

In other words, if the series (2) converges for x = Xo, the series (1) 
of absolute values converges whenever X is less than |aJo). Hence 
|arol cannot exceed H, for 72 was supposed to be the upper limit of 
the values of X for which the series (1) converges. 

To sum up, given a power series (2) whose coeihcients may have 
either sign, there exists a positive number R which has the follow- 
ing properties : 7V/e series (2) converges absohttely for any value of x 
between — li and -f 7?, and diverges for any value of x whose absolute 
value exceeds R. The interval (— R, 4- 7^) is called the interval of 
convergeihce. This interval extends from — oo to + «> in th^ case in 
which R is conceived to have become infinite, and reduces to the 
origin if R = 0. The latter case will be neglected in what follows. 

The preceding demonstration gives us no information about what 
happens when a; = 7i or a; = — 72. The series (2) may be absolutely 
convergent, simply convergent, or divergent, hor example, 72 = 1 
for each of the three series 


1 + 
1 + 


X 

X 

1 



+ x^-\ -f ir- H , 



, X" 

“b TT "b • ‘ 

* H 

2 

n 

X* 



■ • H — ^ 
n^ 


for the ratio of any term to the preceding approaches x as its limit 
in each case. The first series diverges for x = ±1. The second 
series diverges for x = 1, and converges for x — 1. The third con- 
verges absolutely for x = ±1. 

l^ote. The statement of Abel’s theorem may be made more general, 
for it is sufficient for the argument that the absolute value of any 
term of the series 

Uq 4- 4- • • • 4- -b • • • 

be less than a fixed number. Whenever this condition is satisfied, 
the series (2) converges absolutely for any value of x whose absolute 
value is less than |X(j|. 

The number 72 is connected in a very simple way with the number w defined 
in § 160, which is the greatest limit of the sequence 

A\^ Vida, V-d#, •••, VA„, •••. 


For if we consider the analogous sequence 




• * *» 
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it is evident that the greatest limit of the terms of the new sequence is The 

sequence (1) therefore converges if JT < l/w« and diverges if X > l/a» ; hence 
B = !/«.* 

178. Continuity of a power series. Let f(x) be the sum of a power 
series which converges in the interval from — B to + B, 

(3) “i" * ‘ * + + * • * ^ 

and let B' be a positive number less than B. We shall first show 
that the series (3) converges uniformly in the interval from — B' 
to -h B'. For, if the absolute value of x is less than R\ the 
remainder B„ 

B„ = + + ^ -!-••• + + • • • 

of the series (3) is less in absolute value than the remainder 

of the corresponding series (1). But the series (1) converges for 
A = B', since B'<B. Consequently a number N may be found 
such that the latter remainder will be less than any preassigned 
positive number c whenever N, Hence | B,^ | < c whenever n'^ N 
provided that |5c| < B'. 

It follows that the sum f(x) of the given semes is a continuous 
function of x for all values of x between — B and *4- For, let a;© 
be any number whose absolute value is less than B. It is evident 
that a number IV may be found which is less than B and greater 
than (5Co|. Then the series converges uniformly in the interval 
(— B', -h B'), as we have just seen, and hence the sum f[x) of the 
series is continuous for the value a?©, since x^ belongs to the interval 
in question. 

This proof does not apply to the end points -f- B and — B of the 
interval of convergence. The function /*(x) remains continuous, 
however, provided that the series converges for those values. 
Indeed, Abel showed that if the series (3) converges for x = R, its 
sum for x = R is the limit which the sum fix') of the series approaches 
as X approaches R through values less than B.f 

Let S be the sum of the convergent series 

S = <1.0 ai R “h <<2 H“ * ’ ' “f" ®n “f* * * * > 

•This tlieorem was proved by Cauchy Id his Cours d * Analyse. It was rediscovered 
by Hadamard in his tliesis. 

t As stated above, these theorems can be immediately generalized to the ease of 
series of ima^nary terms. In this case, however, care is necessary in formulating 
the generalization. See Vol, II, §2(10. — Trans. 
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and let » be a positive integer such that any one of ilie sums 

••• 

is less than a preassigned positive number e. If we set x = R$^ and 
then let 6 increase from 0 to 1, os will increase from 0 to iZ, and we 
shall have 

f(x) =f(BR) = tto + a^BR 4- a^B^R^ H + a^B^R^ H . 

If n be chosen as above, we may write 

'S -/(x) = a^R(l - d) + a^R^(l _ *) + ... + - B*) 

( 4 ). + + 

— + + + * , 

and the absolute value of the sum of the series in the second line can- 
not exceed c- On the other hand, the numbers + + p 

form a decreasing sequence. Hence, by Abel’s lemma proved in § 76, 
we shall have 

+ + ••• + + e. 

It follows that the absolute value of the sum of the series in the 
third line cannot exceed €. Finally, the first line of the right-hand 
side of the equation (4) is a polynomial of degree n in ^ which 
vanishes when 0=1. Therefore another positive number rj may be 
found such that the absolute value of this polynomial is less than c 
whenever B lies between 1 — rj and unity. Hence for all such values 
of B we shall have 

\S^f{x)\<3e, 

But € is an arbitrarily preassigned positive number. Hence f(x) 
approaches 5 as its limit as x approaches R. 

In a similar manner it may be shown that if the series (3) con- 
verges for X = — R, the sum of the series for x = — R is equal to 
tlie limit which ,f(x) approaches as x approaches — R through values 
greater than — R. Indeed, if we replace os by — x, this case reduces 
to the preceding. 

An application. This theorem enables us to complete the results of § 108 
regarding the multiplication of series. I^et 

(6) S = Uo + «i + U 2 + • • • + u„ -h . • • , 

(6) S' = Uo + + • * • + + • * • 

be two convergent series, neither of which converges absolutely. The series 

(7) UqVq -f (uoVi + Ml Wo) H + (MoV*. + • • • + UuVq) h 
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may converge or diverge. If It oonvergee, its earn Z ia equal to the product of 
the sums of the two given series, i.e. Z = For, let us consider the three 

power series 

/(x) = Uo + UiX + h u»x» -I , 

0(x) = Vo -4“ ViX + • * * + Ui*®* + • • • t 

^(x) = ttoVo + (UoVl + uit)o)x H- 1- <140»* + •• • + tt»Vo)x*» H . 

Each of these series converges, by hypothesis, when x = 1. Hence each of them 
converges absolutely for any value of x between — 1 and + 1. For any such 
value of X Cauchy *8 theorem regarding the multiplication of series applies and 
gives us the equation 

(8) /(x)0(*) = y<(x). 

By AbePs theorem, as x approaches unity the three functions /(x), ^(x), ^(x) 
approach S, S\ and Z, respectively. Since the two sides of the equation (8) 
meanwhile remain equal, we shall have, in the limit, Z = SS'. 

The theorem remains true for series whose terms are imaginary, and the proof 
follows precisely the same lines. 

179. Successive derivatives of a power series. If a power series 


/(*) = «o + H h a.*" H 


which converges in the interval (— 12, -t- /f) be differentiated term 
by term, the resulting power series 

(9) ttj 2aaX -!-••• + na„a5"~^ 

converges in the same interval. In order to prove this, it will be 
sufficient to show that the series of absolute values of the terms of 
the new series, 

Ar -h 2A^X -h . . . + » -h • • •, 

where A, = |a^| and X = jx|, converges for X < B and diverges for 
-Y > i2. 

For the first part let us suppose that X < 72, and let 72' be a num- 
ber between X and 72, X < C R, Then the auxiliary series 


H' ^ R' R'^ R’ \R'/ ^ ^ R' \R7 


converges, for the ratio of any term to the preceding approaches 
X/R\ which is less than unity. Multiplying the successive terms 
of this series, respectively, by the factors 


AiR*, A^R*^, 


’ * * > 


A.R'’' 


* ■ ■> 
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each of which is less than a certain fixed number, since i?' < Ry we 
obtain a new series 


A^^2A^X H 

which also evidently converges. 

The proof of the second part is similar to the above. If the series 
A 1 “J" 2 A 2 1 “f” * • * "I" tiA ,, .^7 * ‘ f 

where -Yi is greater than /2, were convergent, the series 
4- 2A^Xl H h n^^A'7 H 

4- w 

would converge also, and consequently the series would con- 

verge, since each of its terms is less than the corresponding term of 
the preceding series. Then Jl would not be the upper limit of the 
values of X for which the series (1) converges. 

The sumy*i(:r) of the series (9) is therefore a continuous function 
of the variable x inside the same interval. Since this series con- 
verges uniformly in any interval (— /?'), where R^ <C R,/i(x') 

is the derivative of ^(a?) throughout such an interval, by § 174. 
Since R' may be chosen as near R as we please, we may assert that 
the function /(a;) possesses a derivative for any value of x between 
— R and + R, and that that derivative is represented by the series 
obtained by differentiating the given series term by term : * 


(10) f(^x) = tti + 2a3a; + h -h • •• 

Repeating the above reasoning for the series (10), we see that/(x) 
has a second derivative, 

f*'(x) = 2a3 -h Ga^x -!-••• + n(n — 1) 4- ■ ■ 
and so forth. The function possesses an unlimited sequence of 
derivatives for any value of x inside the interval ( — i2, 4 R), and 
these derivatives are represented by the series obtained by differen- 
tiating the given series successively term by term : 


(11) = 1,2 na^ 4 2.3 •.>^(7t 4l)a„ + i3P 4 

If we set X = 0 in these formulae, we find 


^0 =/(0), 

or, in general, 


=/'(0), 0, = -^^, 


1 2 • • TO 


* Although the corresponding theorem is true for series of imaginary terms, the 
proof follows somewhat different lines. See Vol. II, § 2S6. — Trans. 
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The development of f(x) thus obtained is identical with the develop- 
ment given by Maclaurin^s formula : 

/(*) + f /'(O) + + • • ■ + - 


The coefficients a©, ai, • a.,, ••• are equal, except for certain 

numerical factors, to the values of the function /(x) and its succes- 
sive derivatives for sc = 0. It follows that no function can have two 
distinct developments in power series. 

Similarly, if a power series be integrated term by term, a new 
power series is obtained which has an arbitrary constant term and 
which converges in the same interval as the given series, the given 
series being the derivative of the new series. If we integrate again, 
we obtain a third series whose first two terms are arbitrary \ and so 
forth. 


Examples. 1) The geometrical progression 

1 — sc -h iC® — -I h (— 1)"X- -I , 

whose ratio is — sc, converges for every value of x between — 1 and 
-4-1, and its sum is 1/(1 -I- x). Integrating it term by term between 
the limits 0 and sc, where |sc| <1, we obtain again the development 
of log (1 -h sc) found in § 49 : 


log (1 + *) = I 





n +1 


H . 


This formula holds also for sc = 1, for the series on the right con- 
verges when X = 1. 

2) For any value of sc between — 1 and -Hi we may write 
= 1— H h (- H 


Integrating this series term by term between the limits 0 and x, 
where |x| < 1, we find 


X X® X® 

arc tan x = — — — + 

loo 




a:*"-*-* 
2n +1 


-H . . .. 


Since the new series converges for x = 1, it follows that 


TT 

4 


= 1 — 



1 

5 


1 

7 


(-1)“ 


2n+l 
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3) Liet F(x') be the sum of the convergent series 


m(m — 


m(m — 1) - • ■ (tn, — ^>+1) 


where m is any number whatever and jx| < 1. Then we shall have 


= m 


^ , m — 1 
1 H — X 


— 1) ■ (m — jp 4-1] 


pp-i ^ 


Let us multiply each side by (1 4 - a:) and then collect the terms in 
like powers of x. Using the identity 

(w— !)• • -(w— jp-hl) (m —!)•• -(?»—/?) 1) • • • (w— JP4-1) 

1 . 2 ...(; 9 - 1 ) 1.2-. p ” 1,2 ..p 

which is easily verified, we find the formula 


(1 4- x)FXx) 


F-i . ^ 


1.2 * 


m(rn — 1) 


1,2 p 


- 4- •• 


(1 x)F'(x} = mF(x), 

From this result we find, successively, 

JP^(x) _ m 
F(x) l-|-x^ 

log [i^(5c)] = m log (1 4- a?) 4- log C, 
or 

F(x) = C(1 + x)”*. 

To determine the constant C we need merely notice that F(0) = 1. 
Hence C = 1. This gives the development of (1 H- x)"* found in § 50 : 

4) Replacing x by — x* and m by —1/2 in the last formula above, 
we find 


1 

Vl-x« 


= 1+2** 


1 . 3 ■ 5 • • ■ (2w - 11 
2 . 4 . 6 • • • 2 « 


This formula holds for any value of x between — 1 and 4* 1* Inte- 
grating both sides between the limits 0 and x, where j x | <C 1, we 
obtain the following development for the arcsine : 

X 1 x» 1 . 3 X® ^ 1.3.5 - (2n-l) . 


X lx* 1 . 3 X® 
arcsm* = 5- + - 3 +^5 


2 . 4 . 6 ' " 2?^ 2» + 1 
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180, Extension of Taylor’s series. Let^(a;) be the sum of a power 
series which converges in the interval ( — a* point inside 

that interval, and Xq+ h another point of the same interval such 
that ja^ol 4-| A[ < R. The series whose sum is /(x^ + A), 

flo H- ^i(aco -H A) 4- aa(a5o 4- A)^ H 4- CLnip^t} 4- A)» H , 

may be replaced by the double series obtained by developing each 
of the powers of (x^ 4- A) and writing the terms in the same power 
of A upon the same line : 


( 12 ) 


ao + aiXo+ ajxJ + 

4" A 4“ 2 ttg Xq a 4" 
4“ 4“ 


4- 

+ n a, 

+ 1.2 ’ 


xS->A 




This double series converges absolutely. For if each of its terms 
be replaced by its absolute value, a new double series of positive 
terms is obtained : 


(13) 


Aa+Ai\Xo\+ A,\x„ 

All h I ^A^ I Xq 


|A| + • 
+ • 
+ • 


+ ^nl*«l“ 

+ It Ajx,'"-^ 
n(n — l) 

1.2 


oi |A| +• 


‘0 


If we add the elements in any one column, we obtain a series 


-^0 4- 4 1 [ 1 Xq I -i- 1 A I ] 4- • • • 4- [ I Xo I 4- 1 A j ]" 4- • • • 

which converges, since we have supposed that \x^\-\-\h \ C. R. Hence 
the array (12) may be summed by rows or by columns. Taking 
the sums of the columns, we obtain /(x^ 4- A). Taking the sums 
of the rows, the resulting series is arranged according to powers of 
A, and the coefficients of A, A*, • • • are /’'(xq), f^\x^/2 ! , * ■ respec- 
tively. Hence we may write 

(14) /(X. + A) =/(xo) + |/'(x,) + ■ . • + ^ + • • •, 

if we assume that fh\< R — jxoj. 

This formula surely holds inside the interval from — i? 4-|X(,| 
to Xo4- E — |xo|, but it may happen that the series on the right 
converges in a larger interval. As an example consider the function 
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(1-4- ac}”*, where m is not a positive integer. The development 
according to powers of x holds for all values of x between — 1 and 
-4-1. Let Xq be a value of x which lies in that interval. Then we 
may write 

(l + x)“ = (1+ *0 + X — Xo)” = (1-f- Xo)“(l + *)", 

where 

a; — xo 

» ^ — — — ■ ■ » 

1 + aJo 

We may now develop (1 -f- «)*" according to powers of z, and this 
new development will hold whenever | « | < 1, i.e. for all values of x 
between — 1 and 1 -|- 2xq. If Xq is positive, the new interval will be 
larger than the former interval (— 1 , + 1 ). Hence the new formula 
enables us to calculate the values of the function for values of the 
variable which lie outside the original interval. Eurther investiga* 
tion of this remark leads to an extremely important notion, — that 
of analytic extension. We shall consider this subject in the second 
volume. 

Note. It is evident that the theorems proved for series arranged 
according to positive powers of a variable x may be extended immedi- 
ately to series arranged according to positive powers of x — a, or, 
more generally still, to series arranged according to positive powers 
of any continuous function <^(x) whatever. We need only consider 
them as composite functions, ^(x) being the auxiliary function. 
Thus a series arranged according to positive powers of 1/x con- 
verges for all values of x which exceed a certain positive constant in 
absolute value, and it represents a continu ous fun ction of x for all 
such values of the variable. The function "v^x* — a, for example, may 
be written in the form ± x(l — a/x®)^ The expression (1 — a/x*)* 
may be developed according to powers of 1/x* for all values of x 
which exceed in absolute value. This gives the formula 


which constitutes a valid development of a/x* — a whenever x >• "sfa. 
When X <C — v^, the same series converges and represents tlie func 
tion — Vx* — a. This formula may be used advantageously to obtain 
a development for the square root of an integer whenever the first 
perfect square which exceeds that integer is known. 




1 . 2 . 3 - - ■ (2p — 3) 

2.4.6 -2p x*>*" 
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181. Dominant functions. The theorems proved above establish a 
close analogy between polynomials and power series. Let (— r, -4- r) 
be the least of the intervals of convergence of several given power 
series /i(x), / 2 (®)> •*> /«(*)• When |aj|<r, each of these series 
converges absolutely, and they may be added or multiplied together 
by the ordinary rules for polynomials. In general, any integral poly- 
nomial in /i (x), /a («), {x) may be developed in a convergent 

power series in the same interval. 

For purposes of generalization we shall now define certain expres- 
sions which will be useful in what follows. Let f(x) be a power 
series 

/(x) = Oo -h a^x -h a^x^ H h H , 

and let ^(x) be another power series with positive coefficients 
= o'o a^x + araX® -f- 1- a^X*^ H 

which converges in a suitable interval. Then the function ^(x) is 
said to dominate* the function /(x) if each of the coefficients is 
greater than the absolute value of the corresponding coefficient of 

|ao|<«0> '••• 

Foincar^ has proposed the notation 

/(«) < 

to express the relation which exists between the two functions /(x) 
and <^(x). 

The utility of these dominant functions is based upon the fol- 
lowing fact, which la an immediate consequence of the definition. 
Let F(aoj ®n) a polynomial in the first to -f 1 coefficients 

of /(x) whose coefficients are all real and positive. If the quanti- 
ties tto, ai, •••, be replaced by the corresponding coefficients of 
it Is clear that we shall have 

a,)|<P(aro, OTi, •••, ar„). 

For instance, if the function 0(x) dominates the function ./(x), 
the series which represents [^(x)]* will dominate [yCx)]®, and so 
on. In general, will dominate [^x)]". Similarly, if and 

are dominant functions for f and , respectively, the product 
will dominate the product ffi ; and so forth. 


•This expression will be used as a translation of the phrase “ ^(a:) est majorante 
pour la f onction /(a;) . ” Likewise, “dominant functions “ will be used for “ fonctions 
majorantes." — Tbanb. 
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Given a power series/^aj) which converges in an interval (— JR, -1- H), 
the problem of determining a dominant function is of course indeter- 
minate. But it is convenient in what follows to make the domi- 
nant function as simple as possible. Let r be any number less than 
R and arbitrarily near R. Since the given series converges for as = r, 
the absolute value of its terms will have an upper limit, which we 
shall call A/. Then we may write, for any value of n, 


Af 

Hence the series 

M+ M- + ■ 
r 


or = 

A/a?" _ M 


whose general term is dominates the given function f(x)- 

This is the dominant function most frequently used. If the series 
y(a?) contains no constant term, the function 


JM 



r 


— M 


may be taken as a dominant function. 

It is evident that r may be assigned any value less than R, and 
that Af decreases, in general, with r. But M can never be less than 
Aq. If ^0 is not zero, a number p less than R can always be found 
such that the function Ajil — x/p) dominates the function 
For, let the series 

r T* r 


where A/ > be a first dominant function. If p be a number less 
than tAq/M and n^l, we shall have 

whence ] | < -4. . On the other hand, \a„\= A„. Hence the series 
-do + >4o p + -^0 ^ H -^0 ^ H 

dominates the function f{x). We shall make use of this fact pres- 
ently. More generally still, any number whatever which is greater 
than or equal to A,, may be used in place of M. 
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It may be shown in a similar manner that if Oq as 0^ the function 



is a dominant fimction, where /a is any positive number whatever. 


The knowledge of a geometrical progression which dominates the func- 
tion f{x) also enables us to estimate the error made in replacing the function 
/(x) by the sum of the first n + 1 terms of the series. If the series M/{\ — x/r) 
dominates /(x), it is evident that the remainder 

a«4.iX" + ‘ + + * + • • • 


of the given series is less in absolute value than the corresponding remainder 
jlf . A 

of the dominant series. It follows that the error in question will be less than 

„(r 


182. Substitution of one series in another. Let 

(16) X =/(y) = ao 4- -i h H 

be a series arranged according to powers of a variable y which con- 
verges whenever | y | < R- Again let 

(16) y == ^{x) = 4* hyx -I 1- H 

be another series, which converges in the interval (— r, -f- r). If 
y» y®, • • • in the series (15) be replaced by their developments in 
series arranged according to powers of x from (16), a double series 

4 " 4 “ <*-2 ^0 4 - • • * - f - 4 " • ' * 

2(rg h^h^x 4” * * • 4* h^x -b ■ * * 

4 - 4 - a ,( 6 f 4 - 2bob^)x^ 4 - 

4- 

is obtained. We shall -now investigate the conditions under which 
this double series converges absolutely. In the first place, it is 
necessary that the series written in the first row, 


ao4-<»x6o4-aa*SH , 
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should converge absolutely, i.e* that | bo | should be less than R* This 
condition is also sufficient. For if it is satisfied, the function ^(aj) 
will be dominated by an expression of the form w/(l — a;/p), where 
m is any positive number greater than |6o| and where p < r. We 
may therefore suppose that m is less than R, Let R* be another 
positive number which lies between m and R, Then the function 
is dominated by an expression of the form 


M 






If y be replaced by wt/(l — ic/p) in this last series, and the powers 
of y be developed according to increasing powers of * by the binomial 
theorem, a new double series 


(18) 


M -At M 


4- M 


© 


R' f> 


4- n.M\ 


(?)■ 

©■ 



is obtained, each of whose coefficients is positive and greater than 
the absolute value of the corresponding coefficients in the array (17), 
since each of the coefficients in (17) is formed from the coefficients 
ao, • * *1 ^ 2 ^ • • • by means of additions and multiplications 

only. The double series (17) therefore converges absolutely pro- 
vided the double series (18) converges absolutely. If ac be replaced 
by its absolute value in the series (18), a necessary condition for abso- 
lute convergence is that each of the series formed of the terms in any 
one column should converge, i.e. that |a:| < p. If this condition be 
satisfied, the sum of the terms in the {n + l)th column is equal to 



Then a further necessary condition is that we should have 

m < A'^1- 

or 

(19) 


• The case in which the series (15) converges for (see § 177) will be neglected 

in what follows. — Trans. 
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Since this latter condition includes the former, |x| < p, it follows 
that it is a necessary and sufficient condition for the absolute con- 
vergence of the double series (18). The double series (17) will 
therefore converge absolutely for values of x which satisfy the 
inequality (19). It is to be noticed that the series <Kx) converges 
for all these values of x, and that the corresponding value of y is 
less than R' in absolute value. For the inequalities 


, , , V, ^ rn M ^ 1 

rnii’ p 

p 

necessitate the inequality | ^(o;) | < R*, Taking the sum of the series 
(17) by columns, we find 

ao -h ai<^(x) -h a2l^(x)Y H h a„[i^(j;)]’* H , 


that is, y^^(jc)]* On the other hand, adding by rows, we obtain a 
series arranged according to powers of x. Hence we may write 


(20) /[<#»(«?)] = Co + Cix + H h c„a;" H , 

where the coefficients Co, Ci, Cj, • • • are given by the formulsB 


( 21 ) 


Co = + • • • + ®n^0 ■!■■■■> 

Cl = a,ii + 2a,bib^ H h na„bS~'bi H , 


c, = ai6j + Oj, (6J + 2babt) + 




which are easily verified. 

The formula (20) has been established only for values of x which 
satisfy the inequality (19), but the latter merely gives an under 
limit of the size of the interval in which the formula holds. It may 
be valid in a much larger interval. This raises a question whose 
solution requires a knowledge of functions of a complex variable. 
We shall return to it later. 


Special cases. 1) Since the number R^ which occurs in (19) may 
be taken as near R as we please, the formula (20) holds whenever x 
satisfies the inequality \x\ < p(l— m/R). Hence, if the series (15) 
converges for any value of y whatever, R may be thought of as infinite, 
p may be taken as near r as we please, and the formula (20) applies 
whenever | x | < r, that is, in the same interval in which the series 
(16) converges. In particular, if the series (16) converges for all 
values of x, and (16) converges for all values of y, the formula (20) 
is valid for all. values of x. 
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2) When the constant term of the series (16) is zero, the func- 
tion is dominated by an expression of the form 

m 



where p <. r and where m is any positive number whatever. An 
argument similar to that used in the general case shows that the 
formula (20) holds in this case whenever x satisfies the inequality 


( 22 ) 


1*1 < P 


R' 

R' + m’ 


where 72' is as near to 72 as we please. The corresponding interval 
of validity is larger than that given by the inequality (19). 

This special case often arises in practice. The inequality 
|6 q| < 72 is evidently satisfied, and the coefficients depend upon 
^0> > * ' ■ > O^iy * 

Co = ao, Ci = aii&i, Ca = -h ^2^1, • *, H ha,^b^. 


Examples. 1) Cauchy gave a method for obtaining the binomial theorem from 
the development of log(l + x). Setting 

/x X * X * X * \ 

„ = Mlog(l+x) = M(j-- + 

we may write 

(1 + xy — = e*' =l-h - + + •■ *, 

1 1.2 

whence, substituting the first expansion in the second, 


/x X® X* \ ufi /x x® x« 


If the right-hand side be arranged according to powers of x, it is evident that 
the coefficient of x" will be a polynomial of degree n in /i, which we shall call 
Pn( 4 i). This polynomial must vanish when ^ = 0, 1, 2, • • - , n — 1, and must 
reduce to unity when /a = n. These facts completely determine Pn in the form 


(23) 


7^, 


— !)• • • (m — n-hl) 

1.2. -n 


2) Setting z = (1 + where x lies between — 1 and -f 1, we may write 




p = log (1 + x) = 1 - 

X 



+ (-!)" 


n + l 


where 
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The first expansion is valid for all values of p, and the second is valid whenever 
I X I < 1 . Hence the formula obtained by substituting the second expansion in 
the first holds for any value of x between — 1 and + 1. The first two terms of 
this formula are 


(?4) (l4-x)i = e-|^l + l+^ + . 


• + 


1 . 2 . 




It follows that (1 + approaches e through values less than e as x approaches 
zero through positive values. 


183. Division of power series. Let us first consider the reciprocal 
/*(*) 1 4- X -j- 4- • • • 


of a power series which begins with unity and which converges in 
the interval (— r, -|- r). Setting 

2/ = bix -I- ijx* 4 , 

we may write 

=- 1 - y + y* — y* H , 

whence, substituting the first development in the second, we obtain 
an expansion for /(a:) in power series, 


(25) /(ic) =1 - b,x 4- W - b^)x^ 4- • • •, 

which holds inside a certain interval. In a similar manner a devel- 
opment may be obtained for the reciprocal of any power series 
whose constant term is different from zero. 

Let us now try to develop the quotient of two convergent power 
series 

_ Up -f- aiX 4- • 

H- H 


If 6p is not zero, this quotient may be written in the form 


f(x) 


= (% 4“ a^x 4- a^x^ 4- 


) X 


1 

^0 4 - Jc “h ^2 35* 4“ • • • 


Then by the case just treated the left-hand side of this equation is the 
product of two convergent power series. Hence it may be written 
in the form of a power series which converges near the origin : 


(26) 


gp 4- ai a; 4- a2 4- ■ — 
^0 4- a; b^x^ 4“ • * 


Cp 4- Cl a: 4- CjX* 4- . • 


Clearing of fractions and equating the coefficients of like powers 
of Xf we find the formulae 
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(27) a„ == 6oC„ -f- ^ = 0, 1, 2, • • •, 

from wliich the coefficients c^, <ji, •••, c„ may he calculated succes- 
sively. It will be noticed that these coefficients are the same as 
those we should obtain by performing the division indicated by the 
ordinary rule for the division of polynomials arranged according to 
increasing powers of x. 

If fto = 0, the result is different. Let us suppose for generality 
that (as), where A; is a positive integer and \ffi (ac) is a 

power series whose constant term is not zero. Then we may write 

<»(^) ^ Ji (oc4>) 
il/(x) as* ^1 (x) " 

and by the above we shall have also 

= c„ + CiX H h «*_,**-' + + Ct+,x»^+> ^ . 

It follows that the given quotient is expressible in the form 


(28) 


l/'(x) x*‘ 


“h -h + + 


where the right-hand side is the sum of a rational fraction which 
becomes infinite for x = 0 and a power series which converges near 
the origin. 


Note. In order to calculate the successive powers of a power series, it is con- 
venient to proceed as follows. Assuming the identity 

(ao 4- aix H -f a„x« -f • •)"• = co 4- CiX + h c„x« 4 , 

let us take the logarithmic derivative of each side and then clear of fractions. 
This leads to the new identity 

^291 i + • * • 4- na«x«- 1 4- • • ’)(co 4- CiX 4- ■ • -f c„x» 4- • • •) 

* ' J = (ao 4- aix + • + tt„x" 4- • • Xci 4- 2 c 2 X -h • • H- nc„x»»-' 4- ■ • 

The coefficients of the various powers of x are easily calculated. Equat- 
ing coefficients of like powers, we find a sequence of forinulie from which 
^ 0 , Cl , • • • , 6*„ , • • • may be found successively if cq be known. It is evident that 
r„ = ay. 


184. Development of l/Vl — 2xz 4- z*. Let us develop l/Vl — 2x« 4- ** 
according to powers of z. Setting 3 / = 2xz — z*, we shall have, when | y | < li 




Vl — y 
1 


VI — 2X2 4 - 


= 1 + +1(2** - *«)* + 


(30) 


2 
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Collecting the terms which are diviaible by the same power of s, we obtain an 
expansion of the form 

(81) ; -■ ■ ■ = JPo + -Pi* + P*** + • • • + Pfi*" + • • • » 

Vl — 2xz H- *2 

where 

-r'o = 1 1 2 * * • • t 

and where, in general, Pn is a polynomial of the nth degree in x. These poly- 
nomials may be determined successiYely by means of a recurrent formula, dif- 
ferentiating the equation (31) with respect to z, we find 


X — z 

(1 - 2xz + z2)* 


= Pi + 2 P 2 Z H + nP„z»-i 


or, by the equation (31), 


(X — z)(Po + Pi* + • • • + Pn*** H ) = (1 — 2X2 + **)(Pi -f 2P*2 H ) . 

Equating the coefficients of 2 ", we obtain the desired recurrent formula 


(n + l)Pn + i = ( 2 n + l)xPn ~ nPn-i . 

This equation is identical with the relation between three consecutive Legendre 
polynomials (§ 88 ), and moreover P© = AT© , Pi = ATi , P* = X 9 . Hence P„ = 2Cn 
for all values of n, and the formula (31) may be written 

(32) ^ ^ 2 * + • • • + -yn*" + • • • , 

VI — 2X2 4- *2 


where JTn is the Legendre polynomial of the nth order 




1 

2 . 4 . 6 • • . 2n 


cix" 


[(X* -!)»]. 


We shall find later the interval in which this formula holds. 


II. POWER SERIES IN SEVERAL VARIABLES 

185. General principles. The properties of power series of a single 
variable may be extended easily to power series in several independ- 
ent variables. Let us first consider a double series where 

the integers m and n vary from zero to + oo and where the coeffi- 
cients may have either sign. If no element of this series exceeds 
a certain positive constant in absolute value for a set of values 
a; = Xo, y = ?/(,, the series converges absolutely for all values of x and 
y which satisfy the inequalities |x| < |ap©|, |y | < |y©|. 

For, suppose that the inequality 

I ®«»*0 3^! or I a„.| < 


l^oTlyol" 
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is satisfied for all sets of values of m and n. Then the absolute value 
of the general element of the double series is less than the 

corresponding element of the double series 23/|x/xo|*"|y/yo|® But 
the latter series converges whenever |x[<|a;o|i |y|<|yoli its 
sum is 

3 £ 

(^"lSl)(^~lyol) 

as we see by taking the sums of the elements by columns and then 
adding these sums. 

Let r and p be two positive numbers for which the double series 
converges, and let R denote the rectangle formed by the 
four straight lines x = r, x = — r, y =. y =z — p. Eor every point 
inside this rectangle or upon one of its sides no element of the 
double series 

(33) F(x, y) = Sa„„x"*y» 

exceeds the corresponding element of the series in abso* 

lute value. Hence the series (33) converges absolutely and uni- 
formly inside of H, and it therefore defines a continuous function 
of the two variables x and y inside that region. 

It may be shown, as for series in a single variable, that the 
double series obtained by any number of term-by-tenu differen- 
tiations converges absolutely and uniformly inside the rectangle 
bounded by the lines x = a — e, x = — r -f- c, ?/ = p — c', 3 / = — p 4- 
where c and c' are any positive numbers less than r and p, respec- 
tively. These series represent the various partial dtuivatives of 
F(x, 7/). For example, the sum of the series is equal 

to cF/dx. For if the elements of the two series be arranged a(‘cord- 
ing to increasing powers of x, each element of tiie second series is 
equal to the derivative of the corresponding element of the first. 
Likewise, the partial derivative F/dx^^dy'^ is equal to the sum 
of a double series whose constant factor is a„^^ \ . 2 • • w/ . 1 . 2 * n. 
Hence tlie coefficients are equal to tho values of the correspond- 
ing derivatives of the function F(x, y) at the point x^ y 0, except 
for certain numerical factors, and the formula (33) may be written 
in the form 
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It follows, incidentally, that no function of two variables can have 
two distinct developments in power series. 

If the elements of the double series be collected according to 
their degrees in x and y, a simple series is obtained : 


(35) y) = ^0 “H ‘ H y 

where is a homogeneous polynomial of the nth degree in x and 
y which may be written, symbolically, 


1 / dF ^ dF\w 

^^ 1 ^) ■ 


The preceding development therefore coincides with that given by 
Taylor^s series (§ 61). 

(xq, yo) a* point inside the rectangle 72, and (ajj, + h, + k) 
be a neighboring point such that | iCo| + 1 ^ | 1 % I + 1 ^ I Then 

for any point inside the rectangle formed by the lines 

a; = x«±[r— |xol3, y = % ± [/> - 

the ftmction F(Xj y) may be developed in a power series arranged 
according to positive powers of a: — Xq and y — y® : 


(36) 


F(Xa + A, yo + *) 


"Sr: 


/gm + .jp v 

\da^di/“/l 


’*0 

^VO 


• 771 • 1 . 2 • > 


n 


For if each element of the double series 
Sa,«,(aro + ^)”*(yo + 

be replaced by its development in powers of h and k, the new multi- 
ple series will converge absolutely under the hypotheses. Arrang- 
ing the elements of this new series according to powers of h and A;, 
we obtain the formula (36). 

The reader will be able to show without difficulty that all the 
preceding arguments and theorems hold without essential altera- 
tion for power series in any number of variables whatever. 


186. Dominant functions. Given a power series f(x^ y^ z, • • •) in n 
variables, we shall say that another series in ti variables ^(x, y, z, •• •) 
dominates the first series if each coefficient of <^(a5, y^z,-- •) is positive 
and greater than the absolute value of the corresponding coefficient 
of f(x^ y, z, • ■). The argument in § 186 depends essentially upon 
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the use of a dominant function. For if the series con- 

verges for a; = y, y = p, the function 


y) = 


M 





where M is greater than any coefficient in the series 
dominates the series The function 


3/) = 



is another dominant function. For the coefficient of in y) 
is equal to the coefficient of the corresponding term in the expan- 
sion of M(x/r y/p)”^”, and therefore it is at least equal to the 
coefficient of in y). 

Similarly, a triple series 

J{x, y, z) = 5a„„pa;’"y"»", 


which converges absolutely for a; = r, y = r', ;?; = r", where r, r', r'' 
are three positive numbers, is dominated by an expression of the 
form 


«) = 


M 





and also by any one of the expressions 


M 



M 





\ff(x, y, z) contains no constant term, any one of the preceding expres- 
sions diminished by M may be selected as a dominant function. 

The theorem regarding the substitution of one power series in 
another (§ 182) may be extended to jiower series in several variables. 


If each of the variables in a convergent power series in p variables 
yi 9 yay • * yp^^ replcLced by a convergent power series in q variables 
> sp* > • • ■ > ‘^hich hobs no constant term, the result of the suhstitu- 
tion may he written in the form of a power series arranged according 
to powers of iPi, • • •> ^q 9 provided that the absolute value of each 
of these variables is less than a certain constant. 
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Since the proof of the theorem is essentially the same for any 
number of variables, we shall restrict ourselves for definiteness to 
the following particular case. Let 

(37) 

be a power series which converges whenever \ y\<r and | « | < r', and let 
^ ^ c « = 4- ■ • • H- -f- . . . 


be two series without constant terms both of which converge if the 
absolute value of x does not exceed p. If y and » in the series (37) 
be replaced by their developments from (38), the term in ?/"•«" becomes 
a new power series in x, and the double series (37) becomes a triple 
series, each of whose coefficients may be calculated from the coeffi- 
cients ^nf nficaus of additions and multiplications 

only. It remains to be shown that this triple series converges abso- 
lutely when the absolute value of x does not exceed a certain con- 
stant, from which it would then follow that the series could be 
arranged according to increasing powers of x. In the first place, 
the function y(?/, z) is dominated by the function 


(39) 


*) = 


M 





and both of the series (38) are dominated by an expression of the form 


(40) 




n= 1 


where AT and N are two positive numbers. If y and z in the double 
series (39) be replaced by the function (40) and each of the products 
developed in powers of x, each of the coefficients of the result- 
ing triple series will be positive and greater than the absolute value 
of the corresponding coefficient in the triple series found above. It 
will therefore be sufficient to show that this new triple series con- 
verges for sufficiently small positive values of x. Now the sum of 
the terms which arise from the expansion of any term y'^z^ of the 
series (39) is 


M 
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which is the general term of the series obtained by multiplying the 
two series 




term by term, except for the constant factor Af. Both of the latter 
series converge if x satisfies both of the inequalities 


X < p 


N 


X <. p 


r' N 


It follows that all the series considered will converge absolutely, 
and therefore that the original triple series may be arranged accord- 
ing to positive powers of x, whenever the absolute value of x is less 
than the smaller of the two numbers pr/(r -h AT) and pr'/(r^ + iV). 

Note, The theorem remains valid when the series (38) contain 
constant terms and Cq, provided that |6o| < ^ and l^o| < ^or 
the expansion (37) may be replaced by a series arranged according 
to powers of y — - and « — <5^, by § 185, which reduces the discus- 
sion to the case just treated. 


III. IMPLICIT FUNCTIONS 
ANALYTIC CURVES AND SURFACES 

187. Implicit functions of a single variable. The existence of implicit 
functions has already been established (Chapter 11, §20 et if.) under 
certain conditions regarding continuity. When the left-hand sides 
of the given equations are power series, more thorough investigation 
is possible, as we shall proceed to show. 

Let F(x, 2 /) = 0 be an equation whose left-hand side can be developed 
in a convergent power series arranged according to increasing powers 
of X — a;© y — y©* where the constant term is zero and the coeffi- 
cient of y — Vq w different from zero. Then the equation has one and 
only one root which approaches as x approaches x^y and that root 
can he developed in a power series arranged according to powers of 
X — Xq. 

For simplicity let us suppose that a?© = yb = 9, which amounts to 
moving the origin of coordinates. Transposing the term of the first 
degree in y, we may write the given equation in the form 

(41) y =ffxj y) = afi)^ + * * *> 
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where the terms not written down are of degrees greater than the 
second. We shall first show that this equation can formally sat- 
isfied by replacing y by a series of the form 

(42) 2 / = CiX + Cax* H h H 

if the rules for operation on convergent series be applied to the series 
on the right. For, making the substitution and comparing the coeffi- 
cients of Xy we find the equations 

Cj = Cj = ajo "f* ^\\C\ * * ' 5 

and, in general, c„ can be expressed in terms of the preceding c’s 
and the coefficients where i k < n, by means of additions and 
multiplications only. Thus we may write 

(43) = P„(^I 0 > ® 20 > ® 11 > * * *> ® 0 n)> 

where is a polynomial each of whose coefficients is a positive 
integer. The validity of the operations performed will be estab- 
lished if we can show that the series (42) determined in this way 
converges for all sufficiently small values of x. We shall do this by 
means of a device which is frequently used. Its conception is due 
to Cauchy, and it is based essentially upon the idea of dominant 
functions. Let 

be a function which dominates the function f(xy y), where ^qo = ^01 = ^ 
and where is positive and at least equal to \ Let us then 

consider the auxiliary equation 

(41') Y = 4>(^, F) = 

and try to find a solution of this equation of the form 

(42') F = Cix -h C^x^ -h • ■ • + C^x^ -f . . .. 

The values of the coefficients Ci, C 3 , • • • can be determined as above, 
and are 

= ^109 ^2 = ^20 H" -1- • • •, 

and in general 

(43') = 

It is evident from a comparison of the formulae (43) and (43') 
that |<?„| < C^y since each of the coefficients of the polynomial P„ is 
positive and \(inin\=^mn' Hence the series (42) surely converges 
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■whenever the series (42') converges. Now we may select for the 
dominant function ^(o;^ F) the function 


4>(x, r) = 


Af 




— M — M— j 
9 


where r, and p are three positive numbers. Then the auxiliary 
equation (41') becomes, after clearing of fractions, 


y2 


Mp^ 


X 

r 


M 


= 0 . 


p-\-M 

This equation has a root which vanishes for a? = 0, namely : 


r = 


^ 9 




ArArjp + AT) r 


1 -? 

r 


2(p + AI') 2(^p M 
The quantity under the radical may be written in the form 

(i- !)('-?)■’• 


where 

ry V / 

-4- 2i^/ 

Hence the root Y may be written 




r = 


2(p + Ar) 




It follows that this root V may be developed in a series which con- 
verges in the interval (— < 1 *, -h a), and this development must coin- 
cide with that which we should obtain by direct substitution, that 
is, witlj (42'). Accordingly the series (42) converges, a fortiori, in 
the interval (— cr, + This is, however, merely a lower limit of 

the true interval of convergence of the series (42), which may be 
very much larger. 

It is evident from the manner in which the coefficients were 
determined that the sum of the series (42) satisfies the equation (41). 
Let us write the equation F(x, y') in the form y —f(x, y') = 0, and 
let y — be the root just found. Then if + « be substi- 

tuted for y in F{x., y), and the result be arranged according to 
powers of x and each term must be divisible by z, since the whole 
expression vanishes when « 0 for any value of a:. We shall have 

then Fix, P(a:)-h «]= «Q(a:, «), where Q(x, ») is a power series in x 
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and «. Finally, if « be replaced by y — Pix) in QCaj, *), we obtain 
the identity 

F(x, y) = [y — Qi. (*, y) , 

where the constant term of Qx must be unity, since the coefficient 
of y on the left-hand side is unity. Hence we may write 

(44) F(x, y) = [y — P(a;)](l + ax + fiy ^ ). 

This decomposition of F(x^ y) into a product of two factors is due 
to Weierstrass. It exhibits the root y = Pix), and also shows that 
there is no other root of the equation F(x, y) = 0 which vanishes 
with Xy since the second factor does not approach zero with x and y. 

Note. The preceding method for determining the coefficients is 
essentially the same as that given in § 46. But it is now evident 
that the series obtained by carrying on the process indefinitely is 
convergent. 


188. The general theorem. Let us now consider a system of p equa- 
tions in p q variables. 


(46) 


■F’i(*i, a-j, • 

'yXg\ yxy 2/2, • 

••»%.) = 

^’s(xi, a**, • 


■>yp) = 

Fp(Xx, as,, • 

' ' y^q'y yiy 2 /a, ' 

' ' > Vp) “ 


where each of the functions Fi, F^, • • F^ vanishes when . t ,- = yj^ = 0 , 
and is developable in power series near that point. We shall further 
suppose that the Jacobian F^, ••, F^/D{ifxy y^) does 

not vanish for the set of values considered. Under these conditions 


there exists one and only one system of solutions of the equations (46) 
of the form 


Vi — (^1 y ^2 9 ' ' ' y y ' ' 'y Vp — y ^2 y * * * > Xg) , 


where ipiy <#» 2 » • • ■ > <l>p power series in Xx, x^, • ■ • , which vanish 

when a?! = aja = • ■ • = = 0. 

In order to simplify the notation, we shall restrict ourselves to 
the case of two equations between two dependent variables u and v 
and three independent variables Xy y, and z : 


(46) 


Fx = au 4- hx> cx dy ez = 0 , 

F^ = a'w + Vv 4- c^x d^ y -h e' z -|- • • • == 0. 


Since the determinant aV — ha^ is not zero, by hypothesis, the two 
equations (46) may be replaced by two equations of the form 
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where the left-hand sides contain no constant terms and no terms 
of the hirst degree in %t and v. It is easy to show^ as above, that 
these equations may be satisfied formally by replacing u and v by 
power series in a;, y, and z , : 


(48) u = v = ScJjfc,xV«*, 


where the coefficients and may be calculated from and 

^mnpqr ^y mcaus of additions and multiplications only. In order to 
show that these series converge, we need merely compare them with 
the analogous expansions obtained by solving the two auxiliary 
equations 


U=V = 


. u + v \ 


where Af, r, and p are positive numbers whose meaning has been 
explained above. These two auxiliary equations reduce to a single 
equation of the second degree 


pW Mp^ 

2p + 4Af 2p + 4Af 


a; + y + g 

r 




which has a single root which vanishes for x = y = z = 0, namely: 


U = 


4(p-f 2A/) 4(p-{-2M) 


fr~ 

x^y + z 


a 

1- 

® + y + « 


where a = r [p/(p + 4M)]*. 

This root may be developed in a convergent power series when- 
ever the absolute values of x, y, and z are all less than or equal to 
a/3, Hence the series (48) converges under the same conditions. 

Let ui and be the solutions of (47) which ai-e developable in 
series. If we set m v v* \n (47) and arrange the 

result according to powers of x, y, z, u\ v\ each of the terms must 
be divisible by v! or by v\ Hence, returning to the original varia- 
bles Xy y, Zy Uy Vy tho given equations may be written in the form 


( (w — t/i)/ H- (v — vi) ^ = 0, 

( (tt — Ui)f\ -f'(v — Vi) = 0, 


( 47 ') 
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where /, are power series in rc, y, and v. In this 

form the solutions u =• Wj , v = are exhibited. It is evident also 
that no other solutions of (47') exist which vanish for a; = ^ = « = 0. 
For any other set of solutions must cause to vanish^ 

and a comparison of (47) with (47') shows that the constant term 
is unity in both f and whereas the constant term is zero in 
both fx and 4 > ; hence the condition y<f>i — = 0 cannot be met by 

replacing u and v by functions which vanish when x = j/ = z = 0. 


189. Lagrange’s formula. Let us consider the equation 
(49) l/ = a + x^(y), 

where ip(y) is a function which is developable in a power series in ^ — a, 

<f>{y) = 0(a) + ( 1 / - a) 0'(a) + + ’ ' * » 


which converges whenever y -- a does not exceed a certain number. By the 
general theorem of § 187, this equation has one and only one root which 
approaches a as x approaches zero, and this root is represented for sufficiently 
small values of x by a convergent power series 

y = a 4- Uix + a 2 X^ -h • • •• 

In general, if /(y) is a function which is developable according to positive 
powers of y — a, an expansion of /(y) according to powers of x may be obtained 
by replacing y by the development just found, 

(60) y(y) ~y(a) + Ajx 4“ 4- • • • + --d„x" 4- • • • » 


and this expansion holds for all values of x between certain limits. 
The purpose of Lagi'ange^s formula is to determine the coefficients 

-4i , As, ■ * • 7 An , • • ■ 


in terms of a. It will be noticed that this problem does not differ essentially 
from the general problem. The coefficient A^ is equal to the nth derivative of 
/(y) for y = 0, except for a constant factor n!, where y is defined by (49); and 
this derivative can be calculated by the usual rules. The calculation appears to 
be very complicated, but it may be substantially shortened by applying the fol- 
lowing remarks of Laplace (cf. Ex. 8, Chapter II). The partial derivatives of 
the function y defined by (49), with respect to the variables x and a, are given 
by the formulas 

[1 - = 0 ( i ,) , [1 - = 1 , 


whence we find immediately 
(61) 


hu 

Tx 


= 0(y) 


€> V , 

da * 


where u =/(y). On the other hand, it is easy to show that the formula 


(6r) 


da 
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is identically satisfied, where F{y) is an arbitrary function of 
side becomes 




If S + 


dadx 


V- 


For either 


on performing the indicated differentiations. We shall now prove the formula 


ax* 


aa" 




for any value of n. It holds, by (61), for n = 1. In order to prove It in gen- 
eral, let us assume that it holds for a certain number n. Then we shall have 


a«+iu _ a* . awn 

0 aj« + i ^ da^-i dx aaJ * 


But we also have, from (61) and (Sl^, 

["0(2/)“ r0(y)*‘ ^^1 = r » 

: L caJ aa L dxJ ca L daJ 


dx I 


whence the preceding formula reduces to the form 


035 ** + ^ 


a” 

aa» 


+i£!f 

da 


]■ 


which shows that the formula in question holds for all values of n. 

Now if we set x = 0, y reduces to a, u to /(a), and the nth derivative of u 
with respect to x is given by the formula 



da"‘ 


[0(a)«/'(a)] . 


Hence the development of /(^) by Taylor's series becomes 


(62) 


Av) =/(a) + X0(a)/'(a) + A [0(a)*/'(o)] + ••• 


This is the noted formula due to X.agrange. gives an expression for the 
root y which approaches zero as x approaches zero. We shall find later the 
limits between which this formula is applicable. 


Note. It follows from the general theorem that the root y, considered as a 
function of x and a, may be represented as a double series arranged according 
to powers of x and a. This series can be obtained by replacing each of the 
coefficients by its development in powers of a. Hence the series (62) may 
be differentiated term by term with respect to a. 


Examples. 1) The equation 

(6S) y = a + I {y» 1) 
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has one root which is equal to a when x = 0. Lagrange's formula girea the 
following development for that root ; 


(64) 


y = a + - (a* — 1) + 


1 /xy d(ag - l)a 


1 . 2 V 2 


1 . 2 . 


da 

^ d»— 1 (gg - I)* 
da"“i 


On the other hand, the equation (63) may be solved directly, and its roots are 
y = — ± — "n/I — 2 ax + x*. 

XX 


The root which is equal to a when x = 0 is that given by taking the sign - - . 
Differentiating both sides of (54) with respect to a, we obtain a formula which 
differs from the formula (32) of § 184 only in notation. 


2) Kepler's equation for the eccentric anomaly u,* 

( 66 ) u = a + e sin u , 

which occurs in Astronomy, has a root u which is equal to a for e = 0. Lagrange's 
formula gives the development of this root near e = 0 in the form 


gn d 

(50) u = a -f- e sin a + - — — (sin^a) 4- 
1 . 2 aa 


1 . 2 . 


d"-' (sin" a) 
da"-i 


Laplace was the first to show, by a profound process of reasoning, that this 
series converges whenever e is less than the limit 0.662743 • . 


190. Inversion. Let us consider a series of the form 

(67) y = aiX -J- aaX* 4" . • • -h On®" “h • ' 

where ai is different from zero and where the interval of convergence is(— r, + r). 
If y be taken as the independent variable and x be thought of as a function of y, 
by the general theorem of § 187 the equation (67) has one and only one root which 
approaches zero with y, and this root can be developed in a power series in y : 

(68) X = 6iy + &2y^ + fta y® + • * + + • • • • 

The coefficients 6 i, & 2 i 63 t * * * may be determined successively by replacing x in 
(67) by this expansion and then equating the coefficients of like powers of y. 
The values thus found are 



The value of the coefficient b of the general term may be obtained from 
Lagrange's formula. For, setting 


^(x) = ui -f a2X -H . . . + a„x"-i , 

the equation (57) may be written in the form 


X = y 


1 

^(x)’ 


•See p. 248, Ex. 19; and Ziwet, JSlements of TlieoreticaJL Mechanic*, 2d ed., 
p. 366 . — Trans. 
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and tlie development of the root of this equation which approaches zero with y 
is given by Lagrange’s formula in the form 

_ _1_ . , y" / 1 Y 4. . . . 

where the subscript 0 indicates that we are to set a; = 0 after performing the 
indicated differentiations. 

The problem just treated has sometimes been called the reoer$wn of aeries. 

191. Analytic functions. In the future we shall say that a func- 
tion of any number of variables ac, y, • is analytic if it can be 
developed, for values of the variables near the point aio, **» 

in a power series arranged according to increasing powers of 
a; __ aro, y — Vo 9 « — ' which converges for sufficiently small 

values of the differences a; — a-o, • • - . The values which ar„, y^, ■ ' * 

may take on may be restricted by certain conditions, but we shall 
not go into the matter further here. The developments of the pres- 
ent chapter make clear that such functions are, so to speak, inter- 
related. Given one or more analytic functions, the operations of 
integration and differentiation, the algebraic operations of multipli- 
cation, division, substitution, etc., lead to new analytic functions. 
Likewise, the solution of equations whose left-hand member is ana- 
lytic leads to analytic functions. Since the very simplest functions, 
such as polynomials, the exponential function, the trigonometric 
functions, etc., are analytic, it is easy to see why the first functions 
studied by mathematicians were analytic. These functions are still 
predominant in the theory of functions of a complex variable and in 
the study of differential equations. Nevertheless, despite the funda- 
mental importance of analytic functions, it must not be forgotten 
that they actually constitute merely a very particular group among 
the whole assemblage of continuous functions.* 

192. Plane curves. Let us consider an arc /IB of a plane curve. 
We shall say that the curve is analytic along the arc AB if the 
coordinates of any point M which lies in the neighborhood of any 
fixed point of that arc can be developed in power series arranged 
according to powers of a parameter t t^, 

( = ./.(<) = + «! (< - <o) + *2 (* - * 0 )* H 1- (< — < 0 )“ H > 

( y = '!'(*') = y# + O + • • • + ^« (^ *0) + • » 

which converge for sufficiently small values of ^ 

In the Beconrt volume an^Tample of a non-analytic function will be given, all of 
whose derivatives exist throughout an interval (a, 6). 
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A point Mq will be called an ordinary point if in the neighbor- 
hood of that point one of the differences y — yo> oc — Xq can be 
represented as a convergent power series in powers of the other. 
If, for example, // — can be developed in a power series in 

X Xq, 

(60) y — = Ci(x — Xo)+ Ca(x — (x — x^)" H , 

for all values of x between .r„ — /i and + /f, the point (xq, yo) is 
an ordinary point. It is easy to replace the equation (60) by two 
equations of the form (59), for we need only set 

('61') Cx = T„ + t-f„, 

^ ’ ^y = ?/0 + O('’ 

If Cl is different from zero, 'which is the case in general, the equa- 
tion (60) may 1x5 solved for x — in a power series in y — which 
is valid whenever y — y^^ is sufficiently small. In this case each of 
the differences x — y — //□ can be represented as a convergent 
power series in powers of the other. This ceases to be true if c^ is 
zero, til at is to say, if the tangent to the curve is parallel to the 
X axis. In that case, as we shall see presently, x — x^ may be devel- 
oped in a series arranged according to fractional powers of y — y^. 
It is evident also that at a point where the tangent is parallel to 
the y axis x — x„ can be developed in power series in y — y,,, but 
y -- y„ cannot be develojied in power series in x — Xq, 

If the coordinates (x, y) of a point on the curve are given by the 
equations (59) near a point that point is an ordinary point if 
at least one of the coefficients ai, is different from zero.* If 
is not zero, for exanijile, the first equation can be solved for t — 
in powers of x — x„, and the second equation becomes an expansion 
of y — //j) in powers of x — x^^ when this solution is substituted for 
t - 

The appearance of a curve at an ordinary point is either the cus- 
tomary appearance or else that of a point of inflection. Any point 
whi(5h is not an ordinary point is called a sinyulax point. If all 
the points of an arc of an analytic curve are ordinary points, the 
arc is said to be rerjular. 


* This condition is satfiHent, but not necessary. However, the equations of any 
curve, near an ordinary pjiint 3/o, may always he written in such a way that and 
6| do not both vaiii.sh, hy a suitable choice of the parameter. For this is actually 
accomplished in equations («1). See also second footnote, p. 409. — Trans. 



IX, § 193] 


KEAL ANALYTIC FUNCTIONS 


409 


If e&cli of the coefficients tti and bi is zero, but for example, 
is different from zero, the first of equations ( 69 ) may be written in 

the form (a: — = (t — <o)Caj + — <o)H ]*, where the right- 

hand member is developable according to powers of < — Hence 

t — to is developable in powers of (x — Xo)^, and if ^ in the 

second equation of (59) be replaced by that development, we obtain 
a development for y — 2/0 in powers of (x — Xq)^: 

F — Fo = Ci(x — «„)+ Ca(x — Xo)*+ Ca(x — x„)®H . 

In this case the point (xq, yo) is usually a cusp of the first kind.* 
The argument just given is general. If the development of 
x — Xo in powers of t — to begins with a term of degree w, y — yo 
can be developed according to powers of (x — Xo). The appearance 
of a curve given by the equation (59) near a point (x^, yo) is of 
one of four types : a point with none of these peculiarities, a point 
of inflection, a cusp of the first kind, or a cusp of the second kind.* 


193. Skew curves. A skew curve is said to be analytic along an are 
AB ii the coordinates x, y, « of a variable point M can be developed 
in power series arranged according to powers of a parameter t — to 


Cx = Xo + a^(t — to) h a^(t — to)^ H , 

(62) + Kit-toY + ’-y 

\ Z = Zq Ci(t — ^0) H" * ' • + (^ — ^0)** + • ■ * > 


in the neighborhood of any fixed point Mq of the arc. A point 
Mo is said to be an ordinary point if two of the three differences 
^ y — Voi « — developed in power series arranged 

according to powers of the third. 

It can be shown, as in the preceding paragraph, that the point 
Mq will surely be an ordinary point if not all three of the coefficients 
ai, ^ 1 , Cl vanish. Hence the value of the parameter t for a singular 
point must satisfy the equations t 


dx « 




s-o- 


* For a cusp of the first kind the tangent lies between the two branches. For a 
cusp of the second kind both branches lie on the same side of the tangent. The 
point is an ordinary point, of course, if the coefficients of the fractional powers 
happen to be all zeros. — Trans. 

t These conditions are not sufficient to make the point Mq , which corresponds to 
a value of the parameter, a singular point when a point M of the curve near JI#o 
corresponds tp several values of t which approach to as M approaches Mq . Such is 
the case, for example, at the origin on the curve defined by the equations *= <*, 
1/ f •* , 2 = f « . 
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Xo, ^09 ^0 ^ coordinates of a point Afo on a skew curve P 
whose equations are given in the form 

(63) y, «) = 0 , {x, y, z) = 0, 

where the functions Fand Fi are power series in a: — x^, y — z — «o. 
The point wUl surely be an ordinary point if not all three of 
the functional determinants 

D(pe, y) ' i>(y, z) ' I?(z, x) 

vanish simultaneously at the point x = Xq, y = z = For if 
the determinant X>(F, F^^/D^x^y)^ for example, does not vanish at 
Afo, the equations (63) can be solved, b^’^ § 188, for x — x^ and y — y^ 
as power series in « — Zq. 

194. Surfaces. A surface S will be said to be analytic throughout 
a certain region if the coordinates Xy v/, z of any variable point Af 
can be expressed as double power series in terms of two variable 
parameters f ^'^<1 u — 

f X Xq = aiQ(t + aQi(^u Uq') 

(64) -j y — yo = ^io(^ — ^0) “H ^01 + • * *> 

z — Zq = Cj Q (^ — ^q) -4“ Cq I (u — Mq) -f- • • • , 

in the neighborhood of any fixed point of that region, where 
the three series converge for sufficiently small values of i — and 
u — Uq. A point Af„ of the surface will be said to be an ordinary 
point if one of the three differences x — x^y, y — z — z^ can be 
expressed as a power series in terms of the other two. Every point 
A/q for which not all three of the determinants 

^(y> -) -P(^, a;) B(Xy y) 

I>(ty U) F>(ty I^(^J W) 

vanish simultaneously is surely an ordinary point. If, for exam- 
ple, the first of these determinants does not vanish, the last two of 
the equations (64) can be solved for t — and u — u^y and the first 
equation becomes an expansion of a? — in terms of y — ?/□ and 
z — Zq upon replacing t — and by these values. 

liet the surface S be given by means of an unsolved equation 
F(xy y, «) = 0, and let Xq, y^, Zq be the coordinates of a point Mq 
of the surface. If the function F(Xy y, «) is a power series in 
X — XQy y — yo, z — z^y and if not all three of the partial derivatives 
dF/dx^y dF/dy^y dF/dz^ vanish simultaneously, the point Mq is surely 
an ordinary point, by § 188. 
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Note. The definition of an ordinary point on a curve or on a sur- 
face is independent of the choice of axes. For, let be an 

ordinary point on a surface S. Then the co5rdinates of any neigh- 
boring point can* be written in the form (64), where not all three of 
the determinants z)/D(ty w), D(z, x')/D(t, m), />(ar, w) 

vanish simultaneously for t = t^y u = Let us now select any new 
axes whatever and let 

X = a^x -h 4- yi« + Si, 

Y = a^x -|- ^^y -|- y^z + 829 
Z = a^x 4- ySay H- y^z + 

be the transformation which carries Xy y, z into the new coordinates 
Xy Yy Zy where the determinant A = I>(X, V, Z)/J?{x, y, «) is differ- 
ent from zero. Replacing Xy y, z by their developments in series 
(64), we obtain three analogous developments for X, Y, Z ) and wo 
cannot have 

D(Xy Y) ^ DjYy Z) ^ DjZy X) ^ ^ 

D(t, u) D(ty a) D(ty u) 

for < = since the transformation can be written in the form 

x = A^X + B^Y ^ C^Z + Ihy 
y = A^X B 2 Y A- C\Z + D 2 y 
z = A^X + B^Y A- Cs^ + i>8, 

and the three functional determinants involving X, Y, Z cannot 
vanish simultaneously unless the three involving x, yy z also vanish 
simultaneously. 

IV. TRIGONOMETRIC SERIES MISCELLANEOUS SERIES 

195. Calculation of the coefficients. The series which we shall study 
in this section are entirely different from those studied above. 
Trigonometric series appear to have been first studied by L. Ber- 
noulli, in connection with the problem of the stretched string. The 
process for determining the coefficients, which we are about to give, 
is due to Euler. 

liCt fix) be a function defined in the interval (a, Ji). We shall 
first suppose that a and b have the values ^ tt and -|- tt, respec- 
tively, which is always allowable, since the substitution 

2irx — (tt 4- ^) •w’ 

frla 


* See footnote, p. 408. — Trans. 
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redttdeB anj case to the pteoeding. Then if the equation 

(6^ /(ae) = % + (<»i cosx + ^isinx) H — • + (a^cosmx + &_sinmx) H 

holds for all values of x between — w and - 4 - tt, where the coefficients 
«o> Oi, 61 , • • •, *„,••• are unknown constants, the following device 

enables us to determine those constants. We shall first write down 
for reference the following formulee, which were established above, 
for positive integral values of m and n : 


( 66 ) 


^ sin mx dx = 0 ; 

cos7nxdx = 0y if w ^ 0 ; 

I cos Tnx cos nx dx 

r 
r 


cos* titx dx 


1 4 - cos 2 ma; ^ 

^ dx = TT, if m 0; 


sin mx sin nx dx 
+ "■ 


— cos (m H- n^a; _ 

= j ^ 2 = 0 , if m n ; 


n , r^"l-cos2m®, 

^ sm* 7 ?MC 6 ? 5 c = ^ ^ if w ^ O ; 


£ 


sin mo? cos nx dx 


I g*j^ ^ gin (jjfi — ^ 

I 2 

Integrating both sides of (65) between the limits — tt and 4- tt, 
the right-hand side being integrated term by term, we find 


X "*" " a. 

fix) dx = ~ / dx = wao, 


which gives the value of a^. Performing the same operations upon 
the equation (65) after having multiplied both sides either by cos mx 
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or by sin mx, the only term on the right whose integral between — w 
and 4- w is different from zero is the one in cos* mx or in sin* mx. 
Hence we find the formulse 




cos mx dx = 7ra„, 


X + ir 

yx*)8i 


sin mx dx = 


respectively. The values of the coefficients may be assembled as 
follows : 


(67) 


^ ^ ^ “m = /(a) cos mot da, 

1 r*’ 

= — I y*(^) sin met da . 

^ a/— IT 


The preceding calculation is merely formal, and therefore tenta- 
tive. For we have assumed that the function ^(x) can be developed 
in the form (66), and that that development converges uniformly 
between the limits — tt and -h Since there is nothing to prove, 
a priori^ that these assumptions are justifiable, it is essential that 
we investigate whether the series thus obtained converges or not. 
Replacing the coefficients and by their values from (67) and 
simplifying, the sum of the first (w + 1) terms is seen to be 


/(«) -4-cos(a — x)-f-cos2(ar — 5c)-l \-GOBm(a — ac)^ rfer, 


But by a well-known trigonometric formula we have 
1 


whence 


4- cos a -h cos 2a -f- 




4- cos ma = 

2m 4- 1 


2m 4-1 
sin ^ a 

j 

a 

28^2 


sin 


(“ — *) 


• da^ 


2 sin - 


or, setting a = x 2y, 

2 

The whole question is reduced to that of finding the limit of this 
sum as the integer 7 n increases indefinitely. In order to study this 
question, we shall assume that the function satisfies the fol- 

lowing conditions : 
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1) The function shall be in general continuous between — tt 

and + TT, except for a finite number of values of a;, for which its value 
may change suddenly in the following manner. Let c be a number 
between — tt and tt. For any value of c a number h can be found 
such that is continuous between c — h and c and also between 
c and c + A. As c approaches zero, f(c + e) approaches a limit which 
we shall call f{c + 0). Likewise, f(c — e) approaches a limit which 
we shall call f(c — 0) as c approaches zero. If the function f(^') 
is continuous for a; = r, we shall have /*(<?) = f(c -j- 0) = f(c — 0). If 
y*(c4- 0) f{c — 0),^£c) is discontinuous for a: = c, and we shall agree 
to take the arithmetic mean of these values [/(c -h 0) f{c — 0)]/2 
for f(c)- It is evident that this definition of f(c) holds also at points 
where /(a:) is continuous. We shall further suppose that /*( — tt + c) 
and yi^TT — e) approach limits, which we shall call /*(— tt + O) and 
y*( 7 r — 0), respectively, as c approaches zero through positive values. 
The curve whose equation is y = y*(^) be similar to that of 

Fig. 11 on page 160, if there are any discontinuities. We have 
already seen that the function , /“(at) is integrable in the interval from 
— TT to 4- TT, and it is evident that the same is true for the product 
of yX®) ^®y luiiction which is continuous in the same interval. 

2) It shall be possible to divide the interval ( — tt, -f- tt) into a 
finite number of subintervals in such a way that f{pr^ is a monoton- 
ically increasing or a monotonically decreasing function in each of 
the subintervals. 

For brevity we shall say that the fimction satisfies Dlrichlei^s 
conditions in the interval (— w, + ^). It is clear that a function 
which is continuous in the interval ( — tt, + tt) and which has a 
finite number of maxima and minima in that interval, satisfies 
Dirichlet’s conditions. 


196. The integral j^^f(x) [sin nz/sin x] dx. The expression obtained 
for + i leads us to seek the limit of the definite integral 



sin nx - 

— : dx 

sin X 


as n becomes infinite. The first rigorous discussion of this ques- 
tion was given by Lejeune-Dirichlet.* The method which we shall 
employ is essentially the same as that given by RonneLf 


• Crelle'a Journal^ Vol. IV, 1829. 

t Mimoires des aavanta strangers piiblies par I’Acadduiie de Belgique, Vol. XXIII. 
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Let us first consider the integral 
(69) 

a/O ® 

where A is a positive number less than tt, and ^(a?) is a function 
which satisfies Dirichlet’s conditions in the interval (0, h). If i^(x) 
is a constant C, it is easy to find the limit of J. For, setting y = nx, 
we may write 


and the limit of ./ as n becomes infinite is C7r/2, by (39), § 176. 

Next suppose that <^(x) is a positive monotonically decreasing 
function in the interval (0, 1i). The integrand changes sign for 
all values of x of the form kir/n. Hence J may be written 


y = leo — Ml -h Wa — wg ^ h (— l)*Mt H 1- (— 


where 




0-4- l)ir 

%Jkv X 

n I 




and where the upper limit h is supposed to lie between mir/n and 
(/a + V)ir/n. Each of the integrals ttf, is less than the preceding. 
For, if we set nx = Ajtt 4- y in Mjt, we find 






sin y 
y 4 /CTT 


dy^ 


and it is evident, by the hypotheses regarding «^(x), that this inte- 
gral decreases as the subscript h increases. Hence we shall have 
the equations 

J = U^— (iq — Wa) — (t^a — w*) , 

./ = Mo — Ml -h (Ma — Ma) 4- (m 4 — Mg) 4 • ■ • , 

which show that J lies between and Hq — Mi. It follows that J is 
a positive number less than ilq, that is to say, less than the integral 

, . - sin nx 

!But this integral is itself less than the integral 



,^(+0) r?iiLn^dx=,^(+o) r?i^rfy=^^(+o), 

where A denotes the value of the definite integral ^'[(sin y)/y] dy. 
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The same argument shows that the definite integral 

where c is any positive number less than 4, approaches zero as n 
becomes infinite. If c lies between (i — V)Tr/n and iTr/n, it can be 
shown as above that the absolute value of J* is less than 

iE (i-H)ir 

X " , , ^ sin «x , . f ^ sin nx 

<#>(*) X ~ a; ' 

IT 

and hence^ a fortiori, less than 

^ /iE _ ^ 

c \ / ITT n fl c 

n 

Hence the integral approaches zero as n becomes infinite.'* 

This method gives us no information if c = 0. In order to dis- 
cover the limit of the integral J, let c be a number between 0 
and h, such that is continuous from 0 to c, and let us set 

^(x) = 4f(c) 4“ Then is j/ositive and decreases in the 

interval (0, c) from the value <^(4- 0) — <^(c) when a: = 0 to the 
value zero when as = <?, If we write J in the form 



r \ ji . C ^ Biunx - . J X ^ sinTMC _ 

J — I dx ’■h I ^(®) dx -h I clx 

sJo * *Jo ® fc ^ 

and then subtract (7r/2)^(-|- 0), we find 

y - 1 <A( 4 - 0) = .^(c) r r d* - f 1 + 1 [.^(c) - ^( 4 - 0)] 

(70) ■ ^ LJ. * 2J 2 

+ jf 51^ dx +f <t>(x) ^ dx. 

In order to prove that J approaches the limit (7r/2)<^(-|- 0), it will 
be sufficient to show that a number m exists such that the absolute 


• This result may be ebtaiued even more simply by the use of the second theorem 
of the mean for integrals (§75). Since the function 0(x) is a decreasing function, 
that formula gives 


X * . . . sin nx , ^ 1 0(c) ^ 

0(*) — - — dx = — ^ J sin nxdx= - — ^ (cos nc — oosn^) , 


aad the right^iand member evidently approaches zero. 
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value of each of the terms on the right is less than a preassigned 
positive number c/4 when n is greater than m. By the remark 
made above, the absolute value of the integral 

J C\/ ^ sin wa; ^ 

« 

is less than -4^(4- 0) = ^4 Since approaches 

<#>(+ 0) as X approaches zero, e may be taken so near to zero that 
A [<^(-h 0) — and (7r/2)[<^(-f- 0) — <#>(o)] are both less than c/4. 

The number c having been chosen in this way, the other two terms 
on the right-hand side of equation (70) both approach zero as n 
becomes infinite. Hence 7i may be chosen so large that the abso- 
lute value of either of them is less than c/4. It follows that 

(71) f ^(+0). 

We shall now proceed to remove the various restrictions which 
have been placed upon in the preceding argument. If is 

a monotonically decreasing function, but is not always positive, the 
function is a positive monotonically decreasing func- 

tion from 0 to ?i if the constant C be suitably chosen. Then the 
formula (71) applies to ^{x). Moreover we may write 

, sin , Z'* , , , sin wir , T* sin nx , 

•#>(*) '/'(*) ^ «*'- 

aud the right-hand side approaches the limit (7r/2)^(-l- 0) — (7r/2')C, 
that is, (7r/2)<^(4- 0). 

If <f>(x) is a monotonically increasing function from 0 to A, — 
is a monotonically decreasing function, and we shall have 

J r* . . sin nx , ^ sin nx 

Hence the integral approaches (7r/2)^\^-4- 0) in this case also. 

Finally, suppose that is any function which satisfies Dirich- 

let’s conditions in the interval (0, h). Then the interval (0, h") 
may be divided into a finite number of subintervals (0, a), (a, 6), 
c), • • (I, h), in each of which is a monotonically increasing 

or decreasing function. The integral from 0 to a approaches the limit 
(7r/2)«^(-h 0). Each of the other integrals, which are of the type 

X * , sin nx _ 
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approaches zero. For if ^(x) is a monotonically increasing function, 
for instance, from a to an auxiliary function ^(x) can be formed 
in an infinite variety of ways, which increases monotonically from 
0 to h, is continuous from 0 to a, and coincides with 0(x) from a to 
Then each of the integrals 

approaches 1 ^( 4 - 0) as n becomes infinite. Hence their difference, 
which is precisely H, approaches zero. It follows that the formula 

(71) holds for any function which satisfies Dirichlet’s condi- 

tions in the interval (0, h). 

Let us now consider the integral 

(72) / = jT /(*) dx, 0 < A < TT, 

where /*(*) ^ positive monotonically increasing function from 

0 to h. This integral may be written 

and the function <#»(x) = y*(x) rc/sin x is a positive monotonically 
increasing function from 0 to h. Since /*(+ == <#>(+ follows 

that 

(73) lim/ = J/(+0). 

This formula therefore holds if X(x) is a positive monotonically 
increasing function from 0 to h. It can be shown by successive 
steps, as above, that the restrictions upon ^ removed, 

and that the formula holds for any function y*(^) satisfies 

Dirichlet^s conditions in the interval (0, h). 

197. Fourier series. A trigonometric series whose coefficients are 
given by the formulae (67) is usually called a Fourier series. Indeed 
it was Fourier who first stated the theorem that any function arbir 
trarily defined in an interval of length 27r may be represented by a 
series of that type. By an arbitrary function Fourier understood 
a function which could be represented graphically by several cur- 
vilinear arcs of curves which are usually regarded as distinct curves. 
We shall render this rather vague notion precise by restricting our 
discussion to functions which satisfy Dirichlet’s conditions. 
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In order to show that a function of this kind can be represented 
by a Eourier series in the interval (— tt, -4- tt), we must find the 
limit of the integral (68) as m becomes infinite. Liet us divide 
this integral into two integrals whose limits of integration are 
0 and (tt — a5)/2, and — (tt + ac)/2 and 0, respectively, and let us 
make the substitution ^ = — st in the second of these integrals. 
Then the formula (68) becomes 


^ r ^ Ksin(2m4-l)y , 

'rr Jo ^ ' sin st 


When X lies between — tt and + w, (ir — x)/2 and (tt + x')/2 both 
lie between 0 and tt. Hence by the last article the right-hand 
side of the preceding formula approaches 


i [f /(X + 0, + f /(X - 0,] = 




as m becomes infinite. It follows that the series (65) converges and 
that its sum is/X®) every value of x between — tt and -|- tt. 

Let us now suppose that x is equal to one of the limits of the 
interval, — tt for example. Then ^ i may be written in the form 


« ^ r ft ^ (2w -hl)y j 

1 = — I /(— ‘w H- 2y) ^ dp 

ttJo ^ if ^ giny 

1 ^ y, ft X sill (2wi + 1 ) y , 

+ 1 r + 2J,) i 

ttX ^ smy 


The first integral on the right approaches the limit y*( — w + 0)/2. 
Setting y = TT — z in the second integral, it takes the form 


1 

*ir 



_ siu( ^ 2m+l)z 

f airi 


Sin z 


which approaches y*( 7 r — 0) /2. Hence the sum of the trigonometric 
series is — 0) H-y*( — "n" -h ^)]/^ when a? = — w. It is evident 

that the sum of the series is the same when x = tt. 

If, instead of laying off x as a length along a straight line, we 
lay it off as the length of an arc of a unit circle, counting in the 
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positive direction from the point of intersection of the circle with 
the positive direction of some initial diameter, the sum of the series 
at any point whatever will be the arithmetic mean of the two limits 
approached by the sum of the series as each of the variable points 
m* and m"y taken on the circumference on opposite sides of rtty 
approaches m. If the two limits /*(— - tt + 0) and f(ir — 0) are 
different, the point of the circumference on the negative direction 
of the initial line will be a point of discontinuity. 

In conclusion, every function which is defined in the interval 
IT y H- tt) and which satisfies Dirichlet's conditions in that inter-- 
val may be represented by a Fourier series in the same interval. 

More generally, let f(^) be a function which is defined in an 
interval (or, a -b 27r) of length 27r, and which satisfies Diriohlet’s 
conditions in that interval. It is evident that there exists one and 
only one function F(x) which has the period 2ir and coincides with 
fix) in the interval (rr, u 27r). This function is represented, for 
all values of ac, by the sum of a trigonometric series whose coeffi- 
cients a„ and b^ are given by the formuljB (67): 




F(x) cos mx dXy 


= t r 


F(x) sin mx dx . 


The coefficient for example, may be written in the form 


1 f"’ 

I 

TT 


F{x) COS mx dx 


1 r" 

'^J-n 


F{x) COB mx dx , 


where a is supposed to lie between 2^7r — tt and 2hir -h tt. Since 
F{x) has the period 27r and coincides with fix) in the interval 
(or, O' -b 27r), this value may be rewritten in tlie form 


(74) 


^ ^2hir + n ^dr + 2ir 

= — / yX*) dx -h / mx dx 

^ %Ja J^hn + IT 

I 1 

^ —J yX®) cos mx dx. 


Similarly, we should .find 

(75) 


f(x) sin mxdx. 


Whenever a function yX^) defined in any interval of length 2w, 
the preceding formulai enable us to calculate the coefficients of its 
development in a Fourier series without reducing the given interval 
to the interval (— tt, -b tt). 
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IM. Bzamples. 1) Iiet us find a Fourier series whose sum is — 1 for 
— w < z < 0, and +1 for 0 < z < + w. The formula (67) give the values 


00 = -“/ —dx-h—f dx=Oj 

It s/— ir W e/o 

1 z*® 1 

Om = — I — COS wix dr + — / C08ma:dc = 0, 

JT •/ - IT te Jo 

1 1 2 - 

bfn = ~ I — sin wx dx H — I sin mx dx = — 

TT a/ — IT ^ s/0 


_ 2 — cos mir — cos ( — mgr) 
msr 


If m is even, &», is zero. If m is odd, is 4/mir. Multiplying all the coeffi- 
cients by ir/4, we see that the sum of the series 

( 76 ) y = 5 ^ + “" 8 * + ■■■ + + . . . 

1 8 2m + 1 

is — 3r/4 for — jr < x < 0, and 4- n/4 for 0 < x < «*. The point x =r 0 is a point 
of discontinuity, and the sum of the series is zero when x — 0, as it should be. 
More generally the sum of the series (76) is ?r/4 when sin x is positive, — ic/ A. 
when sin x is negative, and zero when sin x = 0. 

The curve represented by the equation (76) is composed of an infinite number 
of segments of length iz of the straight lines y = ± 9r/4 and an infinite num- 
ber of isolated points (y = 0, x = Xctt) on the x axis. 

2) The coefficients of the Fourier development of x in the interval from 0 to 
27r are 


ao = 

1 

IT . 

1 

^ 2ir 

1 xdx = 27e, 

Jo 

r 1 

fx sin mx“l 

iSfr 

1 

f*2rr 

«m = 

jr . 

1 X COB mx dx = 

Jo 1 

[ ] 

lo 

mTt’ J 

1 sin mx dx = 0 , 

'o 


1 

/* 1 

px cos mx”] 

|27r 

1 

^2fr 2 

6m = 


/ X sin mx cfx = — 
Jo 1 

L mjr J 

+ 

lo 

mn J 

f cos mx dx = 


Hence the formula 
(77) 


sin X Bin 2x sin 3x 

_ _ ^ 


is valid for all values of x between 0 and 27r. If we set y equal to the series on 
the right, the resulting equation represents a curve composed of an infinite num- 
ber of segments of straight lines parallel to y = x/2 and an infinite number of 
isolated points. 

If the function /(x) defined in the interval ( — ?r, 4- ^r) is even, that is 
to say, if /(— x) = /"(*)» each of the coefficients 6m is zero, since it is evident that 

J* f(x) sin tax dx = — /(x) sin mx dx . 

SimUarly, if /(x) is an odd function, that is, if /(- x) = -/(*), each of the 
coefficients Om is zero, including a©. A function /(x) which is defined only in 
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the interval from 0 to ar may be defined in the interval from — ir to 0 by either 
of the equations 

/(-*)=/(*) or f(^x) = -f(x) 

if we choose to do so. Hence the given function f(x) may be represented either 
by a series of cosines or by a series of sines, in the interval from 0 to tc. 

199. Expansion of a continuous function. Weierstrass* theorem. Let /(x) be a 
function which is defined and continuous in the interval (a, 6). The following 
remarkable theorem was discovered by Weierstrass : Given any prea^igned posi- 
tive number c, a polynomial P{x) can always he found such that the difference 
f{x) — P{x) is less than c in absolute value for all values of x in the interval (a, b). 

Among the many proofs of this theorem, that due to Lebesgue is one of tlie 
simplest.* Let us first consider a special function ^(x) which is continuous in 
the interval (—1, +1) and which is defined as follows : ^(x) = 0 for — 1 < 0, 

^(x) = 2A;x for 0 < x < 1 , where ib is a given constant. Then ^(x) = (x + | x |) A;. 
Moreover for — l<x<-flwe shall have 

|x|= 

and for the same values of x the radical can be developed in a uniformly con- 
vergent series arranged according to powers of (1 — x^). It follows that |x|, and 
hence also ^(x), may be represented to any desired degree of approximation in 
the interval (— 1, -f 1) by a polynomial. 

Let us now consider any function whatever, /(x), which is continuous in 
the interval (a. 6), and let us divide that interval into a suite of subintervals 
(<*01 <»i), (ai , 02 ), • • • , (< 2 , 1 - 1 , ««), where o — oo < Oi < 02 < • • < On-j < On = 6, 
in such a way that the oscillation of f(x) in any one of the subintervals is less 
than c/2. Let L be the broken line formed by connecting the points of the 
curve y =./*(x) whose abscissae are Oo, oi , 02 , - • - , 6. The ordinate of any point 
on X is evidently a continuous function ^(x), and the difierence f(x) — 0(x) is 
less than c/2 in absolute value. For in the interval o^), for example, 

we shall have 

/(X) - 0(x) = [/(X) [/(X) -/(o^)]tf, 

where x — = ^(o^ — a,x_i). Since the factor B is positive and less than 

unity, the absolute value of the difference / — 0 is less than c(l — d)/2 = c/2. 

The function 0 (x) can be split up into a sum of n functions of the same type as 
0 (x). For, let Aq, Ai^ , A„ be the successive vertices of X. Then 0 (x) 

is equal to the continuous function (x) which is represented throughout the 
interval (a, 6 ) by the straight line AqA^ extended, plus a function 0 i(x) which 
is represented by a broken line AUA'i ■ ^ • A^ whose first side AUA'i lies on the 
X axis and whose other sides are readily constructed from the sides of X. Again, 
the function 0 i (x) is equal to the sum of two functions and 02 , where 02 is 
zero between a© and a \ , and is represented by the straight line A'xA^ extended 
between ax and 6 , while 02 is represented by a broken line AU'A {'A ^' ■ * - whose 
first three vertices lie on the x axis. Finally, we shall obtain the equation 
0 = + ^2 H- • • ■ + 0 « , where 0 , is a continuous function which vanishes 

between oo and and which is represented by a segment of a straight line 

* Bulletin tlei* sciences mathematiques, p. 278, 1898. 
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between a^.i and b. If we then make the substitution JT — mx + n, where m 
and n are suitably chosen numbers, the function ^i(x) may be defined in the 
interval (—1, + 1) by the equation 

^.(x) = k(X + ijr|). 

and hence it can be represented by a polynomial with any desired degree of 
approximation. Since each of the functions ^t(x) can be represented in the 
interval (a, 5) by a polynomial with an error less than c/2n, it is evident that the 
sum of these polynomials will differ from f{x) by less than c. 

It follows from the preceding theorem that any function f{x) which is contin- 
uous in an interval (a, b) may be represented by an ii^finite series of polynomials 
which converges uniformly in thaJt interval. For, let ci , C 2 , * - • , Cny * - * be a sequence 
of positive numbers, each of which is less than the preceding, where Cr approaches 
zero as n becomes infinite. By the preceding theorem, corresponding to each of 
the c's a polynomial Pi (x) can be found such that the difference f{x) — P, (x) is 
leas than c, in absolute value throughout the interval (a, b). Then the series 

Pi(x) + [Pa(x) - Pi(x)] + - . . -H [P„(x) - Pn-i(x)] . 

converges, and its sum i8/(x) for any value of x inside the interval (a, 6). For 
the sum of the first n terms is equal to P„(x), and the difference /(x) — which 
is less than c„, approaches zero as n becomes infinite. Moreover the series con- 
verges uniformly, since the absolute value of the difference /(x) — Sn will be less 
than any preassigned positive number for all values of n which exceed a certain 
fixed integer K, when x has any value whatever between a and b. 


200. A. continuous function without a derivative. We shall conclude this chapter 
by giving an example due to Weierstrass of a continuous function which does 
not possess a derivative for any value of the variable whatever. Let & be a posi- 
tive constant less than unity and let a be an odd integer. Then the function 
P(x) defined by the convergent infinite series 

-H qc 

(78) F{x) = cos (a" ttx) 

n=r 0 

is continuous for all values of x, since the series converges uniformly in any 
interval whatever. If the product ab is less than unity, the same statements 
hold for the series obtained by term-by-term differentiation. Hence the func- 
tion P(x) possesses a derivative which is itself a continuous function. We shall 
now show that the state of affairs is essentially different if the product a6 exceeds 
a certain limit. 

In the first place, setting 


we may write 
(79) 


Wl-l 

Sm = - ^ 6«{co 8 [a"x’(x + ^)] — co8(a"X'x)}, 

ns 0 

i 2^ b"{0O8[a"»r(* + A)] - co8(a»jra!)) , 


h 
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On the other hand, it is easy to show, by applying the law of the mean tp the 
function cos(a"^rx), that the difference cos[a’*3r(a; -f ^)] — coB(a»3ra;) is less than 
Tca^ I /i I in absolute value. Hence the absolute value of Sm is less than 


m— 1 



a"* b™ — 1 

■ ab -T“ ’ 


and consequently also less than 9r(ab)’»/(ab — 1), if ab >1. Let us try to find a 
lower limit of the absolute value of when h is assigned a particular value. 
We shall always have 

a”*x = £z„-i- 


where am is an integer and ^m lies between — 1/2 and + 1/2. 



a"* 


If we set 


where e,n is equal to =b 1 , it is evident that the sign of h is the same aa that of 
e„,, and that the absolute val^e of h is less than 3/2a'». Haying chosen h in this 
way, we shall have 

a«7r(x -h b) = + h) = a”-*"7r(am -f Cm) • 

Since a is odd and Cm = ± 1, the product 4- c«») is even or odd with 

am 4- 1, and hence 

cos [a« 7t{x 4- ^)] = ( — 1 )*'«•-*- 1 . 

Moreover we shall have 


cos (a« itz) = cos (a**“ a”* tcx) = cos re {am -f- $m)] 

= cos (a*»“ "* am «■) cos » 

or, since a^^”*am is even or odd with 

cos(a«7rx) = (— l)«m cos (a" tt) . 

It follows that we may write 

+ *> 

Rm = ' 2/ cos(a«-*”e„.;r)] . 

n SE m 


Since every term of the series is positive, its sum is greater than the first term, and 
consequently it is greater than b™ since lies between — 1/2 and + 1 /2. Hence 


l««l> 


or, since | A | < 3/2a”», 


|A| 


If a and b satisfy the inequality 


|J2,„|>-(ab)-. 


(80) 

we shall have 
whence, by (79), 


ab >14- 


Stc 








I >!>“»> 
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As m becomes infinite the expi'ession on the extreme right increases indefijiitely, 
while the absolute value of h approaches zero. Consequently, no matter how 
small c be chosen, an increment h can be found which is less than c in abso- 
lute value, and for which the absolute value of [i^(x + A) — F^zy^/h exceeds any 
preassigned number whatever. It follows that if a and b satisfy the relation (80), 
the function F{x) possesses no derivative for any value of x whatever. 


EXERCISES 


1. Apply Lagrange's formula to derive a development in powers of x of that 
root of the equation = a]/ x which is equal to a when x = 0. 

2. Solve the similar problem for the equation ?/ — a + + * = 0. Apply the 

result to the quadratic equation a — &x -f cx^ = 0. Develop in powers of c that 
root of the quadratic which approaches a/b as c approaches zero. 

3. Derive the formula 


4. Show that the formula 


X _ X 

-v/i-j-x 1 + x 2 
holds whenever x is greater than 

6. Show that the equation 


V » Y I ^-3/ » Y 

2\l + x/ 2 . 4 Vl + */ 


1 / 2 . 


= - — + — ( Y + ^ ^ Y + . . 

® 2 i + ac* 2 . 4 Vl + xV 2 . 4 . 0 Vl + I*/ ‘ 


holds for values of x less than 1 in absolute value. What is the sum of the series 
when I X I > 1 ? 


6. Derive the formula 


(a H- x)-" 


r nx n(ii-l) 1 

/ X V-* n(w — l)(n- 2) / x V , 

L a + x"^ 1.2 1 

\a -f x/ 1.2.3 \o + X/ J 


7. Show that the branches of the function sinmx and cosmx which reduce 
to 0 and 1, respectively, when sinx = 0 are developable in series according co 
powers of sin x : 


cos mx = 1 — 


7ii 3 _ 1 (w® — l)(yn® — 9) - 

= m [sinx - j^gSin'x + ^ ^ ^ ^ «n * - 

s « . „;-,4 - 


1.2 


1 . 2 . 3. 4 


[Make use of the differential equation 

(1 - y*) ^ + ”**“ = ®> 

' dy® dy 

which is satisfied by w = cosmx and by u = sin mx, where y = siiix.J 


8. From the preceding formul® deduce developments for the functions 
cos (n arc cosx) , sin (n arc cos x) . 



CHAPTER X 


PLANE CURVES 

The curves and surfaces treated in Analytic Geometry, properly 
speaking, are analytic curves and surfaces. However, the geomet- 
rical concepts which we are about to consider involve only the exist- 
ence of a certain number of successive derivatives. Thus the curve 
whose equation is y = f(x) possesses a tangent if the function f(x) 
has a derivative f\x) ; it has a radius of curvature if fXx) has a 
derivative f\x) ; and so forth. 

I. ENVELOPES 

201. Determination of envelopes. Given a plane curve C whose 
equation 

(1) f(x, y,a) = 0 

involves an arbitrary parameter a, the form and the position of the 
curve will vary with a. If each of the positions of the curve C is 
tangent to a fixed curve Ej the curve E is called the envelope of the 
curves C, and the curves C are said to be enveloped by E, Tlie 
problem before us is to establish the existence (or non-existence) of 
an envelope for a given family of curves G, and to determine that 
envelope when it does exist. 

Assuming that an envelope E exists, let (x, y) be the point of tan- 
gency of E with that one of the curves C which corresponds to a cer- 
tain value a of the parameter. The quantities x and y are unknown 
functions of the parameter a which satisfy the equation (1). In 
order to determine these functions, let us express the fact that the 
tangents to the two curves E and C coincide for all values of a. 
Let Sx and be two quantities proportional to the direction cosines 
of the tangent to the curve C, and let dx/da and dy/da be the 
derivatives of the unknown functions x = y == ^(a). Then a 

necessary condition for tangency is 

dx dy 
da da 
Sx Sy 
426 


( 2 ) 
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Oil the other hsmd, since a in equ&tion (1^ ha.« a constant value £or 
the particular curve C considered, we shall have 

( 3 ) + = 

which determines the tangent to C. Again, the two unknown func- 
tions X = ^(«), y = ^(oL) satisfy the equation 

/(*> y, a) == 0, 

also, where a is now the independent variable. Hence 


(4) 


dx da dy da da ^ 


or, combining the equations (2), (3), and (4), 


( 5 ) 



The unknown functions x = <^(«), y = ^{a) are solutions of this equa- 
tion and the equation (1). Hence the equation of the envelope^ in 
case an envelope exists, is to he found hy eliminating the parameter a 
between the equations y* = 0, df/da = 0. 

Let R(x, y) = 0 be the equation obtained by eliminating a between 
(1) and (t5), and let us try to determine whether or not this equation 
represents an envelope of the given curves. Let Cq be the particu- 
lar curve which corresponds to a value of the parameter, and let 
(^of l/o) coordinates of the point of intersection of the 

two curves 

( 6 ) f(x,y,a,) = 0, ^ = 0 . 

The equations (1) and (5) have, in general, solutions of the form 
^ y = ^(«), which reduce to and y^, respectively, for 

u = r/y. Hence for a = we shall have 

^ ^ /rfy\ ^ Q 
dxQ \da/ o dyo \da/ o 

This equation taken in connection with the equation (3) shows 
that the tangent to the curve Co coincides with the tangent to the 
curve described by the point (x, y'), at least unless df/dx and df/dy 
are both zero, that is, unless the point is a singular point for the 
curve C,). It follows that the equation R(x, y) = 0 represents either 
the envelope of the curves C or else the locus of singular points on 
these curves. 
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This result may be supplemented. If each of the curves C has 
one or more singular points, the locus of such points is surely a part 
of the curve R(xj y) = 0. Suppose, for example, that the point (a;, y) 
is such a singular point. Then x and y are functions of a which 
satisfy the three equations 

A*. y»‘») = 0. 

and hence also the equation df/da = 0. It follows that x and y 
satisfy the equation R(x^ y) = 0 obtained by eliminating a between 
the two equations / = 0 and df/da = 0. In the general case the 
curve R(x, y) = 0 is composed of two analytically distinct parts, 
one of which is the true envelope, while the other is the locus of 
the singular points. 

Example. Let us consider the family of curves 
/(x, y, a) = — y® + (x — a)* = 0. 

The elinaination of a between this equation and the derived equation 

^ 2 (.-«) = 0 

gives y* — y® = 0, which represents the three straight lines y =: 0, 
y = -h 1, y = — 1- The given family of curves may be generated 
by a translation of the curve y* — -h a;® = 0 along the x axis. 
This curve has a double point at the origin, and it is tangent to 
each of the straight lines y = ± 1 at the points where it cuts the 
y axis. Hence the straight line y = 0 is the locus of double points, 
whereas the two straight lines y = ± 1 constitute the real envelope. 

202. If the curves C have an envelope any point of the envelope 
Is the limiting position of the point of intersection of two curves of 
the family for which the values of the parameter differ by an infini^ 
tesimal. For, let 

(7) /(*, y, a) = 0, f(x, y, a -f A) = 0 

be the equations of two neighboring curves of the family. The 
equations (7), which determine the points of intersection of the two 
cmrves, may evidently be replaced by the equivalent system 
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the second of which reduces to dfjdcu = 0 as 7<r approaches zero^ that 
is, as the second of the two curves approaches the first. This prop- 
erty is fairly evident geometrically. In Fig. 37, a, for instance, the 
point of intersection N of the two neighboring curves C and C' 
approaches the point of taligency M as C" approaches the curve C 




Pio. 37, h 


as its limiting position. Likewise, in Fig. 37, where the given 
curves (1) are supposed to have double points, the point of intersec- 
tion of two neighboring curves C and C' approaches the point where 
C outs the envelope as C' approaches C. 

The remark just made explains why the locus of singular points 
is found along with the envelope. For, suppose that f{Xy y, a) is a 
polynomial of degree m in a. For any point chosen at 

random in the plane the equation 

( 8 ) «) = 0 

will have, in general, m distinct roots. Through such a point there 
pass, in general, m different curves of the given family. But if the 
point lies on the curve !?(«, y) = 0, the equations 

/(a^o. yo. «) = 0, ^ = 

are satisfied simultaneously, and the equation (8) has a double root. 
The equation y) = 0 may therefore be said to represent the 

locus of those points in the plane for which two of the curves of 
the given family which pass through it have merged into a single 
one. The figures 37, o, and 37, 6, show clearly the manner in which 
two of the curves through a given point merge into a single one as 
that point approaches a point of the curve if(ar, y) = 0, whether on 
the true envelope or on a locus of double points. 
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Note. It often becomes necessary to find the envelope of a family 
of curves 

(9) y, a, A) = 0 

whose equation involves two variable parameters a and which 
themselves satisfy a relation of the form <^(a, h) — 0. This case 
does not differ essentially from the preceding general case, however, 
for h may be thought of as a function of a defined by the equation 
= 0. By the rule obtained above, we should join with the given 
equation the equation obtained by equating to zero the derivative 
of its left-hand member with respect to a : 

dF dFdh 
da dh da 

But from the relation <^(a, h) = 0 we have also 

d<fi dif> dh 

da db da * 


whence, eliminating db/da^ we obtain the equation 


( 10 ) 


dFdif^ dFdit> _^ 
da db db da 


which, together with the equations F = 0 and <^ = 0, determine the 
required envelope. The parameters a and b may be eliminated 
between these three equations if desired. 


803. Eovelope of a straight line. As an example let us consider the equation 
of a straight line 2> in normal form 

(11) X cos ct + y sin a — /(or) = 0 , 

where the variable parameter is the angle a. DifEerentiating the left-hand side 
with respect to this parameter, we find as the second equation 

(12) — X sin cx + y cos <x —f'{a) = 0. 

These two equations (11) and (12) determine the point of intersection of any 
one of the family (11) with the envelope F in the form 


(13) 


! x = f{(x) cos a — f'{or) sin or, 
y = /(a) sin a + /'{a) cos a . 


It is easy to show that the tangent to the envelope E which is described by this 
point (x, y) is precisely the line 2>. For from the equations (13) we find 

. ( dx - [/(a) -H /"(a)] Bin n: da , 

' ' \dy- lf{a) + /"(cr)] cos a da , 

whence dy/dz = — cot a , which is precisely the slope of the line Z>. 
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Moreover, if s denote the length of the arc of the envelope from any fixed 
point upon it, we have, from (14), 


whence 


da = Vdx* + di/2 = ± [/(«) + /"(tr)] da , 
« = ± f{a)da +/'(a)J . 


Hence the envelope will be a curve which is easily rectifiable if we merely choose 
for/(rt') the derivative of a known function.* 

As an example let us Bet /(or) = I sin cr cos or. Taking y = 0 and x = 0 suc- 
cessively in the equation (11), we find (Fig. 38) OA = ^ sin cr, OB = IcoBcr, 
respectively ; hence AB = 1. The required 
curve is therefore the envelope of a straight 
line of constant length f, whose extremities 
always lie on the two axes. The formulae 
(13) give in this case 


X = I sin* nr, y = I cos* cr , 
and the equation of the envelope is 





which represents a hypocycloid with four 
cusps, of the form indicated in the figure. 

As (Y varies from 0 to 7r/2, the point of con- 
tact describes the arc DC. Hence the length of the arc, counted from D, is 


s = C 31 Bin a COR cz da = — singer. 
Jo 2 


Het I be the fourth vertex of the rectangle determined by OA and OB, and Jfcf 
the foot of the perpendicular let fall from I upon AB. Then, from the tri- 
angles AMI and A PM, we find, successively, 

AM = AI cos a — I cos* cr , AP — AM sin a = I cos* a sin cr . 

Hence OP = OA — AP = I sin*cr, and the point M is the point of tangency of 
the line AB with the envelope. Moreover 

BM= I - AM= f Bin*cr ; 

hence the length of the arc DM = 3BM/2. 


* Each of the quantities which occur in the formula for ft, 8 Jf{a) da, 

has a geometrical meaning: <t is the angle between the x axis and the perpendicular 
ON let fall upon the variable line from the origin ; f(a) is the distance ON iTOzn. the 
origin to the variable line; and is, except for sign, the distance MN from 

the point Jf where the variable line touches its envelope to the foot N of the perpen- 
dicular let fall upon the line from the origin. The formula for 8 is often called 
Legendre's formula. 
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804. SiiTtflope of a circle. Let us consider the family of circles 
(16) (® - a)» + (y - 6)2 - p® = 0, 

where a, by and p are functions of a variable parameter t. The points where a 
circle of this family touches the envelope are the points of intersection of the 
circle and the straight line 

(16) (X — a) a' + {y — 6) 6' + pp' = 0 . 

This straight line is perpendicular to the tangent MT to the curve C described 
by the center (a» 6) of the variable circle (15), and its distance from the center is 

pdp/dSy where s denotes the length of 
the arc of the curve C Tneasured from 
some fixed point. Consequently, if the 
line (16) meets the circle in the two 
points N and N', the chord NN' is 
bisected by the tangent MT At right 
angles. It follows that the envelope 
consists of two parts, which are, in 
general, branches of the same analytic 
curve. Let us now consider several 
special cases. 

1) If p is constant, the chord of con- 
tact NN' reduces to the normal PF' to 
the curve C, and the envelope is com- 
posed of the two parallel curves Ci and 
Ci which are obtained by laying off the constant distance p along the normal, 
on either side of the curve C. 

2) If p = a + JC, we have p dp/ds — p, and the chord NN' reduces to the tan- 
gent to the circle at the point Q. The two portions of the envelope are merged 
into a single curve r, whose normals are tangents to the curve C. The curve C 
is called the evohite of F, and, conversely, F is called an involute of C (see § 206). 

If dp>d8y the straight line (16) no longer cuts the circle, and the envelope is 
imaginary. 

Secondary caustics. Let us suppose that 
the radius of the variable circle is propor- 
tional to the distance from the center to a 
fixed point O. Taking the fixed point O as 
the origin of coordinates, the equation of the 
circle becomes 

(X - a)2 + (y - by = A:®(a® + 6=^), 

where Ac is a constant factor, and the equation 
of the chord of contact is 

(x - a) a' + (y - 6) 6' + fc«(aa' + 66') = 0 . 

If 9 and denote the distances from the 
center of the circle to the chord of contact and to the parallel to it through the 
origin, respectively, the preceding equation shows that 9 = Ac® a'. Let P be a 
point on the radius MO (Fig. 40), such that MP = IfiMO^ and let C7 be the 




X, § JOil] 


CURVATUliE 


488 


locus of the center. Then the equation just found shows that the chord of con- 
tact is the x>6rpendicular let fall from P upon the tangent to C at the center M. 
Let us suppose that k is less than unity, and let E denote that branch of the 
envelope which lies on the same side of the tangent MT as does the point O. 
I^et i and r, respectively, denote the two angles which the two lines MO and 
MN make with the normal Ml to the curve C. Then we shall have 

= 8inr = -^?, ^ Mq^ ^ Mq 

MQ MN sin r Mp MP k 

Now let us imagine that the point O is a source of light, and that the curve C 
separates a certain homogeneous medium in which O lies from another medium 
whose index of refraction with respect to the first is 1/A;. After refraction the 
incident ray OM will be turned into a refracted ray 3f/f, which, by the law of 
refraction, is the extension of the line NM, Hence all the refracted rays MK 
are normal to the envelope, which is called the secondary caustic of refraction. 
I'he true caustic, that is, the envelope of the refracted rays, is the evolute of the 
secondary caustic. 

The second branch E' of the envelope evidently has no physical meaning ; 
it would correspond to a negative index of refraction. If we set A: = 1, the 
envelope E reduces to the single point O, while the portion E' becomes the locus 
of the points situated symmetrically with O with respect to the tangents to C. 
This portion of the envelope is also the secondai-y caustic of r Section for inci- 
dent rays reflected from C which issue from the flxed point O. It may be shown 
in a manner similar to the above that if a circle be described about each point of 
C with a radius proportional to the distance from its center to a flxed straight 
line, the envelope of the family will be a secondary caustic with respect to a 
system of parallel rays. 


II. CURVATURE 

205. Radius of curvature. The first idea of curvature is that the 
curvature of one curve is greater than that of another if it recedes 
more rapidly from its tangent. In order to render this somewhat 
vague idea precise, let us first consider the case of a circle. Its 
curvature increases as its radius diminishes ; it is therefore quite 
natural to select as the measure of its curvature the simplest func- 
tion of the radius which increases as the radius diminishes, that 
is, the reciprocal 1/72 of the radius. Let AJi be an arc of a circle 
of radius R whi(;h subtends an angle cu at the center. The angle 
between the tangents at the extremities of the arc A B is also w, and 
the length of the arc is « = /?a>. Hence the measure of the curva- 
ture of the circle is m/s. This last definition may be extended to 
an arc of any curve. Uet A3 be an arc of a plane curve without a 
point of inflection, and w the angle between the tangents at the 
extremities of the arc, the directions of the tangents being taken 
in the same sense according to some rule, — the direction from A 
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toward J5, for instance. Then the quotient oi/arc is called the 
avera.ge curvature of the arc AB, As the point JS approaches the 
point A this quotient in general approaches a limit, which is 

the curvature at the point A, The 
radius of curvature at the point A is 
defined to be the radius of the circle 
which would have the same curvature 
which the given curve has at the point 
A\ it is therefore equal to the recipro- 
cal of the curvature. Let s be the 
length of the arc of the given curve 
measured from some fixed point, and 
cc the angle between the tangent and 
some fixed direction, — the x axis, for example. Then it is clear 
that the average curvature of the arc AB is equal to the absolute 
value of the quotient Aa/ As ; hence the radius of curvature is given 
by the formula 



R = ±lim^ 

Acx 



Let us suppose the equation of the given curve to be solved for y 
in the form ?/ = f(x). Then we shajl have 


a = arc tany', 
and hence 
(17) 


da = 


y”dx 


ds = VlH- y'^ dx, 


li =± 


2\4 


y 


Since the radius of curvature is essentially positive, the sign ± 
indicates that we are to take the absolute value of the expression 
on the right. If a length equal to the radius of curvature be laid 
off from A upon the normal to the given curve on the side toward 
which the curve is concave, the extremity / is called the center of 
curvature. The circle described about I as center with R as radius 
is called the circle of curvature. The coordinates (xo, of the 
center of curvature satisfy the two equations 

(*1 — a:) + (yi —y)y' = 0, (Xi — a:)® + (j/i — yf — ■ 

U 


which express the fact that the point lies on the normal at a dis- 
tance R from A. From these equations we find, on eliminating Xi, 
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In order to tell which sign should be taken, let us note that if y" is 
positive, as in Fig. 41, — y must be positive ; hence the positive 

sign should be taken in this case. If ?/” is negative, yi — y is nega- 
tive, and the positive sign should be taken in this case also. The 
coordinates of the center of curvature are therefore given by the 
formulae 

1 -I- v'® 1-1- 

(18) yi - y = ■ " y , - » yj — 

When the coordinates of a point (x, y) of the variable curve are 
given as functions of a variable parameter we have, by § 33, 


, dy „ dxd^y — dy d^x 

y =di' y ^ ’ 


and the formulae (17) and (18) become 


(19) 



— X 


JZ ==± 
dy{dx^ H 


(jdx^ + dy^) 




dx d^y — dy d^x 


dx d^y — dy <Px 

- d y^) 


yi — y = 


dx{dx^ dy^) 
dx d^y — dy d^x 


At a point of inflection y'' = 0, and the radius of curvature is 
infinite. At a cusp of the first kind y can l>e developed according 
to powers of in a series which begins with a term in x ; hence 
y' has a finite value, but y'^ is infinite, and therefore the radius of 
curvature is zero. 


Note. 

curve. 


When the coordinates are expressed as functions of the arc * of the 


the functions 4> and \f/ satisfy the relation 

since dx^ dy^ = da*, and hence they also satisfy the relation 

+ rr' = 0. 


Solving these equations for and we find 


£- 






-f- 


+ vf'"* 

where c = ± 1, and the formula for the radius of curvature takes on the espe- 
cially elegant form 

(20) i = (<»"(•))» + ir'W- 

XI* 
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806. Eiroliites. The center of curvature at any point is the limit- 
ing position of the point of intersection of the normal at that point 
with a second normal which approaches the first one as its limiting 
position. For the equation of the normal is 

(r-y)y = 0, 

where A' and Y are the running coordinates. In order to find the 
limiting position of the point of intersection of this normal with 
another which approaches it, we must solve this equation simulta- 
neously with the equation obtained by equating the derivative of the 
left-hand side with respect to the variable parameter x, i.e. 

The value of Y found from this equation is precisely the ordinate 
of the center of curvature, which proves the proposition. It follows 
that the locus of the center of curvature is the envelope of the 
normals of the given curve, i.e. its evolute. 

Before entering upon a more precise discussion of #the relations 
between a given curve and its evolute, we shall explain certain con- 
ventions. Counting the length of the arc of the given curve in a 
definite sense from a fixed point as origin, and denoting by a the 
angle between the positive direction of the x axis and the direction 
of the tangent which corresponds to increasing values of the arc, 
we shall have tan a = ± y', and therefore 

,1 ,dx 

cos « = ± — ;■■■ = ± -r-- 

Vl -t- y'* 

On the right the sign + should be taken, for if x and s increase 
simultaneously, the angle ct is acute, whereas if one of the varia- 
bles X and 8 increases as the other decreases, the angle or is obtuse 
(§ 81). Likewise, if fi denote the angle between the y axis and the 
tangent, cos = dy/ds. The two formulae may then be written 

dx . d 7/ 

cos a = sin a = 

ds ds 

where the angle a is counted as in Trigonometry. 

On the other hand, if there be no point of inflection upon the 
given arc, the positive sense on the curve may be chosen in such a 
way that s and a increase simultaneously, in which case R = ds/dct 
all along the arc. Then it is easily seen by examining the two 
possible cases in an actual figure that the direction of the segment 
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starting at the point of the curve and going to the center of curva- 
ture makes an angle = a -t- 7r/2 with the x axis. The coordinates 
C^i ? yy) the center of curvature are therefore given by the formulce 

«! = * + R cos -I- = 35 — 72 sin a, 

y\=y + R sin^a + = y 72 cos (T, 

whence we find 

dx^ = cos (X ds — R cos a da — sin a dR = — sin a dR , 

^y\ = sin a ds — R sin a da -|- cos a dR = cos a dR . 

In the first place, these formulae show that dy^/dx^ = — cot a, which 
proves that the tangent to the evolute is the normal to the given 
curve, as we have already seen. Moreover 

d^ = dx\ -I- t/yf = dR^j 

or dsi = ± dR. Let us suppose for definiteness that the radius 
of curvature constantly increases as we proceed along the curve C 
(Fig. 42) from to and let us choose the positive sense of 
motion upon the evolute (/>) in such a way 
that the arc Si of (D) increases simultane- 
ously with R. Then the preceding formula 
becomes dsi = dR, whence + C. It 

follows that the arc Ii = R^ — R\, and we 
see that the length of any arc of the evolute 
is equal to the difference between the two 
radii of curvature of the curve C which cor- ^ 
resjjond to the extremities of that arc. 

This property enables us to construct the 
involute C mechanically if tlie evolute (/>) be 
given. If a string be attached to (X>) at an 
arbitrary point A and rolled around (If) to /g, thence following the 
tangent to the point will describe the involute C as the 

string, now held taut, is wound further on round (/^). This con- 
struction may be stated as follows : On each of the tangents IM of 
the evolute lay off a distance IM = I, where Z -f- *■ = const., s being 
the length of the arc of the evolute. Assigning various values 
to the constant in question, an infinite number of involutes may be 
drawn, all of which are obtainable from any one of them by laying 
off constant lengths along the normals. 
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Ail of these properties may be deduced from the general formula 
fmr the differential of the length of a straight line segment (§ 82) 

Z = — diTx cos ci>i — dtr^ cos coj . 

If the segment is tangent to the curve described by one of its 
eiLtremities and normal to that described by the other, we may set 
,oi = TT, ojg = 7r/2, and the formula becomes dl — d<rx = 0. If the 
straight line is normal to one of the two curves and / is constant, 
= 0, cos <*>i = 0, and therefore cos ci>a = 0. 

The theorem stated above regarding the arc of the evolute depends 
essentially upon the assumption that the radius of curvature con- 
stantly increases (or decreases) along the whole arc considered. If 
this condition is not satisfied, the statement of the theorem must 
be altered. In the first place, if the radius of curvature is a maxi- 
mum or a minimum at any point, dli — 0 at that point, and hence 

dxx = dyx = 0. Such a point is a cusp on 
the evolute. If, for example, the radius 
of curvature is a maximum at the point M 
(Fig- 43), we shall have 

arc ITx = IM — /j , 

whence 

arc A/Zg = 2IM — 

Hence the difference — /giJ/g is equal 

to the difference between the two arcs //i and //g and not their sum. 



207. Cycloid. The cycloid is the path of a point upon the circumference of a 
circle which rolls without slipping on a fixed straight line. Let us take the 



fixed line as the x axis and locate the origin at a point where the point chosen on 
the circle lies in the x axis. When the circle has rolled to the point I (Fig. 44) 
the point on the circumference which was at O has come into the position Jf, 
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where the circular arc IM is equal to the segment 02. Let ua take the angle ^ 
between the radii C2£ and Cl as the variable parameter. Then the coordinates 
of the point M are « 

» = 02 - 2P = JS0 - Rsin0, y = JfP = 20 + CQ = R - R cos^, 

where P and Q are the projections of 3f on the two lines 02 and 27\ respec- 
tively. It is easy to show that these formulae hold for any value of the angle 0. 
In one complete revolution the point whose path is sought describes the arq 
OROi . If the motion be continued indefinitely, we obtain an infinite number 
of arcs congruent to this one. From the preceding formulae we find 

x=R(0^sin0), dx = R(1 — cob 0)(2^, d^x = R sin 0 

V = R(1 — cos 0) , dy = R sin ^ d0 , d^y = R cos diffl , 

and the slope of the tangent is seen to be 

dy _ sin^ 0 

dx 1 — cos 4> 2 

which shows that the tangent at M is the straight line 3fT, since the angle 
MTC = 0/2, the triangle MTC being isosceles. Hence the normal at M is the 
straight line MI through the point of tangency 2 of the fixed straight line with 
the moving circle. For the length of the arc of the cycloid we find 

ds2 = R^d<f>^ [sin20 (i — cos 0)*] = 422* sin® ^ d0® or da = 2R sin - d0 , 

2 2 

if the arc be counted in the sense in which it increases with 0. Hence, counting 
the arc from the point O as origin, we shall have 

s = 4R — cos • 

Setting 0 = 2;r, we find that the length of one whole section OBOi is 8R. The 
length of the arc OMB from the origin to the maximum B is therefore 4R, and 
the length of the arc BM (Fig. 44) is 4R cos 0/2. From the triangle MTC the 
length of the segment JfT is 2 K cos 0/2 ; hence arc BM = 2JI27’. 

Again, the area up to the ordinate through M is 

A = C^y dx = (1 — 2 cos 0 -K cos®0) d0 

Jo Jq 

^ /^^/3 „ co8 20\ 

= R® / f--2coB0-+- — 

or 

Hence the area bounded by the whole arc OROi and the base OOi is SwR®, that 
is, three timea the area of the generating circle. (Galileo.) 

The formula for the radius of curvature of a plane curve gives for the cycloid 

8R* sin* ^ d0* 

p = = 4£Bin|- 

2BS8in>-<i^ 

2 
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On the other hand, from the triangle MCI^ Ml = 2R ein 0/2. Hence p = 2Jlf7, 
and the center of curvature may be found by extending the straight line MI 
past I by its own length. This fact enables us to determine the evolute easily. 
fTor, consider the circle which is symmetrical to the generating circle with 
respect to the point I. Then the point M' where the line MI cuts this second 
cir<de is evidently the center of curvature, since M'l = MI. But we have 

arc T'M' = nit — arc IM' = nR — arc IM = nR — OJ, 
or 

arc T'M' = OH - OI = IH = T'B'. 

Hence the point M' describes a cycloid which is congruent to the first one, the 
cusp being at B' and the maximum at O. As the point M describes the arc 
BOit the point M' describes a second arc B'Oi which is symmetrical to the arc 
OB' already described, with respect to BB'. 


308. Catenary. The catenary is the plane curve whose equation with respect 
to a suitably chosen set of rectangular axes is 

(21) V = + e~“^- 

Its appearance is indicated by the arc MAM' in the figure (Fig. 45). 



V"=~(e^ + e-^")=y-, 1 + = g. 

If 0 denote the angle which the tangent TM makes with the x axis, the formula 
for y' gives 


sin 0 = 


€** — e 


cos 0 = ■ 


2 


c"' + c “ c“ + e“ 

The radius of curvature is given by the formula 

„ ^ (1 + y'^)* ^ 

y" a * 

But, in the triangle MPN, MP = MH cos 0 ; hence 

MJV = = h ! = *, 

cos 0 « 


a 

y 
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It followa that the radius of curvature of the catenary is equal to the length of 
the normal Jlf-V Xhe evolute may he found without difficulty from this fact- 
The length of the arc A of the catenary is given by the formula 




e“ + c" 


j a 

‘dx. = - 



or « = y sin <t>. If a perpendicular Pm be dropped from P (Fig. 46) upon the 
tangent Jf T, we find, from the triangle PMm, 


Mm = MP sin tp = s. 

Hence the arc AM ia equal to the distance Mm. 


209. Tractrix. The curve described by the point m (Fig. 46) is called the 
tractrix. It is an involute of the catenai-y and has a cusp at the point A. The 
length of the tangent to the tractrix is the distance inP. But, in the triangle 
MPm^ mP — y cos 4> — a \ hence the length m P measured along the tangent to 
the tractrix from the point of tangency to the x axis is constant and equal to a. 
The tractrix is the only curve which has this property. 

Moreover, in the triangle TP, Mm x mT — a^. Hence the product of the 
radius of curvature and the normal is a constant for the tractrix. This property 
is shared, however, by an infinite number of other plane curves. 

The coordinates (xi, y\) of the point m are given by the formulee 


Xi = X — s cos 4> = X 


c« — 

a 1 

X X 

C« + c““ 


2/1 = y — s sin <f> = 


2 a 


e« 4- e “ 


or, setting = tan 6/2, the equations of the tractrix are 


( 22 ) 


xi = a cos 0 + a log 



y 1 = a sin 6 . 


As the parameter 6 varies from n/2 to n, the point (xi , yi) describes the arc 
Amn, approaching the x axis as asymptote. As 0 varies from 9 r /2 to 0, the 
point {Xi , yi) describes the arc Am'n', symmetrical to the first with respect to 
the y axis. The arcs Amn and Am'n' correspond, respectively, to the arcs AM 
and AM' of the catenary. 


210. Intrinsic equation. Bet us try to determine the equation of a plane 
curve when the radius of curvature R is given as a function of the arc s, 
R = 0 (s). Let a be the angle between the tangent and the x axis ; then 
P = db da/det, and therefore 

da , da 
da = ± -— = ± — — • 

B «(») 


a = ao 



0 («)’ 


A first integration gives 
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and two further integrations give x and y in the form 


x = Xo+ r*cos<a:d«, 2 / = Vo + f^ainadB, 

*''0 •'-id 

The curves defined by these equations depend upon the three arbitrary con- 
stants Xo , Vo 1 and ao . But if we disregard the position of the curve and think 
only of its form, we have in reality merely a single curve. For, if we first con- 
sider the curve C defined by the equations 




the general formulse may be written in the form 


X = Xo + X cos ao — T sinao, 
y = Vo + X sin ao-\- Y cos a©. 


if the i>ositive sign be taken. These last formulas define simply a transforma- 
tion to a new set of axes. If the negative sign be selected, the curve obtained 
is symmetrical to the curve C with respect to the X axis. A plane curve is 
therefore completely determined, in so far as its form is concerned, if its radius 
of curvature be known as a function of the arc. The equation E = 0 (s) is 
called the intrinsic equation of the curve. More generally, if a relation between 
any two of the quantities E, a, and a be given, the curve is completely deter- 
mined in form, and the expressions for the codrdinates of any point upon it 
may be obtained by simple quadratures. 

For example, if R be known as a function of or, R=.f(a)^ we first find 
ds = f(a) da, and then 

dx = coso:/(o:)do:, 
dy = sin ar/(ar) dor , 

whence x and y may be found by quadratures. If E is a constant, for instance, 
these formulae give 

X = Xo + -K sin o: , y = yo — R cos a , 


and the required curve is a circle of radius R. This result is otherwise evident 
from the consideration of the evolute of the required curve, which must reduce 
to a single point, since the length of its arc is identically zero. 

As another example let us try to find a plane curve whose radius of curva- 
ture is proportional to the reciprocal of the arc, R = aVs. The formulae give 


and then 


a 


„ a* “ 2 a*’ 




ds. 


Although these integrals cannot be evaluated in explicit form, it is easy to gain 
an idea of the appearance of the curve. As s increases from 0 to 4 oo, x and y 
each pass through an infinite number of maxima and minima, and they approach 
the same finite limit. Hence the curve has a spiral form and approaches 
asymptotically a certain point on the line y = x. 
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III. CONTACT OF PLANE CURVES 


Sll. Order of contact. Let C and C* be two plane curves wbidi 
are tangent at some point A. To every point m on C let us assign^, 
according to any arbitrary law whatever, a point on the only 
requirement being that the point m' 
should approach A with m. Taking 
the arc Am — or, what amounts to 
the same thing, the chord Am — as 
the principal infinitesimal, let us first 
investigate what law of correspond- 
ence will make the order of the infin- 
itesimal mm' with respect to Am as 
large as possible. Let the two curves 
be referred to a system of rectangular 
or oblique cartesian coordinates, the axis of y not Veing parallel to the 
common tangent A T. Let 

iC') y=/(^), 

(6’') Y=F(x) 



be the equations of the two curves, respectively, and let (xq? yo) 
the coordinates of the point A. Then the coordinates of m will 
be [a7„ H- /t, f(x^ -h 4)], and those of m' will be [xq -h 4, 
where 4 is a function of h which defines the correspondence between 
the two curves and which approaches zero with h. 

The principal infinitesimal Am may be replaced by h = for 
the ratio ap/Am approaches a finite limit different from zero as the 
point VI approaches the point A . Let us now suppose that mm' is 
an infinitesimal of order r -f- 1 with respect to 4, for a certain 
method of correspondence. Then mm'* is of order 2r -f- 2. If 0 
denote the angle between the axes, we shall have 

mm'* = “h -H (^ — ^0 ^3* + (4 — 4)® sin* 6 ; 

hence each of the differences k — 4 and F(x^i + 4) — -1- 4) must 
be an infinitesimal of order not less than r 1, that is, 


4 = 4 4- ^r4’’+ >, Fipc^ -h 4) -/(a:o + 4) = )84' + S 

where ct and are functions of 4 which approach finite limits as 4 
approaches zero. The second of these formulae may be written in 
the form 

F(Xo H- 4 + rr4'-^-^) — /(ir„ + 4) = ^4’-+». 
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If the expression F(xq 4-^4- orA’"*'*) be developed in powers of or, 
the terms which contain a form an infinitesimal of order not less 
than r + I- Hence the difference 

A = F(xo + A) — /(aJo 4- A) 

is an infinitesimal whose order is not less than r + 1 and may exceed 
r 4 1. But this difference A is equal to the distance mn between 
the two points in which the curves C and C* are cut by a parallel 
to the y axis through m. Since the order of the infinitesimal mm' 
is increased or else unaltered by replacing m' by w, it follows that 
the distance between two corresponding points on the two curves is an 
injinites'imal of the greatest possible order if the two corresponding 
points always lie on a parallel to the y axis. If this greatest possi- 
ble order is r 4- 1, the two curves are said to have contact of order r 
at the point A. 

li^otes. This definition gives rise to several remarks. The y axis 
was any line whatever not parallel to the tangent A T. Hence^ in 
order to find the order of contact, corresponding points on the two 
curves may be defined to be those in which the curves are cut by 
Lines parallel to any fixed line D which is not parallel to the tan- 
gent at their common point. The preceding argument shows that 
the order of the infinitesimal obtained is independent of the direc- 
tion of />, — a conclusion which is easily verified. Let mn and mm' 
be any two lines through a point m of the curve C which are not 
parallel to the common tangent (Fig. 46). Then, from the triangle 
mm'n, 

mm' sin mwm' 

mn sin mm' n 

As the point m approaches the point A, the angles mnm' and mm'n 
approach limits neither of which is zero or tt, since the chord m'n 
approaches the tangent A T. Hence mm' /mn approaches a finite 
limit different from zero, and mm' is an infinitesimal of the same 
order as 'oin. The same reasoning shows that mm' cannot be of 
higher order than mn, no matter what construction of this kind is 
used to determine m' from m, for the numerator sin mnm' always 
approaches a finite limit different from zero. 

The principal infinitesimal used above was the arc Am ov the 
chord Am. We should obtain the same results by taking the arc 
An at the curve C" for the principal infinitesimal, since Am and An 
are infinitesimals of the same order. 
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If two curves C and C’ have a contact of order r, the points 
on C' may be assigned to the points m on C in an infinite number 
of ways which will make mm' an infinitesimal of order r + 1, — for 
that purpose it is sufficient to set A; = A 4 - £rA*'+', where s^r and 
where cr is a function of h which remains finite for h = 0. On the 
other hand, if « < r, the order of mm' cannot exceed s 4- 1. 


212. Analytic method. It follows from the preceding section that 
the order of contact of two curves C and C' is given by evaluating 
the order of the infinitesimal 


Y-y^ F(x^ + h) -/(xo 4- A) 

with respect to A. Since the two curves are tangent at 4, 
p(x„') = f(Xa) and F'(a-„) =/'(«■«). It may happen that others of the 
derivatives are equal at the same point, and we shall suppose for 
the sake of generality that this is true of the first n derivatives : 


( /'Xa-n)=/(^n), /<’'(*«) 

but that the next derivatives + and/<"+»(x„) are unequal. 

Applying Taylor’s series to each of the functions F(x) and/(x), we 
find 


r= j.X*o) + f i=’X®.) + - - 

y = /(*o) + j/X*o) + 

+ 1 i" + 

1 . J ■ 71 


1 . 2 • • • (71+ 1) 

1.2 - (7t+l) 


(;f<«+i)(x„) + c], 


[/<« + »(Xo) + e'], 


or, subtracting, 

/t“ + ' 

(24) y-y = i.o...(„^ 


[-/?(»+i)(x„) _/<»+'>(x„) + c — e']. 


where < and «' are infinitesimals. It foU<yws that the order of contact 
of two curves is e^ual to the order n of the highest derivatxves of F(x) 
and f (pc) whicit are equal for x = Xq. 

The conditions (23), which are due to Lagrange, are the necessary 
and suflRcient conditions that x = x, should be a multiple root of 
order 71 + 1 of the equation F(x')=f(x). But the roots of this 
equation are the abscissas of the points of intersection of the two 
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ourres C and C' ; hence it may be said that two curves which have 
contact of order n have n + 1 coincident points of intersection. 

The equation (24) shows that Y — y changes sign with A if n is 
even> and that it does not if n is odd. Hence curves which have 
contact of odd order do not cross, but curves which have contact of 
even order do cross at their point of tangency. It is easy to see why 
this should be true. Let us consider for definiteness a curve C" 
which cuts another curve C in three points near the point A, If 
the curve C' be deformed continuously in such a way that each of 
the three points of intersection approaches A, the limiting position 
of C' has contact of the second order with U, and a figure shows that 
the two curves cross at the point A. This argument is evidently 
general. 

If the equations of the two curves are not solved with respect to 
Y and y, which is the case in general, the ordinary rules for the 
calculation of the derivatives in question enable us to write down 
the necessary conditions that the curves should have contact of 
order n. The problem is therefore free from any particular diffi- 
culties. We shall examine only a few special cases which arise 
frequently. First let us suppose that the equations of each of the 
curves are given in terms of an auxiliary variable 


(o 


^ *=/( 0 , 


(O') 




and that ^(^o) = <^(^o) i-e* that the curves are tan- 
gent at a point A whose coordinates are f(t^), ^ 

zero, as we shall suppose, the common tangent is not parallel to the 
y axis, and we may obtain the points of the two curves which have 
the same abscissae by setting u = t. On the other hand, a? — «o is of 
the first order with respect to ^ — t^, and we are led to evaluate the 
order of ipif) — 4>(f) with respect to t — to • In order that the two 
curves have at least contact of order n, it is necessary and sufficient 
that we should have 


(25) ^(to) = <l>(to), ^'(/o) = 

and the order of contact will not exceed n if the next derivatives 
^*•■*■^^(^ 0 ) and ^^"■*■*^(< 0 ) are unequal. 

Again, consider the case where the curve C is represented by the 
two equations 

(26) 




y = ♦(O. 
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and the curve by the single equation F(x^ y) = 0. This case may 
be reduced to the preceding by replacing x in F(x^ y) by /{€) and 
considering the implicit function y = dehned by the equation 

(27) ^(0]=0. 

Then the curve C' is also represented by two equations of the form 


(28) 


*=/(0> y = ^(0* 


In order that the curves C and C' should have contact of order n at 
a point A which corresponds to a value of the parameter^ it is 
necessary that the conditions (25) should be satisfied. But the 
successive derivatives of the implicit function i/^(^) are given by the 
equations 




(29) 


d^F dF dF 

+ ^ ret) = o. 


B^F dF 


Hence necessary conditions for contact of order n will be obtained 
by inserting in these equations the relations 

=/(^o), ^(^o) = • • •, = ^^“>(^o) 

The resulting conditions may be expressed as follows : 

£fet 

FCO = P^At), rt)l ; 


thsti the two given curves will have cut least contact of order n if and 
only if 

(30) F(^o) = 0, P(^o) = 0, . . F<->(ito) = 0. 

The roots of the equation F(^) = 0 are the values of t which cor- 
respond to points of intersection of the two given curves. Hence 
the preceding conditions amount to saying that ^ is a multiple 
root of order n, i.e. that the two curves have w -F I coincident points 
of intersection. 
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213. Osculating curves. Given a fixed curve C and another curve 
C* which depends upon -f- 1 parameters a, b, e, I, 

(31) F(x, y, a, ^ c, • • *, V) = 0, 

it is possible in general to choose these n 1 parameters in such a 
way that C" and C shall have contact of order 7 i at any preassigned 
point of C. For, let C be given by the equations x = y — 

'rhen the conditions that the curves C and C should have contact 
of order n at the point where t = are given by the equations (30), 
where 

F(0 = n/iOy <^(0. a, ^ 

If t 0 be given, these n +1 equations determine in general the -f-1 
parameters a, b, c, L The curve C" obtained in this way is 
called an osculating curve to the curve C. 

Let us apply this theory to the simpler classes of curves. The 
equation of a straight line y = ax + b depends upon the two param- 
eters a and b \ the corresponding osculating straight lines will have 
contact of the first order. If y = f{pc) is the equation of the curve C, 
the parameters a and b must satisfy the two equations 

j%x^ = ax^ + b , /'(*») = «; 

hence the osculating line is the ordinary tangent, as we should 
expect. 

The equation of a circle 

(32) (x - ay + (y — ^)3 — 722 = 0 

depends upon the three parameters a, and R ; hence the corre- 
sponding osculating circles will have contact of the second order. 
Let y = y^x) be the equation of the given curve C ; we shall obtain 
the correct values of a, b^ and R by requiring that the circle should 
meet this curve in three coincident points. This gives, besides the 
equation (32), the two equations 

(33) X - a -h (y - ^)y' = 0, I 4 - y'* + (y _ ^)y^ = 0. 

The values of a and b found from the equations (33) are precisely 
the coordinates of the center of curvature (§ 205) ; hence the oscu- 
lating circle coincides with the circle of curvature. Since the con- 
tact is in general of order two, we may conclude that in general the 
circle of cu'rvature of a plane curve crosses the curve at their point 
of tangeney. 
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All the above results might have been foreseen a priori. For, 
since the coordinates of the center of curvature depend only on 

Vy y'*y 3*^7 l^wo curves which have contact of the second 

order have the same center of curvature. But the center of curva- 
ture of the osculating circle is evidently the center of that circle 
itself ; hence the circle of curvature must coincide with the oscu- 
lating circle. On the other hand, let us consider two circles of 
curvature near each other. The difference between their radii, 
which is equal to the arc of the evolute between the two centers, 
is greater than the distance between the centers ; hence one of 
the two circles must lie wholly inside the other, which could not 
liappen if both of them lay wholly on one side of the curve C in 
the neighborhood of the point of contact. It follows that they 
cross the curve (J. 

Tliere are, however, on any plane curve, in general, certain points 
at which the osculating circle does not cross the curve ; this excep- 
tion to the rule is, in fact, typical. Given a curve which depends 
upon -h 1 parameters, we may add to the ri- -f- 1 equations (30) the 
new equation 

provided that we regard as one of the unknown quantities and 
determine it at the same time that we determine the parameters 
a, b, Cj " , L It follows that there are, in general, on any plane 
curve C, a certain number of points at which the order of con- 
tact with the osculating curve C’ is 7i -hi. For example, there are 
usually points at which the tangent has contact of the second order ; 
these are the points of inflection, for which = 0. In order to find 
the points at which the osculating circle has contact of the third 
order, the last of equations (33) must be differentiated again, which 
gives 

3y'y''-h(y-ft) = 0, 

or finally, eliminating y — b, 

(34) (1 -h y*)y'" - 3y'y^* = 0. 

The points which satisfy this last condition are those for which 
dR /dx = 0, i.e. those at which the radius of curvature is a maxi- 
mum or a m inimum. On the ellipse, for example, these points are 
the vertices ; on the cycloid they are the points at which the tan- 
gent is parallel to the base. 
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214, Osculating curves as limiting curves. It is evident that an 
osculating curve may be thought of as the limiting position of a 
curve C" which meets the fixed curve C in n + 1 points near a fixed 
point A of C, which is the limiting position of each of the points 
of intersection. Let us consider for definiteness a family of 
curves which depends upon three parameters a, b, and o, and let 
^0 -h > ^0 + ^*2 1 and be three values of t near The curve 

C' which meets the curve C in the three corresponding points is 
given by the three equations 

(35) F (/o + Ai) = 0 , F (tff A 2 ) = 0 , F (t^ + Aj) = 0 . 

Subtracting the first of these equations from each of the others and 
applying the law of the mean to each of the differences obtained, 
we find the equivalent system 

(36) F(^o 4- A,) = 0, FXto + k^) = 0, F'(^o 4- A^) = 0, 

where Aj lies between hi and Ag, and Ag between Ai and A*. Again, 
subtracting the second of these equations from the third and apply- 
ing the law of the mean, we find a third system equivalent to either 
of the preceding, 

(37) F(^o 4- AO = 0, FXto 4- AO = 0, F^'(^o + Ij) = 0, 

where li lies between Ai and Ag. As Ai, Ag, and Ag all approach 
zero, A,, Ag, and li also all approach zero, and the preceding equa- 
tions become, in the limit, 

F(^0 = 0, FX^o) = 0, F”(fo) = 0, 

which are the very equations which determine the osculating curve. 
The same argument applies for any number of parameters whatever. 
Indeed, we might define the osculating curve to be the limiting 
position of a curve C' which is tangent to C at p points and cuts C 
at q other points, where 2^ 4 - = n 4- 1, as all these p A- q points 

approach coincidence. 

For instance, the osculating circle is the limiting position of a 
circle which cuts the given curve C in three neighboring points. It 
is also the limiting position of a circle which is tangent to C and 
which cuts C at another point whose distance from the point of 
tangency is infinitesimal. Let us consider for a moment the latter 
property, which is easily verified. 

Let us take the given point on C as the origin, the tangent at 
that point as the x axis, and the direction of the normal toward the 
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center of curvature as the positive direction of the y axis. At the 
origin, y' = 0. Hence R = 1/y”, and therefore, by Taylor’s series, 

*' = **fe + *)’ 

where e approaches zero with as. It fol- 
lows that H is the limit of the expres- 
sion x^/(2y) = OP^ / (2 MP) as the point 
M approaches the origin. On the other 
handy let Rx be the radius of the circle 
Cl which is tangent to the x axis at the 
origin and which passes through M. 

Then we shall have 

OP* = Mm ~ MPQiRi — MP) , 

or 

OP* _ MP. 

2MP~^* 2~' 

hence the limit of the radius l^i is really equal to the radius of 
curvature R. 



EXERCISES 

1. Apply the general formulse to find the evolute of an ellipse ; of an hyper- 
bola ; of a parabola. 

2. Show that the radius of curvature of a conic is proportional to the cube 
of the segment of the normal between its points of intersection with the curve 
and with an axis of symmetry. 

3. Show that the radius of curvature of the parabola is equal to twice the 
segment of the normal between the curve and the directrix. 

4. Let F and F' be the foci of an ellipse, M a point on the ellipse, MN the 
normal at that point, and N the point of intersection of that normal and the 
major axte of the ellipse. Erect a perpendicular NK to MN at JV, meeting MF 
at JT. At JET erect a perpendicular KO vo MF, meeting MN Sit O. Show that 
O is the center of curvature of the ellipse at the point 3f. 

5. For the extremities of the major axis the preceding construction becomes 
illusory. Let AOA" be the major axis and BCXB the minor axis of the ellipse. 
On the segments OA and OB construct the rectangle OA FB, From F let fall 
a perpendicular on AB, meeting the major and minor axes at C and 2), respec- 
tively. Show that C and D are the centers of curvature of the ellipse for the 
points A and B^ respectively. 

6. Show that the evolute of the spiral p = ae*» is a spiral congruent to the 
given spiral. 



452 


PLANE CURVES 


lx, Exb. 


7. The path of any point on the circumference of a circle which rolls with- 
out slipping along another (fixed) circle is called an epicycloid or an hypocydoid. 
Show that the evolute of any such curve is another curve of the same kind. 

8 . Let A B he an arc of a curve upon which there are no singular points and 
no points of inflection. At each point in of this arc lay off from the point m 
along the normal at ni a given constant length I in each direction. Let mi and 

be the extremities of these segments. As the point m describes the arc AB, 
the points mi and mn will describe two corresponding arcs AiBi and A 2 B 2 - 
Derive the fonnulaj = S — W, S 2 = 5 W, where S, Si, and 62 are the 
lengths of the arcs AB, Ai Bi , and A^B^, respectively, and wdiere 0 is the angle 
between the normals at the points A and B. It is supposed that the arc AiBi 
lies on the same side oi A B the evolute, and that it does not meet the evolute. 

[^Licence, Paris, July, 1870.] 

9. Determine a curve such that the radius of curvatures p at any point M 
and the length of the arc a = AM measured from any flxed point A on the curve 
satisfy the equation os = p® + «■, where a is a given constant length. 

[Licence, Paris, July, 1883.] 

10. Let C bo a given curve of the third degree which has a double i)oint 
at O. A right angle MON revolves about the point O, meeting the curve C in 
two variable points M and N. Determine the envelope of the straight line MN. 
In particular, solve the problem for each of the curves \y‘^ = and x** -f = yxy. 

[Licence, Bordeaux, July, 1885.] 

11. Find the points at which the curve represented by the equations 

X = a (nw — sin «) , y = a (w — cos a>) 

has contact of higher order than the second with the osculating circle. 

[Licence, Grenoble, July, 1886.] 

12. Let m, mi, and m 2 be three neighboring points on a plane curve. Find 
the limit approached by the radius of the circle circumscribed about the triangle 
formed by the tangents at these three points as the points approach coincidence. 

13. If the evolute of a plane curve without points of inflection is a closed 
curve, the total length of the evolute is equal to twice the difference between the 
sum of the maximum radii of curvature and the sum of the minimum radii of 
curvature of the given curve. 

14. At each point of a curve lay off a constant segment at a constant angle 
with the normal. Show that the locus of the extremity of this segment is a 
curve whose normal passes through the center of curvature of the given curve. 

15. Let r be the length of the radius vector from a fixed pole to any point of 
a plane curve, and p the perpendicular distance from the pole to the tangent. 
Derive the formula /f = ± r dr/dp, where R is the radius of curvature. 

16. Show that the locus of the foci of the parabolas which have contact of 
the second order with a given curve at a fixed point is a circle. 

17. Find the locus of the centers of the ellipses whose axes have a fixed direc- 
tion, and which have contact of the second order at a flxed point with a given 
curve. 
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I. OSCULATING TLANE 

215. Definition and equation. Let MT be the tangent at a point M 
of a given skew curve T. A plane through Ml' and a point of 
r near M in general approaches a limiting position as the point M* 
approaches the point M, If it does, the limiting position of the 
plane is called the osculating plane to the curve T at the point M, 
We shall proceed to find its equation. 

Let 

(1) x=f(t), y = <^(0, « = 

be the equations of the curve F in terms of a parameter t, and let t 
and t hhe the values of t which correspond to the points M and 
M\ respectively. Then the equation of the plane MTM* is 

A{X^x) + B{Y-y) + C{Z 

wliere the coefficients A, B, and C must satisfy the two relations 

(2) Af\t) + B4,\t) + = 0, 

(3) A lf(t + h) -/(O] + ^ + ^0 - ^(01 + + '0 - ^(0] = 0- 

Expanding f(t + h), -f h) and + h) by Taylor^s series, the 
equation (3) becomes 

A { hfXt) + ^ [/"(<) + «,] I + B^h^’(t) + [^"(0 + *0 }+ • • • = 0. 

After multiplying by h, let us subtract from this equation the equar 
tion (2), and then divide both sides of the resulting equation by 
4y2. Doing so, we find a system equivalent to (2) and (3) : 

Air(t) -h €,] + Bi4>”(^) + €,-] + + ^ 3 ] = 0 , 

where C], and approach zero with k. In the limit as h 
approaclies zero the second of these ecj nations becomes 

(4) A/"(0 + B <^"(0 -H C = 0 . 

453 
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Hence the equation of the osculating plane is 
(5) A{X - a?) + BiY ^y)-^C{Z ^z) 

where A, B, and C satisfy the relations 

i A doR Bdy C dz = 0 , 
(A<Px + Bd’‘y + Cd*z = 0. 


0 , 


The coefficients A, B, and C may be eliminated from (5) and ( 6 ), 
and the equation of the osculating plane may be written in the form 


X — x 

Y-y 

Z ^z 

dx 

dy 

dz 

d^x 

d^y 

d^z 


Among the planes which pass through the tangent, the osculating 
plane is the one which the curve lies nearest near the point of tan- 
gency. To show this, let us consider any other plane through the 
tangent, and let F(t) be the function obtained by substituting 
f(t + h), fl>{t -f- h), ipit -i- A) for A", F, Z, respectively, in the left-hand 
side of the equation (5), which we shall now assume to be the equa- 
tion of the new tangent plane. Then we shall have 


F(t) = 172 + 7 ], 


where 17 approaches zero with A. The distance from any second 
point M' of r near M to this plane is therefore an infinitesimal of 
the second order ; and, since Fif) has the same sign for all sufficiently 
small values of A, it is clear that the given curve lies wholly on one 
side of the tangent plane considered, near the point of tan gency. 

These results do not hold for the osculating plane, however. For 
that plane, A A- Cip** = 0 ; hence the expansions for the 
coordinates of a point of F must be carried to terms of the third 
order. Doing so, we find 


F(t) 


A* /A d*x -f- B d^y 4 - C d^z 
1.2.3V dt^ 



L 


It follows that the distance from a point of F to the osculating 
plane is an infinitesimal of the third order ; and, since F(^) changes 
sign with A, it is clear that a shew cunfe crosses its osculating plane 
at their common point. These characteristics distinguish the oscu- 
lating plane sharply from the other tangent planes. 
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216. Statloiiaiy oicalatiiig plane. The results just obtained are noib 
valid if the ooefficients C of the osculating plane satisfy the 

relation 

(7) A d«a; + H-ed*«==0. 


If this relation is satisfied, the expansions for the coordinates must 
be carried to terms of the fourth order, and we should obtain a 
relation of the form 


F(t) 


h} /A d^ic + Bd*y C d^x 
1 . 2 . 3 . 4 \ dt^ 



The osculating plane is said to be stationary at any point of F for 
which (7) is satisfied; if A d*x -h Bd^y C does not vanish 
also, — and it does not in general, — changes sign with h and 
curve does not cross its osculating plane. Moreover tiie distance 
from a point on the curve to the osculating plane at such a point is 
an infinitesimal of the fourth order. On the other hand, if the 
relation A d^x B d^ y C d* x ^ 0 is satisfied at the same point, 
the expansions would have to be carried to terms of the fifth order ; 
and so on. 

Eliminating Ay B, and C between the equations (6) and (7), we 
obtain the equation 


( 8 ) 


A = 


dx dy dz 
<Px d^y d^z 
d^x d^y d^x 


= 0 , 


whose roots are the values of t which correspond to the points of F 
where the osculating plane is stationary. There are then, usually, 
on any skew curve, points of this kind. 

This leads us to inquire whether there are curves all of whose 
osculating planes are stationary. To be precise, let us try to find 
all the possible sets of three functions x, y, x of a single variable f, 
which, together with all their derivatives up to and including those 
of the third order, arc continuous, and which satisfy the equation 
(8) for all values of t between two limits a and h (a h). 

Let us suppose first that at least one of the minors of A which 
correspond to the elements of the third row, say dx d^y — dy does 
not vanish in the interval (a, h). The two equations 

dx = Cl dx + C 2 dyy 
d^z = Cid^x 4- C* 


( 9 ) 
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which are equivalent to (6), determine Cx and as continuous 
functions of t in the interval (a, b). Since A = 0, these functions 
also satisfy the relation 

(10) = Cxd^x 4- Ca . 

Differentiating each of the equations (9) and making use of (10), 
we find 

dC\dx -i- dC^dy =0, dCxd^x + dC^d^y = 0, 

whence dCx=^ dC^ = 0. It follows that each of the coefficients Cx 
and c\ is a constant; hence a single integration of the first of 
equations (9) gives 

25 = CiX + Csy 4- Ca, 

where C, is another constant. This shows that the curve F is a 
plane curve. 

If the determinant dxd^y — dyd^x vanishes for some value c of the variable t 
between a and 6, the preceding proof fails, for the coefficients Cx and Ca might 
be infinite or indeterminate at such a point. Let us suppose for definiteness 
that the preceding deteriiiiiiant vanishes for no other value of t in the interval 
(a, b), and that the analogous determinant dxd^z — dzdPx does not vanish for 
t = c. The argument given above shows that all the points of the curve F which 
correspond to values of t between a and c lie in a plane P, and that all the 
points of r which correspond to values of t between c and b also lie in some 
plane Q. Hut dxd^z — dzd'^x does TK>t vanish for f = c; hence a number k 
can be found such that that minor does not vanish anywhere in the interval 
{c — h, c 4 h). Hence all the points on F which correspond to values of t 
between c — h and c + h must lie in some plane R. Since R must have an 
infinite number of points in common with P and also with Q, it follows that 
these three planes must coincide. 

Similar reasoning shows that all the points of F lie in the same plane unless 
all three of the determinants 

dxd^y — dyd^x^ dxd^z — dzdPx, dy(Pz — dz<Py 

vanish at the same point in the interval (a, &). If these three determinants do 
vanish simultaneously, it may happ>en that the curve F is composed of several 
portions which lie in different planes, the points of junction being points at 
which the osculating plane is indeterminate.* 

If all three of the preceding determinants vanish identically in a certain 
interval, the curve F is a straight line, or is composed of several portions of 
straight lines. If dx/dt does not vanish in the interval (a. b), for example, we 
may write 

d^ydx — dyd^x __ ^ d^zdx — dzd^x _ ^ 

Jdx)^ ” ’ ~ ’ 

whence 

dy = Cidx, dz = Cadx, 

*This singular case seems to have been noticed first by Peano. It is evidently of 
Interest only Irom a purely unulytical standpoint. 
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where C\ and C% are constantB. Finally, another Integpration gives 
y = Cix+C£, 2 = C,®+C$, 
which shows that r is a straight line. 

817. Ststtonaiy tangents. The preceding paragraph suggests the study of 
certain points on a skew curve which we had not previously defined, namely 
the points at which we have 

nix 

^ ' dx “ dy “ dz ■ 

The tangent at such a point is said to be stationary. It is easy to show by the 
formula for the distance between a point and a straight line that the distance 
from a point of F to the tangent at a neighboring x>oint, which is in general an 
infinitesimal of the second order, is of the third order for a stationary tangent. 
If the given curve F is a plane curve, the stationary tangents are the tangents at 
the points of inflection. The preceding paragraph shows that the only curve 
whose tangents are all stationary is the straight line. 

At a point where the tangent is stationary, A = 0, and the equation of the 
osculating plane becomes indeterminate. But in general this indetermination 
can be removed. For, returning to the calculation at the beginning of § 215 
and carrying the expansions of the coordinates of M' to terms of the third order, 
it is easy to show, by means of (11), that the equation of the plane through M* 
and the tangent at Jif is of the form 

X-x P-y Z-z 

f'{t) r(t) = 0 , 

where ci , c* , cs approach zero with h. Hence that plane approaches a perfectly 
definite limiting position, and the equation of the osculating plane is given by 
replacing the second of equations (6) by the equation 

Xd*x + Bd*y + Cd“z = 0. 

If the coordinates of the point M also satisfy the equation 

d®x d*y d*z 

dx dy dz 

the second of the equations (6) should be replaced by the equation 
Adflx = Bdvy + Cd9z = 0, 

where q is the least integer for which this latter equation is distinct from the 
equation A dx = Bdy + Cdz = 0. The proof of this statement and the exami- 
nation of the behavior of the curve with respect to its osculating plane are left 

to the reader. . . * 

Usually the preceding equation involving the third differentials is sufficient, 
and the coefficients A, B, C do not satisfy the equation 

A d*x + Bd*y + Cd*z = 0. 

In this case the curve crosses every tangent plane except the osculating plane. 
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818. Special curvee. Let us ooneider the skew corves r which ssUs^ a 
relation of the form 

(12) xdy ydx = KdZf 

where IT is a given constant. From (12) we find immediately 


(IS) 


f flcd^p — ydPx = Kd*z, 
xd*y — ydflx + dxd^y — dydPx = KdPz. 


Let us try to find the osculating plane of T which passes through a given point 
(a, b, c) of space. The coordinates (x, p, z) of the point of tangency must satisfy 
the equation 

a — X b — y c — z 
dx dy dz = 0, 

d^x d^y d^z 


which, by means of (12) and (13), may be written in the form 

(14) op — bx + K{c — z) = 0 . 

Hence the possible points of tangency are the points of intersection of the 
curve r with the plane (14), which passes through (a, b, c). 

Again, replacing dz, cPz and cPz by their values from (12) and (13), the equa- 
tion A = 0, which gives the points at which the osculating plane is stationary, 
becomes 

A = i (dx d*p — dp d*x)* = 0 ; 

K 


hence we shall have at the same points 

d*x _ cPp _ pd^x — xcPp _ d^z 
dx ^ dp pdx — xdp dz 

which shows that the tangent is stationary at any point at which the osculating 
plane is stationary. 

It is easy to write down the equations of skew curves which satisfy (12) ; for 
example, the curves 

x=:A«»», p = Bt», z = Cf*" + ", 

where A, B, C, m, and n are any constants, are of that kind. Of these 
the simplest are the skew cubic x = t, y -=.1^, z = t*, and the skew quartic 
X = £, y z = £*. The circular helix 

X = a cos £ , p = a sin t , z = Kt 

is another example of the same kind. 

In order to find all the curves which satisfy (12), let us write that equation In 
the form 

d(xp — Kz) := 2p dx . 

If we set 

* =/(«) , xy — Kz=. «(«) , 
the preceding equation becomes 


2y/'(«) = 
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Solving these three equations for Vi Aod s, we find the general equations of r 
iu the form 


( 16 ) 


»=/(«). 


2/'(*) 


Kz = 


V'(t) 


- 0 ( 0 , 


where f{t) and ^(t) are arbitrary functiona of the parameter t. It is clear, how- 
ever, that one of these functions may be assigned at random without loss of 
generality. In fact we may set/(t) = since this amounts to cboosing/(t) as a 
new parameter. 


II. ENVELOPES OF SURFACES 

Before taking up the study of the curvature of skew curves, we 
shall discuss the theory of envelopes of surfaces. 


219. One-parameter families. Let S be a surface of the family 


(16) f(x, y, z, a) =0, 

where a is the variable parameter. If there exists a surface E which 
is tangent to each of the surfaces S along a curve C, the surface E 
is called the envelope of the family (16), and the curve of tangency 
C of the two surfaces S and E is called the characteristic curve. 

In order to see whether an envelope exists it is evidently neces- 
sary to discover whether it is possible to find a curve C on each of 
the surfaces S such that the locus of all these curves is tangent to 
each surface S along the corresponding curve C. Let (ar, y, z) be 
the coordinates of a point on a characteristic. If Af is not a 
singular point of the equation of the tangent plane to 5 at A/ is 


dx 


a j? 


= 0. 


As we pass from point to point of the surface as, y, and a are 
evidently functions of the two independent variables which express 
the position of the point upon Ey and these functions satisfy the 
equation (16). Hence their dilferentials satisfy the relation 


(17) 


U 

dx 


dy 




Moreover the necessary and sufficient condition that the tangent 
plane to E should coincide with the tangent plane to -S is 




da 


0 . 


or, by (17), 
(18) 
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Conversely, it is easy to show, as we did for plane curves (§ 261), 
that the equation y, x) = 0, found by eliminating the param- 

eter a between the two equations (16) and (18), represents one or 
more analytically distinct surfaces, each of which is an envelope 
of the surfaces S or else the locus of singular points of S, or a com- 
bination of the two. Finally, as in § 201, the characteristic curve 
represented by the equations (16) and (18) for any given value of a 
is the limiting position of the curve of intersection of S with a 
neighboring surface of the same family. 

220. Two-parameter families. Eet S be any surface of the two- 
parameter family 

(19) /(x, y, *, a, ft) = 0, 

where a and h are the variable parameters. There does not exiist, 
in general, any one surface which is tangent to each member of this 
family all along a curve. Indeed, let h = <^(a) be any arbitrarily 
assigned relation between a and h which reduces the family (19) to 
a one-parameter family. Then the equation (19), the equation 
h = ^(a), and the equation 

%+% ♦'<“> = ® 

represent the envelope of this one-parameter family, or, for any 
fixed value of a, they represent the characteristic on the correspond- 
ing surface S. This characteristic depends, in general, on ^'(a), 
and there are an infinite number of characteristics on each of the 
surfaces S corresponding to various assignments of ^(a). There- 
fore the totality of all the characteristics, as a and h both vary arbi- 
trarily, does not, in general, form a surface. We shall now try to 
discover whether there is a surface E which touches each of the 
family (19) in one or more points, — not along a curve. If such a 
surface exists, the coordinates (a;, y, of the point of tan gen cy of 
any surface 5 with, this envelope E are functions of the two variable 
parameters a and h which satisfy the equation (19) ; hence their dif- 
ferentials dv., dyy dz with respect to the independent variables a 
and b satisfy the relation 

< 21 ) + + + + = 
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Moreover, in order that the surface vrhich is the locus of the point 
of tangency (x, y, z) should be tangent to S, it is also necessary 
that we should have 


^ + K + It 


or, by (21), 


dy 


dz 


da, -f* db = 0 . 

oa do 

Since a and b are independent variables, it follows that the equations 


m:ist be satisfied simultaneously by the coordinates (x, y, z') of the 
point of tangency. Hence we shall obtain the equation of the 
envelope, if one exists, by eliminating a and b between the three 
equations (19) and (22). The surface obtained will surely be tan- 
gent to S at (x, y, z') unless the equations 

dx dy dz 

are satisfied simultaneously by the values (x, y, «) which satisfy (19) 
and (22) ; hence this surface is either the envelope or else the locus 
of singular points of S, 

We have seen that there are two kinds of envelopes, depending 
on the number of parameters in the given family. For example, 
the tangent planes to a sphere form a two-parameter family, and 
each plane of the family touches the surface at only one point. 
On the other hand, the tangent planes to a cone or to a cylinder 
form a one-parameter family, and each member of the family is 
tangent to the surface along the whole length of a generator. 


221. Developable surfaces. The envelope of any one-parameter family 
of planes is called a developable surface. Let 

(23) « = frx -f- yf{oc) -h <^(a) 

be the equation of a variable plane P, where or is a parameter and 
where f(<x) and <^(«) are any two functions of a. Then the equa- 
tion (23) and the equation 

(24) X -f yfXa) -f <^'(^) = ^ 

represent the envelope of the family, or, for a given value of or, they 
represent the characteristic on the corresponding plane. But these 
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Iwo equations represent a straight line; hence each characteristic 
is a straight line O, and the developable surface is a ruled surface. 
We proceed to show that all the straight lines G are tangent to the 
same skew curve. In order to do so let us differentiate (24) again 
with regard to a. The equation obtained 

(25) yrXa) -h 4"(«) = <> 

determines a particular point M on G. We proceed to show that G 
is tangent at M to the skew curve F which M describes as a varies. 
The equations of F are precisely (23), (24), (25), from which, if we 
desired, we might find x, y, and s; as functions of the variable 
parameter ct. Differentiating the first two of these and using the 
third of them, we find the relations 

(26) dz = adx + dx fXoc) dy = 0 , 

which show that the tangent to F is parallel to G, But these two 
straight lines also have a common point ; hence they coincide. 

The osculating plane to the curve F is the plane P itself. To 
prove this it is only necessary to show that the first and second 
differentials of x, y, and z with respect to a satisfy the relations 

dz = (X dx +f(ct)dy^ 
dP z := cc cPx + fip) d^y . 

The first of these is the first of equations (26), which is known to 
hold. Differentiating it again with respect to or, we find 

d^z = ad^x -h 4- \dx -|- f\a)dy'\day 

which, by the second of equations (26), reduces to the second of the 
equations to be proved. 

It follows that any developable surface may he defined as the locus 
of the tangents to a certain shew curve F. In exceptional cases the 
curve F may reduce to a point at a finite or at an infinite distance ; 
then the surface is either a cone or a cylinder. This will happen 
whenever fiXci) = 0. 

Conversely, the locus of the tangents to any skew ciirve F is a 
developable surface. For, let 

* =/(<)> y = ^( 0 , * = ^(0 

be the equations of any skew curve F. The osculating planes 
A (A' -x)A- B(y — y)+ C{Z - *) = 0 



XI, 1220 


ENVELOPES OP SURFACES 


468 


form a one-paraineter family^ whose envelope is given by the pre- 
ceding equation and the equation 

dA{X — x) + rfR(K — y) -f- dC{Z ^ *) = 0. 

For any fixed value of t the same equations represent the charac- 
teristic in the corresponding osculating plane. We shall show that 
this characteristic is precisely the tangent at the corresponding 
point of F. It will be sufficient to establish the equations 

A dx -|- B dy 4- C = 0 , dA dx 4* dB dy 4- dC dz 0, 

The first of these is the first of (6), while the second is easily 
obtained by differentiating the first and then making use of the 
second of (6). It follows that the characteristic is parallel to 
the tangent^ and it is evident that each of them passes through 
the point (x, z) ; hence they coincide. 

This method of forming the developable gives a clear idea of 
the appearance of the surface. Let be an arc of a skew curve. 
At each point M of AB draw the tangent, and consider only that 
half of the tangent which extends in a certain direction, — from A 
toward B, for example. These half rays form one nappe of the 
developable, bounded on three sides by the arc AB and the tan- 
gents A and B and extending to infinity. The other ends of the tan- 
gents form another nappe ^2 similar to Si and joined to Si along the 
arc AB. To an observer placed above them these two nappes appear 
to cover each other pai*tially. It is evident that any plane not tan- 
gent to r through any point O of A B cuts the two nappes Si and S^ 
of the developable in two branches of a curve which has a cusp at O. 
The skew curve T i.s often called the edye of regression of the 
developable surface.* 

It is easy to verify directly the statement just made. Let us 
take O as origin, the secant plane as the xy plane, the tangent to F as 
the axis of and tlie osculating plane as the xz plane. Assuming 
that the coordinates x and y of a point of F can be expanded in powers 
of the independent variable the equations of F are of the form 

X = a^z^ 4- a^z^ H , y = h^z^ 4- • • •> 

for the equations 

dx _ d^ _ d^y _ ^ 
dz dz dz^ 

* The English term “ edge of regression does not suggest that the curve is a locus 

of cusps. The French terms “ arfite <le rebroussement and “point de rebroussement ** 
are more suggestive. — Tkaxs. 
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must be satisfied at the origin. Hence the equations of a tangent 
at a point near the origin are 

X — — aa^* ^ V-- = ^ - 

Setting ^ = 0, the coordinates X and Y of the point where the tan- 
gent meets the secant plane are found to have developments which 
begin with terms in and in respectively ; hence there is surely 
a cusp at the origin. 

Example, Let us select as the edge of regression the skew cubic x = ^ 

z = The equation of the osculating plane to the curve is 

(27) <• - St^X H- 3tY - Z = 0 ; 

hence we shall obtain the equation of the corresponding developable by writing 
down the condition that (27) should have a double root in t, which amounts to 
eliminating t between the equations 


(28) 


ta - 2«X-f F= 0, 


The result of this elimination is the equation 


(XF - Z)2 - 4(X2 - F)(F2 - XZ) = 0, 


which shows that the developable is of the fourth order. 

It should be noticed that the equations (28) represent the tangent to the given 
cubic. 


222. Differential equation of developable surfaces. If z = y) be 

the equation of a developable surface, the function F(xy y) satisfies 
the equation — rt = 0 , where r, s, and t represent, as usual, the 
three second partial derivatives of the function FQc, y). 

For the tangent planes to the given surface, 

Z = pX qY z — px — qyy 

must form a one-parameter family ; hence only one of the three 
coefficients py and z — px — qy can vary arbitrarily. In particular 
there must be a relation between p and q of the form f(^py q) = 0. 
It follows that the Jacobian D(^py q)/D(Xy y) = rt — s^ must vanish 
identically. 

Conversely, if F(Xy y) satisfies the equation rt — s^ = 0, p and q 
are connected by at least one relation. If there were two distinct 
relations, p and q would be constants, F(x, y) would be of the form 
oos + + c, and the surface z = F(x, y) would be a plane. If there 


XI, $ 2233 


ENVELOPES OF SURFACES 


465 


is a single xelation between p and q, it may be written in the form 
q where p does not reduce to a constant. But we also haye 

hence z — px — qy is also a function of p^ say whenever 

rt — = 0. Then the unknown function J^(x, ij) and its partial 
derivatives p and q satisfy the two equations 

q = z —px — <t>(p)y = 

Differentiating the second of these equations with respect to x and 
with respect to y, we find 

[x + y + <A'(p)] |~ = + y ^ — 

Since p does not reduce to a constant^ we must have 

® + y + f '(p) = 0 ; 

hence the equation of the surface is to be found by eliminating p 
between this equation and the equation 

* =px + y i>ip) + 4'(.p) , 

which is exactly the process for finding the envelope of the family 
of planes represented by the latter equation, p being thought of as 
the variable parameter. 

223. Envelope of a family of skew curves. A one-parameter family 
of skew curves has, iu general, no envelope. Let us consider first 
a family of straight lines 

(29) x = az-\-py y=^bz-\~q, 

where a, b, jt?, and q are given functions of a variable parameter a. 
We shall proceed to find the conditions under which every member 
of this family is tangent to the same skew curve r. Let z = 
be the z coordinate of the point M at which the variable straight 
line D touches its envelope T. Then the required curve T will be 
represented by the equations (29) together with the equation 
z == <^(a), and the direction cosines of the tangent to T will be pro- 
portional to dx/day dy/day dz/docy i.e. to the three quantities 

a 4,Xa) + a'^(a) + p' , b 4>\a) 4- 4'(«). 
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where a\ h\p\ and are the derivatives of a, and xes^^ 
tively. The necessary and suiiioient condition that this tangent be 
the straight line D itself is that we should have 

dx ^2L 

doc. doc doc doc 

that is, 

o.'^(oc) -hp^ = 0, -h = 0. 


The unknown function ^(cr) must satisfy these two equations ; 
hence the family of straight lines has no envelope unless the two 
are compatible, that is, unless 

a'q' — d'p' = 0. 

If this condition is satisfied, we shall obtain the envelope by setting 

It is easy to generalize the preceding argument. Let us consider a 
one-parameter family of skew curves (C*) represented by the equations 


(30) F(a:, y, «, a) = 0, ^(,t, y, or) = 0, 


where a is the variable parameter. If each of these curves C is 
tangent to the same curve F, the coordinates (x, y, z) of the point 
Af at which the envelope touches the curve C which corresponds to 
the parameter value or are functions of a which satisfy (30) and 
which also satisfy another relation distinct from those two. Let 
dx, dy, dz be the differentials with respect to a displacement of M 
along C ; since a is constant along C, these differentials must satisfy 
the two equations 


(31) 


^dF, ,SF, n 

— dx + -^dy + -^dz = 0. 




dy 


On the other hand, let 3x, &z, 8a be the differentials of x, y, z, 

and a with respect to a displacement of M along F. These differen- 
tials satisfy the equations 


j ox oy 




a* 

dx 


a<i» d^ 


(32) 
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necessaty and sufficient conditions that the ourres C F 
be tangent are 

da; _ d,y dx 

Sx gy ~ 8* ’ 

or, making use of (31) and (32), 

^ 8 « = 0 , = 

It follows that the coordiruites (x^ z) of the point of to/ngency must 
satisfy the equations 


F = 0, ^ = 0, 


i:^ = 0 ^ = 0 

a<r ’ da 


Hence, if the family (30) is to have an envelope, the four equations 
(33) must be compatible for all values of a. Conversely, if these 
four equations have a common solution in x, y^ and » for all values 
of a, the argument shows that the curve V described by the point 
(x, y, z) is tangent at each point (x, y, z) upon it to the correspond- 
ing curve (?. This is all under the supposition that the ratios between 
dx, dy, and dz are determined by the equations (31), that is, that the 
point (aj, y, z) is not a singular point of the curve C, 

Note, If the curves C are the characteristics of a one-parameter 
family of surfaces F{x^ y, a, or) = 0, the equations (33) reduce to 
the three distinct equations 

dF d^F 

(34) ^-=0, = 

hence the curve represented by these equations is the envelope 
of the characteristics. This is the generalization of the theorem 
proved above for the generators of a developable surface. 

The equations of a one-parameter family of straight lines are often written 
in the form 

( 36 ) = = 

' a h c 


where Xo » yo » zo i c are functions of a variable parameter a. It is easy to 

find directly the condition that this family should have an envelope. I^et I 
denote the common value of each of the preceding ratios ; then the coordinates 
of any point of the straight line are given by the equations 

x = xo-h2a, y = + 2 = so + ^c, 

and the question Is to determine whether It is possible to substitute for I such a 
function of a that the variable straight line should always remidn tangent to 
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the curve described by the point (x, y, z). The necessary condition for this is 
that we should have 


(30) 


xq + a'l __ y6 + l/l ___ z6 + c'l 
a ^ b ~~ c 


Denoting by m the common value of these ratios and eliminating I and m fronr 
the three linear equations obtained, we find the equation of condition 


(37) 


x6 Vn Zn 
a h c 
a' b' o' 


= 0 . 


If this condition is satisfied, the equations (36) determine and hence also the 
equation of the envelope. 


III. CURVATURE AND TORSION OF SKEW CURVES 

224. Spherical indlcatriz. Let us adopt upon a given skew curve F 
a definite sense of motion, and let js be the length of the arc AAf 
measured from some fixed point A as origin to any point Af, affixing 
the sign -|- or the sign — according as the direction from A toward 
Af is the direction adopted or the opposite direction. Let AfT be 
the positive direction of the tangent at AI^ that is, that which cor- 
responds to increasing values of the arc. If through any point O in 
space lines be drawn parallel to these half rays, a cone S is formed 
which is called the directiiig cone of the developable surface formed 
by the tangents to F, Let us draw a sphere of unit radius about O 
as center, and let 2 be the line of intersection of this sphere with 
the directing cone. The curve % is called the spherical indicatrix 




Fia. 48 

of the curve F. The correspondence between the points of these two 
curves is one-to-one ; to a point Af of F corresponds the point m where 
the parallel to A/7’ pierces the sphere. As the point Af describes the 
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curve r in the positive sense, the point m describes the curve 2 in 
a certain sense, which we shall adopt as positive. Then the corre- 
sponding arcs s and a- increase simultaneously (Fig. 48). 

It is evident that if the point O be displaced, the whole curve S 
undergoes the same translation ; hence we may suppose that O lies 
at the origin of coordinates. Ltikewise, if the positive sense on the 
curve r be reversed, the curve % is replaced by a curve symmetrical 
to it with respect to the point O ; but it should be noticed that the 
positive sense of the tangent mt to ^ is independent of the sense of 
motion on F. 

The tangent plane to the directing cone along the generator 07 n is 
'parallel to the oscvlatlng plane at Af. For, let AX BY + CZ = 0 
be the equation of the plane Omm\ the center O of the sphere being 
at the origin. This plane is parallel to the two tangents at M and 
at A/'; hence, if t and t -Y h are the parameter values which corre- 
spond to A/ and M\ respectively, we must have 

(38) Af\f) + ^<#>'(0 + C^^,\t) = 0. 

(39) Af\t -1- K) 4- Bi^\t 4- h) + C^^f\t 4* A) = 0. 

The second of these equations may be replaced by the equation 

A + A) -/YO 4- /^) <^>(0 ^ ^ , ^\t + 70 - ^ ^ 

h * h ' h ' 

which becomes, in the limit as h approaches zero, 

(40) Af\i) H- 4- rv'XO = 

The equations (38) and (40), which determine A^ B, and C for the 
tangent plane at m, are exactly the same as the equations (6) which 
determine A, B, and C for the osculating plane. 

225. Radius of curvature. Let a> be the angle between the positive 
directions of the tangents MT and at two neighboring points 

and M' of F. Then the limit of the ratio o>/arc MM\ as M 
approaches A/', is called the curvature of F at the point A/, just as 
for a plane curve. The reciprocal of the curvature is called the 
radius of curvatu7*e : it is the limit of arcA/A/ycu. 

Again, the radius of curvature R may be defined to be the limit 
of the ratio of the two infinitesimal arcs MM* and for we have 

arcAfAf' arc A/Af ' arc mm* ^ chord mm* 

a> arc mm* chord mm* 
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and each of the fractions (arc mm*)/(oh.oTd) mm* and (chord 
approaches the limit imity as m approaches m\ The arcs^(sj|fil£') 
^d increase or decrease simultaneously; hence 


(41) 



Liet the equations of F be given in the form 
(42) X = f(t) , y = ^(t) , X = ^(t) , 

where O is the origin of coordinates. Then the co5rdmates of the 
point m are nothing else than the direction cosines of MTy namely 

dx ^ _ dy 


ds 




ds 


die 


Differentiating these equations, we find 


det = 


ds d^x — dxd^s , _ ds d^y — dy d^s , ds d^z — dz d^s 
r^; > dp = ri; > ay > 




ds^ 


dy 


ds^ 


da^ = da^-h dp^ -h dy^ = 


S{dscPx — dxd^sY 
ds^ ' 


where aS' indicates as usual the sum of the three similar terms 
obtained by replacing x by x, y, ^ successively. Finally, expanding 
and making use of the expressions for ds^ and ds d^s, we find 

ds* 


By Lagrange’s identity 
the form 


dcr* = 


131) this equation may be written in 

^ 2 4, -j, 

ds* ^ 


where 

(43) 


A=dyd^z — dztPy, B^^^dzd^x — dxd^Zy 
C = dx d^y — dy d^x , 


a notation which we shall use consistently in what follows. Then 
the formula (41) for the radius of curvature becomes 


(44) 


iJ® = 


da* 

A* + JS‘ + C®’ 


and it is evident that It* is a rational function of x, y, z, x*, y’, z*, 
^"9 y^y ^he expression for the radius of curvature itself is 
irrational, but it is essentially a positive quantity. 
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Note. If the independent variable selected is the arc s of the 
curve r, the functions f(e), ^(s), and ^(*) satisfy the equation 

/'*(«) + + ^'*(*) = 1 . 

Then we shall have 


(46) 


a = /'(•) > P — ^'(*) > y = » 

da =f"(8)ds, dp = ^''(s'ydft, dy = 


and the expression for the radius of curvature assumes the partic- 
ularly elegant form 

(44') ^5 = [/"(«)]“ + l4>'Xs)Y + [^"(s)]*. 


226. Principal normal. Center of curvature. Let us draw a line 
through M (on F) parallel to mt, the tangent to 2 at m. Let MN 
be the direction on this line which corresponds to the positive direc- 
tion mt. The new line MN is called the principal 'iKyrmal to F at Af : 
it is that normal which lies in the osculating plane^ since mt is 
perpendicular to Om and Omt is parallel to the osculating plane 
(§ 224). The direction MN is called the positive direction of the 
pHncipal normal. This direction is uniquely defined, since the posi- 
tive direction of vit does not depend upon the choice of the positive 
direction upon F. We shall see in a moment how the direction in 
question might be defined without using the indicatrix. 

If a length MC equal to the radius of curvature at il/ be laid off 
on MN from the point M, the extremity C is called the center of 
curvature of F at M, and the circle drawn around C in the osculat- 
ing plane with a radius MC is called the circle of curvature. Let 
f be the direction cosines of the principal normal. Then the 
cobrdinates (aci, yi, z{) of the center of curvature are 

Xx = X Ra\ Vi = y ^ = « -h -Ry. 

But we also have 

dct da ds ,, da ^ dsd^x — dxd^s 

a* = “= — = -z — R ~~r~ = R VIS 

a<r ds da- ds ds^ 

and similar formulae for p* and y'. Replacing a' by its value in 

the expression for x, we find 


dJsd^x — dxcPs 
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But the coefficient of may be written in the form 


ds^d^x — dxdsd^s 


ds^ 


9 


or^ in terms of the quantities A, By and C, 

Bdz — Cdy 
ds* 


The values of yi and may be written down by cyclic permutation 
from this value of Xi , and the coordinates of the center of curvature 
may be written in the form 


(46) 


Xi = X -h 
!/i = 2/ -h 

= z A- B^ 


Bdz — C dy 

C dx — A dz 

A dy — B dx 
ds^ 


These expressions for Xi, yi, and Zi are rational in x, y, z, x*, y\ z\ 
x", y'^y z”. 

A plane Q through M perpendicular to il/iV passes through the 
tangent MT and does not cross the curve T at AT. We shall proceed 
to show that the center of curvature and the points of V near M lie 
on the same side of Q. To show this, let us take as the independent 
variable the arc s of the curve T counted from M as origin. Then 
the coordinates A', y, of a point M* of T near M are of the form 




the expansions for Y and Z being similar to the expansion for X. 
But since s is the independent variable, we shall have 

dx d^x da da da- 1 , 

ds ds^ ds da ds R ^ 


and the formula for X becomes 
X = X A’ <xs 



If in the equation of the plane Q, 


aXX - X) y\Z - «) = O, 
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X, Y, and Z be replaced these expansions in the left-hand member, 
the value of that member is found to be 

I (s + “ I (I ’ 

where 17 approaches zero with 8. This quantity is poBitive for all 
values of s near zero. Likewise, replacing (X, F, Z) by the co 5 rdi- 
nates (x -h Ra\ y + Rff, z H- Ry*) of the center of curvature, the 
result of the substitution is R, which is essentially positive. Hence 
the theorem is proved. 

227. Polar line. Polar surface. The perpendicular A to the oscu- 
lating plane at the center of curvature is called the polar line. This 
straight line is the characteristic of the normal plane to F. For, in 
the first place, it is evident that the line of intersection 7> of the 
normal planes at two neighboring points AI and Af ' is perpendicular 
to each of the lines MT and M^T* ; hence it is also perpendicular to 
the plane mOm'. As A/' approaches M, the plane mOm' approaches 
parallelism to the osculating plane ; hence the line D approaches a 
line perpendicular to the osculating plane. On the other hand, to 
show that it passes through the center of curvature, let e be the 
independent variable ; then the equation of the normal plane is 

(47) a{X^x) + - y) + y^Z - = 0, 

and the characteristic is defined by (47) together with the equation 

(48) ^{X-x) + ^iY-y) + T^{Z-z)-l==0. 

This new equation represents a plane perpendicular to the principal 
normal through the center of curvature ; hence the intersection of 
the two planes is the polar line. 

The polar lines form a ruled surface, which is called the polar 
surface. It is evident that this surface is a developable, since we 
have just seen that it is the envelope of the normal plane to F. 
If F is a plane curve, the polar surface is a cylinder whose right 
section is the evolute of F; in this special case the preceding state- 
ments are self-evident. 

228. Torsion. If the words “tangent line" in the definition of 
curvature (§ 225) be replaced by the words “ osculating plane," a 
new geometrical concept is introduced which measures, in a manner, 
the rate at which the osculating plane turns. Let be the angle 
between the osculating planes at two neighboring points M and Af 
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tiben the limit of the ratio ttiyaro MM\ as M approaches M% is <miled 
the torsion of the curve F at the point M, The reciprocal of the 
torsion is called the raditts of torsion. 

The perpendicular to the osculating plane at 3f is called the 
dinormal. Let us choose a certain direction on it as positive^ — we 
shall determine later which we shall take, — and let a'', fi", y" be 
the corresponding direction cosines. The parallel line through the 
origin pierces the unit sphere at a point n, which we shall now put 
into correspondence with the point M of F. The locus of n is a 
spherical curve 0, and it is easy to show, as above, that the radius 
of torsion T may be defined as the limit of the ratio of the two corre- 
sponding arcs MM' and nn' of the two curves F and 0. Hence we 
shall have 



where r denotes the arc of the curve 0. 

The coordinates of n are a", fi", y*\ which are given by the formulae 
(§ 215) 

^ ..v- , » P<’= ■ ^ y" = ■=£==, 

±V>4»+fi*+C® ±V^»+J5®+C* 


where the radical is to be taken with the same sign in all three 
formulae. From these formulae it is easy to deduce the values of 
dff\ dy"\ for example, 

da" = ± C^dA —A(AdA -hBdB-hCdC) 

^ ~ (A^ + B*-h C*)* 

'whence, since dr* = da"® + d/9"* + dy"®, 


a,, = 

(^* + ^ + C®)® 

or, by Lagrange’s identity, / 

. . SiBd C — CdB)* 

~ (i® + + C*)* ’ 

where S denotes the sum of the three terms obtained by cyclic per- 
mutation of the three letters Ay B, C. The numerator of this expres- 
sion may be simplified by means of the relations 


dr® = 


whence 

(49) 


A dx -f- B dy -f- C dz ^ Oy 
dA dx dB dy -|- dC d» = 0, 

dx _ dy dz 

BdC -- CdB~ CdA — ^ dC A dB — B dA 


1 

It* 
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where JSC is A quantity defined, by the equation (49) itself, This giTeB 


€h» = 






dz dx 
d^z d^x 


dz dx 
d^z d^x 


(A» + B* + cy* 

where K is defined by (49); or^ expanding, 

dx dy 
d^x d^y 

= ^{dzSPxd^y — dxd^zd^y)^ 

where S denotes the sum of the three terms obtained by cyclic per- 
mutation of the three letters x, y, «. But this value of K is exactly 
the development of the determinant A [(8), § 216]; hence 


dx dy 
d^x d^y 


II 


dT = ± 


A da 


+ B* + C*’ 

and therefore the radius of torsion is given by the formula 

+ B® + C* 


(60) 


r= ±- 


If we agree to consider T essentially positive, as we did the radius 
of curvature, its value will be the absolute value of the second mem- 
ber. But it should be noticed that the expression for T is rational 
in X, y, «, £c', y', £c", y'\ hence it is natural to represent tlie 

radius of torsion by a length affected by a sign. The two signs 
which T may have correspond to entirely different aspects of the 
curve r at the point M, 

Since the sign of T depends only on that of A, we shall investigate 
the difference in the appearance of T near M when A has different 
signs. Let us suppose that the trihedron Oxyz is placed so that an 
observer standing on the xy plane with his feet at O and his head in 
the positive z axis would see the x axis turn through 90® to his left 
if the X axis turned round into the y axis (see footnote, p. 477). 
Suppose that the positive direction of the binormal MN^ has been so 
chosen that the trihedron formed from the lines MTy MN, MNf, has 
the same aspect as the trihedron formed from the lines Oar, Oy, Oz\ 
that is, if the curve T be moved into such a position that 3/ coincides 
with O, AfT with Ox, and MN with Oy, the direction MNj, will coin- 
cide with the positive z axis. During this motion the absolute value 
of T remains unchanged ; hence A cannot vanish, and hence it cannot 
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eren change sign.* In this position of the curve F with respect to 
the axes now in the figure the coordinates of a point near the origin 
will be given by the formulsd 

Oit + -he), 

(51) = 

U = ^»(c. + c"), 

where c, e', c" approach zero with t, provided that the parameter t is 
so chosen that ^ = 0 at the origin. For with the system of axes 
employed we must have dy z= dz = d^z =: 0 when ^ = 0. Moreover 
we may suppose that ai > 0, for a change in the parameter from t to 
t will change to — ai . The coefficient da is positive since y must 
be positive near the origin, but c# may be either positive or negative. 
On the other hand, for ^ = 0, A = 12ai&2^s Hence the sign of A 
is the sign of Cs- There are then two cases to be distinguished. If 
ea> 0, X and z are both negative for — A. < ^ < 0, and both positive 
for 0 < t where A. is a sufficiently small positive number; i.e. 
an observer standing on the xy plane with his feet at a point P on 




Fig. 49, h 


the positive half of the principal normal would see the arc AfM' at 
his left and above the osculating plane, and the arc MM'* at his right 
below that plane (Fig. 49, a). In this case the curve is said to be 
sinistrorsaL On the other hand, if Cg <1 0, the aspect of the curve 
would be exactly reversed (Fig. 49, b), and the curve would be said 
to be dextrorsaL These two aspects are essentially distinct. For 
example, if two spirals (helices) of the same pitch be drawn on the 
same right circular cylinder, or on two congruent cylinders, they 
will be superposable if they are both sinistrorsal or both dextrorsal ; 
but if one of them is sinistrorsal and the other dextrorsal, one of 
them will be superposable upon the helix symmetrical to the other 
one with respect to a plane of symmetry. 


* It would be easy to show directly that A does not change sign when we pass from 
one set of rectangular axes to another set which have the same aspect. 
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In consequence of these results we shall write 


(52) 


r = — 


^2 + -I- C* 


i.e. at a point where the curve is dextrorsal T shall be positive, while 
T shall be negative at a point where the curve is sinistrorsal. A dif- 
ferent arrangement of the original coordinate trihedron Oxyz would 
lead to exactly opposite results.* 


229. Frenet's formuls. Each point M of F is the vertex of a tri- 
rectangular trihedron whose aspect is the same as that of the trihe- 
dron and whose edges are the tangent, the principal normal, 

and the binorinal. The positive direction of the principal normal is 
already fixed. That of the tangent may be chosen at pleasure, but 
this choice then fixes the positive direction on the binormal. The dif- 
ferentials of the nine direction cosines (nr, y), y'), y") 

of these edges may be expressed very simply in terms of 7', and 
the direction cosines themselves, by means of certain formulas due 
to F renet. t We have already found the formulas for cfor, dpj and dy : 


(63) 


da. dp ^ dy y^ 

ds R* ds R* ds R 


The direction cosines of the positive binormal (§ 228) are 








y =1 




where c = ± 1. Since the trihedron {MT, MNy MN^) has the same 
aspect as the trihedron Oxyz, we must have 


a' = ^''y- /8y'', or 


VA»4- C® 


On the other hand, the formula for da" may be written 
B(B dA~ A dB) + C(C dA — A dC) 

~ ^ ^ 4. c*)* 


or, by (49) and the relation A = A, 

da" _ Cj3 - By ^ «’A 


• It is usual In America to adopt an arrangement of axes precisely opposite to that 
described above. Hence we should write F = H- ( A* -H -B2 -|_ ra)/A, etc. See also 
the footnote to formula (54), §229. — Trans. 

t NoMvelles A:n/nQXe 9 lie 3fcLth^'ni<itiQ'ue€t 1S64, p. 284. 
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The coefficient of a* is precisely 1/T, by (52). The formulss for 
and €ly” may be calculated in like manner, and we should find 


(54) 


^ ^ y* 

ds ~ r' ds ~ t' 7’’ 


which are exactly analogous to (53).* 

In order to find da\ dpy dy\ let us differentiate the well-known 
formulae 

a'»4- y*=l, 

ccoc^ 4- fiP + yy' =0, 

replacing rfor, dp rfy, doc}\ dff\ dy** by their values from (63) and 
(54). This gives 

a' dct* 4- P dp 4 y^ rfy = 0, 

(t dft* 4 P dp 4 y dy* 4^ = 0, 

dx 

a" da' + P"dp' + y"dy' + ^ = 0 ; 


whence, solving for da’, dpi', dy'. 


( 66 ) 


da’ 

da 



dp' ^ P P" 

ds ^ R T’ 


da R T 


The formulae (53), (54), and (55) constitute Frenet^s formulae. 

Note, The formulae (54) show that the tangent to the spherical 
curve 0 described by the point n whose coordinates are P\ y'' is 
parallel to the principal normal. This can be verified geometrically. 
Let be the cone whose vertex is at O and whose directrix is the 
curve ©. The generator On is perpendicular to the plane which is 
tangent to the cone S along Om (§ 228). Hence S* is the polar cone 
zo S, But this property is a reciprocal one, i.e. the generator Om 
of S is surely perpendicular to the plane which is tangent to 
along On, Hence the tangent mt to the curve since it is perpen- 
dicular to each of the lines On and Om, is perpendicular to the 
plane mOn, For the same reason the tangent nt* to the curve 0 is 
perpendicular to the plane mOn, It follows that mt and nt* are 
parallel. 


* If we had .written the formula for the toralon in the form 1/7' = 

Freoet’s forndals would have to be written in the form tUt"/th = — ct'/'T, eto. 
[Hence this would be the form if the axes are taken as usual in America. — Thans.] 
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230. Xxpanaion of Xy y, and z in powers of «. Given two functions 
R = T = \jf(s) of an independent variable s, the first of which 

is positive, there exists a skew curve F which is completely defined 
except for its position in space, and whose radius of curvature and 
radius of torsion are expressed by the given equations in terms of 
"the arc s of the curve counted from some fixed point upon it. A rig- 
orous proof of this theorem cannot be given until we have discussed 
the theory of difEerential equations. Just now we shall merely show 
how to find the expansions for the coordinates of a point on the 
required curve in powers of s, assuming that such expansions exist. 
liOt us take as axes the tangent, the principal normal, and the 


binormal at O, the origin of arcs on F. Then 

we shall have 


' s /dx\ 

® ” 1 Kds/o'*' 1 . 2 ' 

, »* ( 

f^\ 


W«®/o 1.2.3 ' 


(66) - 

8 /dy\ 

1 1.2 

(d-y\ s» 


Kds^/o 1 . 2.3 ' 

ydd'/iT ' 


8 (dz\ 8^ 

* “ 1 \ds)o'^ 1.2 


+... 


KdsVir 1 . 2 . 3 ’ 


where x, y, and z are the coordinates of a point on F. But 


dx d^x _ dec 

1I~ ~ ds ~ r’ 


whence, difEerentiating, 

d»x _ a' dR 1 /« I 

R^ ds R\r'^ t}' 


In general, the repeated application of Frenet’e formul® gives 


where are known functions of R, T, and their successive 

derivatives with respect to s. In a similar manner the successive 
derivatives of y and « are to be found by replacing (o', a by 
(/8, /S', /S") and (y, y', y"), respectively. But we have, at the origin, 
cxq == 1 , /So = 0 , yo = 0 , = 0 , Z®, = 1 , yo = 0 , = 0 , = 0 , yi' = 1 ; 

hence the formulae (56) become 


(56') 





2R 


_£1 +... 

6R^ ' 

dR 

GR^ ds ' 


z = 


GRT 


. . 
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where the terms not written down are of degree higher than three. 
It is understood, of course, that -R, Ty dR/dSy • • • are to be replaced 
by their values for s = 0. 

These formulae enable us to calculate the principal parts of cer- 
tain infinitesimals. For instance, the distance from a point of the 
curve to the osculating plane is an infinitesimal of the third order, 
and its principal part is — The distance from a point on 

the curve to the x axis, i.e. to the tangent, is of the second order, 
and its principal part is s^/2R (compare § 214). Again, let us cal- 
culate the length of an infinitesimal chord c. We find 


=r as* -f- -f- 




where the terms not written down are of degree higher than four. 
This equation may be written in the form 

which shows that the difference « — c is an infinitesimal of the 
third order and that its principal part is s^/24tR^, 

In an exactly similar manner it may be shown that the shortest 
distance between the tangent at the origin and the tangent at a 
neighboring point is an infinitesimal of the third order whose prin- 
cipal part is This theorem is due to bouquet. 


231. Involutes and evolutes. A curve is called an involute of a 
second curve F if all the tangents to F are among the normals to Fj , 
and conversely, the curve F is called an evolute of F^. It is evident 
that all the involutes of a given curve F lie on the developable sur- 
face of which F is the edge of regression, and cut the generators of 
the developable orthogonally. 

Let (x, y, z) be the coordinates of a point M of F, (or, y) the 
direction cosines of the tangent Af F, and I the segment MMy between 
M and the point Afi where a certain involute cuts MT, Then the 
codrdinates of Mi sure 

Xi= X -h la, yi = y + zi = z ly, 

whence 

dxi = dx I da -j- a dl, 
dyi = dy I dp p dl, 
dzi = dz I dy H- y dl. 
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In order that the curve described by should be normal to MMi 
it is necessary and sufficient that <x dxi + dj/i -f- y dz^ should vanish^ 
i.e. that we should have 

adx + pdy ydz + dl + l(adu + pdfi + y dy) = 0, 

which reduces to ds dl = 0, It follows that the involutes to a 
given skew curve r may be drawn by the same construction which 
was used for plane curves (§ 206). 

Let us try to 6nd all the evolutes of a 
given curve F, that is, let us try to pick 
out a one-parameter family of normals to 
the given curve according to some contin- 
uous law which will group these normals 
into a developable surface (Fig. 50). Let 
Z) be an evolute, ^ the angle between the 
normal MM^ and the principal normal MN, 
and I the segment MP between M and the 
projection P of the point Mx on the principal normal. Then the 
coordinates (xi, yi, «i) of Mx are 

r jji = X 4- /a' + Ict^* tan 
(67) = y + ^ tan <f>, 

I -f- Zy' 4- ly” tan 

as we see by projecting the broken line MPM^ upon the three axes 
successively. The tangent to the curve described by the point Mx 
must be the line MMx itself, that is, we must have 

dxx __ dyx __ dzx 

Xi — X y, — y Zx — z 

Let h denote the common value of these ratios ; then the condition 
dxx = ^(xi — x) may be transformed, by inserting the values of xj 
and dxx and applying Frenet’s formulse, into the form 

a. ds 4- "h I tan 

+ a" ^d(l taxi if,) — ^ — kl tan ^] == 0. 

The conditions dyx = ^(yi — y) exactly 

similar forms, which may be deduced from the preceding by repla- 
cing («, a', a") by ()8, y8', and (y, y\ y'O, respectively. Since the 
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determinant of the nine direction cosines is equal to unity, t^ese 
three equations are equivalent to the set 


( 68 ) 


dl 1 tan =i kl, 

d(l tan = hi tan 


From the first of these I R, which shows that the point P is the 
center of curvature and that the line PM is the polar line. It fol- 
lows that all the evolutes of a given skew curve T lie on the polar sur- 
face. In order to determine these evolutes completely it only remains 
to eliminate k between the last two of equations (58). Doing so 
and replacing I hy R throughout, we find ds = T d<f>. Hence ^ may 
be found by a single quadrature : 

( 69 ) 

If we consider two different determinations of the angle ^ which 
correspond to two different values of the constant the difference 
between these two determinations of ^ remains constant all along F. 
It follows that two normals to the curve F which are tangent to two 
different evolutes intersect at a constant angle. Hence, if we know 
a single family of normals to F which form a developable surface, 
all other families of normals which form developable surfaces may 
be found by turning each member of the given family of normals 
through the same angle, which is otherwise arbitrary, around its 
point of intersection with F. 


Note I. If F is a plane curve, T is infinite, and the preceding 
formula gives ^ The evolute which corresponds to = 0 is 

the plane evolute studied in § 206, which is the locus of the centers 
of curvature of F. There are an infinite number of other evolutes, 
which lie on the cylinder whose right section is the ordinary evo- 
lute. We shall study these curves, which are called helices^ in the 
next section. This is the only case in which the locus of the cen- 
ters of curvature is an evolute. In order that (59) should be satis- 
fied by taking <f> = 0, it is necessary that T should be infinite or 
that A should vanish identically ; hence the curve is in any case a 
plane cui ve (§ 216). 
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Note II, If the curve JD is an evolute of r, it follows that r is an 
involute of Z>. Hence 

where Si denotes the length of the arc of the evolute counted from 
some fixed point. This shows that all the e volutes of any given 
curve are rectifiable. 


asa. Halicos. Let C be any plane curve and lei us lay off on the perpendio- 
ular to the plane of C erected at any point m on C a length mM proportional to 
the length of the arc o* of C counted from some fixed point A.. Then the skew 
curve r described by the point M is called a heiiz. Let us take the plane of C 
as the xy plane and let 

x=f{<r), v = 0(o-) 

be the coordinates of a point m of C in terms of the arc tr. Then the cofirdi- 
nates of the corresponding point M of the curve F will be 


(60) x= /(a) , y = ^{o ) , z = ITcr, 

where K is the given factor of proportionality. The functions / and 0 satisfy 
the relation /'* + 0 '* _ i . hence, from (60), 

da^ = (/'a + 0^3 + ^3)d<ra = (1 + K^)dtr^, 

where s denotes the length of the arc of F. It follows that s = o* V I + LT, 

or, if a and ir be counted from the same point A on C, a = cr Vl + since H = 0 . 
The direction cosines of the tangent to F are 


(61) 


vr+Aa 






y = 


K 


»/i _i_ ira 


Since y is independent of o’, it is evident that the tangent to F makes a constant 
angle with the z axis ; this property is characteristic : Any curve whoae tangent 
mcLkea a conatant angle with ajixed straight line is a helix. In order to prove 
this, let us take the z axis parallel to the given straight line, and let C be the 
projection of the given curve F on the xy plane. The equations of F may always 
be written in the form 


(02) X = /(O’) , y = 0(0), z = 0(0) , 

where the functions / and 0 satisfy the relation /'« + 0 '* = 1 , for this merely 
amounts to taking the arc o of C as the independent variable. It follows that 

_dz 0^(<r) . 

da 4- 0'» + 0'® Vl + 0'* ' 

hence the necessary and sufficient condition that y be constant is that 0 ' should 
be constant, that is, that 0 (o) should be of the form R follows that 

the equations of the curve F will be of the form (60) if the origin be moved to 
the point os = 0 , p = 0 , z = zo- 

Since y is constant, the formula drt/da = y'/R shows that y' = 0. Hence the 
principal normal is perpendicular to the generators of the cylinder. Since it la 
also perpendicular to the tangent to the helix, it Is normal to the cylinder, and 
therefore the osculating plane is normal to the cylinder. It follows that the 
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binormaJ lies in the tangent plane at right angles to the tangent to the helix ; 
hence it also makes a constant angle with the z axis, i.e. y'^ is constant. 

Since y' = 0, the formula dy'/ds = — y/R — 7 V T shows that y/R + 7 'V T = 0; 
hence the ratio T/R is constant for the helix. 

Each of the properties mentioned above is characteristic for the helix. Let 
us show, for example, that every curve for which the ratio T/R is constant is a 
helix. (J. Bkbtrano.) 

From Frenet’s formulse we have 

da _ dp _ dy _ T* __ 1 
^ ~dp'' “ ~ R~ H* 


hence, if R’ is a constant, a single integration gives 

a" = Ha - A, p" = Hp- B, y" = Hy - C, 

where A, C are three new constants. Adding these three equations after 
multiplying them by cr, p, 7 , respectively, we find 

A a + Bp + Cy = H, 
or 

Aa + Bp Cy _ H 


But the three quantities 

ABC 
VA* + B'a'Tca + B^~T~ C* ' VA® + + e® 


are the direction cosines of a certain straight line A, and the preceding equa- 
tion shows that the tangent makes a constant angle with this line. Hence the 
given curve is a helix. 

Again, let us find the radius of curvature. By (63) and (61) we have 


a' ^ da 
R Us 




~R 


1 + Ka 




whence, since y' = 0 , 

h = otW ^ ■ 

This shows that the ratio (1 + K^/R is independent of K. But when A* = 0 
this ratio reduces to the reciprocal 1 /r of the radius of curvature of the right 
section C, which is easily verified (§ 206). Hence the preceding formula may 
be written in the form i 2 = r(l 4 - A"*), which shows that the ratio of the radius 
of curvature of a helix to the radius of curvature of the corresponding curve C 
is a constant. 

It is now easy to find all the curves for which R and T are both constant. 
For, since the ratio T/R is constant, all the curves must be helices, by Bertrand's 
theorem. Moreover, since is a constant, the radius of curvature r of the 
curve C also is a constant. Hence C is a circle, and the required curve is a 
helix which lies on a circular cylinder. This proposition is due to Fuiseux.* 


* It is assumed in this proof that we are dealing only with real curves, for we 
assumed that A* + B2 -f ca does not vanish. (See the thesis by Lyon : Sur lea 
oourbes a torsion co/istante, 1890.) 
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B33. Bartxaiid’9 cmrea. The principal normaJa to a plane curve are the 
principal normals to an infinite number of other curvea, — the parallels to the 
given curve. J. Bertrand attempted to find in a similar manner all the skew 
curves whose principal normals are the principal normals to a given skew 
curve r . Let the coordinates x, 2 of a point of r be given as functions of the 
arc s. Let us lay off on each principal normal a segment of length 1, and let the 
coordinates of the extremity of this segment be -S', F, Z ; then we shall have 

(64) JT = X + la[\ F = y + IjT, Z =: 2 + ly' . 

The necessary and sufficient condition that the principal normal to the curve T' 
described by the point (^, F, Z) should coincide with the principal normal to r 
is that the two equations 

a'dX + ^dFH- y' dZ = 0, 

cr'idYd^Z - dZd^Y) + ^'{dZd^X - dXd^Z) + 7 ' (d-FcPF - dFd* JT) = 0 

should be satisfied simultaneously. The meaning of each of these equations is 
evident. From the first, dZ = 0 ; hence the length of the segment I should be a 
constant. Replacing dX, d^X, dF, - • • in the second equation by their values 
from Frenet's formulae and from the formulae obtained by differentiating 
Frenet's, and then simplifying, we finally find 

whence, integrating, 

( 66 ) 5 + ? = ^’ 


where V is the constant of integration. It follows that the required curves are 
those f&r which there exists a linear relation between the curvature and the torsion. 
On the other band, it is easy to show that this condition is sufficient and that 
the length I is given by the relation (66). 

A remarkable particular case had already been solved by Monge, namely 
that ill which the radius of curvature is a constant. In that case (66) becomes 
I = J2, and the curve V' defined by the equations (64) is the locus of the centers 
of curvature of F. From (64), assuming I — R — constant, we find the equations 

dX = -^n"dii, dY = -~^'ds, dZ = - ^y"dii. 


which show that the tangent to F"' is the polar line of F. The radius of curva- 
ture R' of F' is given by the formula 


d<x"^ + d/r'2 -H d7"a 


hence R' also is constant and equal to R. The relation between the two curvea 
F and F' is therefore a reciprocal one : each of them is the edge of regression of 
the polar surface of the other. It is easy to verify each of these statements for 
the particular case of the circular helix. 
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It is easy to find the general formulae for all skew oarrea whose radluB of 
curratnre is constant. Xjet £ be the given constant radius and let a, 7 be any 
three functions of a variable parameter which satisfy the relaUon a* + /)> + 7* = I- 
Then the equations 

(66) jr=:£y*aAr, Y=Rj*pdtr, Z=zBj"ydtr, 

where dtr = Vda:“ + d/9® + dv** represent a curve which has the required prop- 
erty, and it is easy to show that all curves which have that property may be 
obtained in this manner. For a, fi, y are exactly the direction cosines of the 
curve defined by ( 66 ), and cr Is the arc of its spherical indicatrix (§ 226). 


IV- CONTACT BETWEEN SKEW CURVES 
CONTACT BETWEEN CURVES AND SURFACES 


234. Contact between two curves. The order of contact of two 
skew curves is defined in the same way as for plane curves. Let F 
and F' be two curves which are tangent at a point A. To each point 
ilf of F near A let us assign a point Af' of F' according to such a law 
that M and M' approach A simultaneously. We proceed to find 
the maximum order of the infinitesimal MM* with respect to the 
principal infinitesimal AM, the arc of F. If this maximum order 
is w 4 - 1, we shall say that the two cmwes have contact of order n. 

Let us assume a system of trirectangular * axes in space, such 
that the yz plane is not parallel to the common tangent at A, and 
let the equations of the two curves be 



z = ^(x) , 


(r') 


\ Z = ♦(x). 


If x^, y^, Zq are the coordinates of A, the coordinates of M and M* 
are, respectively, 


Ixo +% f(Xo + h), <i^(xo + A)], Ixo + k, F(xq + k), ^(xo -h k)], 

where A: is a function of h which is defined by the law of corre- 
spondence assumed between M and M* and which approaches zero 
with /i. We may select k as the principal infinitesimal instead of 
the arc AAf (§ 211) ; and a necessary condition that MAf* should 
be an infinitesimal of order n -f- 1 is that each of the difiPerences 


A; — A, F(x^ 4 k) —f(x^ 4- A) , 4- A) — i^(x^ H- A) 


* It is easy to shoWt by passing to the formula for the distance between two points 
in oblique coordinates, that this assumption is not essential. 
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flhould be an indmtesunal of order n 4- 1 or more. It follows that 
we must have 

A; — ^ + F(x^ 4- h) — /(x® + A) = + \ 

*(*o + ^) — ^(«o + ^) = 

where cc, fi, y remain finite as approaches zero. Replacing k by 
its value h + a from the first of these equations^ the latter two 
become 

F(xo + A -h + - /(xo H- ;^) = 

^(Xq 4-^4- arA«+’) — <^(Xo 4- A) = yA* + *. 

Expanding F(xq 4“ ^ 4" and ^(xq 4 ^ 4" by Taylor’s 

series, all the terms which contain a will have a factor A” ^ ; hence, 
in order that the preceding condition be satisfied, each of the 
differences 

F(xq 4- A) — /(xo 4- A), 4»(Xo 4- A) ~ i^(xo 4- A) 

should be of order 4- 1 or more. It follows that if MM* is of 
order n 4 1, the distance MJV between the points M and N of the 
two curves which have the same abscissa Xq 4 A will be at least of 
order n 4 1. Hence the maximum order of the infinitesimal in 
question will be obtained Ay putting into correspondence the points 
of the txvo curves which have the same abscissa. 

This maximum order is easily evaluated. Since the two curves 
are tangent we shall have 

yX^o) = ~ j ^(®o) = ^(®o) > • 

Liet us suppose for generality that we also have 

/"(Xo) - F'Xxo), • • •, = /^f">(Xo), 

<f,*Xxo) = , • ■ ', (Xo) = (Xo) , 

but that at least one of the differences 

F(« + » (Xo) - ^\Xo) , + '> (Xo) - + ’> (Xo) 

does not vanish. Then the distance MM* will be of order 4 1 
and the contact will be of order n. This result may also be stated 
as follows : To find the order of contact of two curves T and F', con- 
sider the two sets of projections (C, C*) and (Ci, C[) of the given 
curves on the xy plane and the x» plane, respectively, and find the 
order of contact of each set ; then the order of contact of the given 
curves F and F’ will be the smaller of these two* 
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If the two curves r and F' are given in the form 

(r) « = 

(F^) x^f{u), 

they will be tangent at a point u =^t = t^it 

^(^o) • 

If we sujppose that f^{t^ is not zeroj the tangent at the point of 
contact is not parallel to the t/z plane, and the points on the two 
curves which have the same abscissa correspond to the same value 
of t. In order that the contact should be of order n it is neces- 
sary and sufficient that each of the infinitesimals ^(f) — 4^(f) and 
^(0 ^(f) stio^ld be of order n + 1 with respect to ^ — t^, i.e. that 

we should have 

and that at least one of the differences 

(^o) — ^ (^o) , » (to) — (^o) 

should not vanish. 

It is easy to reduce to the preceding the case in which one of the 
curves F is given by equations of the form 

(67) X =f(t), y = <^(<), ar = ^(<), 

and the other curve F' by two implicit equations 

*) = 0, J?,(x, y, «) = 0. 

Itesuming the reasoning of § 212, we could show that a necessary 
condition that the contact should be of order n at a point of F 
where i =-to is that we should have 

^ ^ ^Fi(<„) = 0, Fi(<o) = 0, •••, Fi»>(<«) = 0, 

where 

F(0 = -F[/(0. <^(0. *^(0] » (t) = Fx [/(<). ^(0. ^(0] ■ 

235. Osculating curves. Let F be a curve whose equations are 
given in the form (67), and let F' be one of a family of curves in 
2n -h 2 parameters a, b, c, I, which is defined by the equations 

(69) J’(x, y, *, a, i, • • •, 7) = 0, J?, (*, y, *, a, ft, c, • • •,/) = 0. 
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In general it is possible to determine the 2n + 2 parameters in such 
a way that the corresponding curve F' has contact of order n with 
the given curve F at a given point* The curve thus determined is 
called the osculcuting curve of the family (69) to the curve F. The 
equations which determine the values of the parameters a, 6, c, • • • , Z 
are precisely the 2n -f 2 equations (68). It should be noted that 
these equations cannot be solved unless each of the functions F and 
contain at least n -|- 1 parameters. For example, if the curves 
F' are plane curves, one of the equations (69) contains only three 
parameters ; hence a plane curve cannot have contact of order 
higher than two with a skew curve at a point taken at random on 
the curve. 

Let us apply this theory to the simpler classes of curves, — the 
straight line and the circle. A straight line depends on four param- 
eters ; hence the osculating straight line will have contact of the 
first order. It is easy to show that it coincides with the tangent, 
for if we write the equations of the straight line in the form 

X = az Pf y :=zbz 
the equations (68) become 

Xo = aso 5ci = aari, == + y, yi — 

where (xq, yo, «o) is the supposed point of contact on F. Solving 
these equations, we find 



which are precisely the values which give the tangent. A neces- 
sary condition that the tangent should have contact of the second 
order is that ari' = y I/o = tha,t is, 

(» ^ , 

xi yi 

The points where this happens are those discussed in § 217. 

The family of all circles in space depends on six parameters; 
hence the osculating circle will have contact of the second order. 
Let the equations of the circle be written in the form 

F (x, y, «) = A{x — a) + B(p — 6) 4- ^(« — c) = 

(aJf 3/» «) — (* — a)® 4- (y — *)* + (« — — N® = 0, 
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wbere the parameters are a> e, R, and the two ratios of the three 
co^oients A, B, C. The equations which determine the osculating 
circle are 

-4 (x — a) -h B(y — 3) -h C(z — c) = 0, 

, dx , ^ dy ^ dz 
^dt 


0 , 


d^x d^v 


d^» 

C — = 0 


(x — ay + (y — + (« — c)* = E®, 

dx . , dp . , . rfg 




(2*x 




<* - “) -5^^ + <y “ ^ 


c£®g cgx® H- H" dg® 








= 0 , 


where x, y, and « are to be replaced by ^(^), and ^(^), respec- 
tively. The second and the third of these equations show that the 
plane of the osculating circle is the osculating plane of the curve F. 
If a, by and c be thought of as the running coordinates, the last 
two equations represent, respectively, the normal plane at the point 
(x, y, «) and the normal plane at a point whose distance from 
(x, y, z) is infinitesimal. Hence the center of the osculating circle 
is the point of intersection of the osculating plane and the polar 
line. It follows that the osculating circle coincides with the circle 
of curvature, as we might have foreseen by noticing that two curves 
which have contact of the second order have the same circle of 
curvature, since the values of y', z\ y^\ are the same for the two 
curves. 


236. Contact between a curve and a surface. Let 5 be a surface 
and r a curve tangent to 5 at a point A. To any point M of F 
near A let us assign a point 3/' of iS^ according to such a law that 
M and approach A simultaneously. First let us try to find what 
law of correspondence between M and will render the order 
of the infinitesimal MM* with respect to the arc AM a maximum. 
Let us choose a system of rectangular coordinates in such a way 
that the tangent to F shall not be parallel to the yz plane, and that 
the tangent plane to S shall not be parallel to the z axis. Let 
(*o> Vtiy *^ 0 ) l^he coordinates of .4 ; Z = F(x, y) the equation of S ; 
y z = ^(x) the equations of F ; and w. -h 1 the order of the 

infinitesimal MM* for the given law of correspondence. The 
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co6rdinat<?8 of M are ^Zo 4- A, /(x^ 4- 4), i^(aro 4- A)]. Let JT, r, and 
2r = K) be the coordinates of Af ^ In order that MM' should 
be of order n + 1 with respect to the arc AM^ or^ what amounts to 
the same thing, with respect to A, it is necessary that each of the 
differences -X — a?, Y — y, and Z — z should be an infinitesimal at 
least of order w 4- 1, that is, that we should have 

a: - a! = + S Y-y = + \ Z ^ z =: F(X, F) — « = yh^^\ 

where a, fiy y remain finite as h approaches zero. Hence we shall 
have 

F(x 4- <a:A"+^, y 4- — « = yA" + ^, 

and the difference F{x, y) — z will be itself at least of order n 4- 1. 
This shows that the order of the infinitesimal MN^ where N is the 
point where a parallel to the z axis pierces the surface, will be at 
least as great as that of MM'. The maximum order of contact — 
which we shall call the order of contact of the curve and the surface 
— is therefore that of the distance MN with respect to the arc AM 
or with respect to A. Or, again, we may say that the order of con- 
tact of the curve and the surface is the order of contact between T 
and the curve T' in which the surface S is cut by the cylinder which 
projects r upon the xy 2 dane. (It is evident that the z axis may be 
any line not parallel to the tangent plane.) For the equations of 
the curve T* are 

y =/(x) , ^ = Fi:x,/(x)] = «.(x), 

and, by hypothesis, 

= 4^X^o) • 

If we also have 

, . - . , (xo) = (xo) , (xo) » (xo) , 

tlie curve and the surface have contact of order n. Since the equa- 
tion 4>(sr) = gives the abscissiB of the points of intersection of 

the curve and the surface, these conditions for contact of order n 
at a point A may be expressed by saying that the curve meets the 
surface in w -h 1 coincident points at A. 

Finally, if the curve T is given by equations of the form x ==f(f)t 
y = <^(/), z = ^(f), and the surface S is given by a single equation 
of the form F(x. y, z) = 0, the curve T' just defined will have equa- 
tions of the form x =■ fit), y = <^(0> ^ = ^(0> where 7r(^) is a func- 
tion defined by the equation 

^(0] = 0, 
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In order that F and F' should have contact of order the infini- 
tesimal 7 r(f) — must be of order n -f- 1 with respect to t to; 
that is, we must have 

^(^o) = ^(<o) , ^Xto) = ilfXto ) , • • • , 7rC"> (^o) = (to ) . 

Using F(t) to denote the function considered in § 234, these equa- 
tions may be written in the form 

F(/o) = 0, FXto) = 0, . . = 0. 

These conditions may be expressed by saying that the curve and 
the surface have n 4- 1 coincident points of intersection at their 
point of contact. 

If S be one of a family of surfaces which depends on + 1 
parameters a, d, c, • • • , /, the parameters may be so chosen that 
has contact of order n with a given curve at a given point ; this 
surface is called the oscAdating surface. 

In the case of a plane there are three parameters. The equations 
which determine these parameters for the osculating plane are 

Af (t) 4- (t) + C> (U) + 7) = 0, 

Af^ (t) -h (f) + CV' (0 = 0, 

AfXt) 4- B4,^\t) 4- 

It is clear that these are the same equations we found before for 
the osculating plane, and that the contact is in general of the second 
order. If the order of contact is higher, we must have 

Ar\t) 4- = 0, 

i.e. the osculating plane must be stationary. 

237. Osculating sphere. The equation of a sphere depends on four 
parameters ; hence the osculating sphere will have contact of the 
third order. For simplicity let us suppose that the coordinates 
y, « of a point of the given curve F are expressed in terms of the 
arc s of that curve. In order that a sphere whose center is (a, by e) 
and whose radius is p should have contact of the third order with 
F at a given point (x, y, «) on F, we must have 

FW = 0, P(^) = 0, F» = 0, P»(s) = 0, 

'where 

F(«) = (x — a)* 4- (y — *)* + (» — c)* — p* 
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and where x, y, z are expi^ssed as functions of s* Expanding the 
last three of the equations of condition and applying Frenet’s 
formulae, we find 


P («) = (»- a) or + (y-*)/8 + (* — «)y = 0, 

F" (») = (as — a) ^ + (y — 6) ^ — c) ^ + 1 = 0, 

F-”(.) — (I + i) - (I + f) - (X + i) 

“ F- ^ - •)«’ + (y - - '>)/] = 0- 


These three equations determine a, b, and e. But the first of them 
represents the normal plane to the curve F at the point (r, y, z) in 
the running coordinates (a, 6, c), and the other two may be derived 
from this one by differentiating twice with respect to «. Hence 
the center of the osculating sphere is the point where the polar line 
touches its envelope. In order to solve the three equations we may 
reduce the last one by means of the others to the form 

(x — a) ac” + (y — 6) -h (« — c) y" = T 
from which it is easy to derive the fonnulse 

a = X + Ra' - a", b = 7/ + Rfi' - T ^ 13" , 

c^. + Ry'-T^y". 

Hence the radius of the osculating sphere is given by the formula 

If R is constant, the center of the osculating sphere coincides with 
the center of curvature, which agrees with the result obtained in 
§ 233 . 


238. Osculating straight lines. If the equations of a family of 
curves depend on n 2 parameters, the parameters may be chosen 
in such a way that the resulting curve C has contact of order n with 
a given surface 5 at a point M. For the equation which expresses 
that C meets .sr at Af and the -h 1 equations which express that 
there are w -h 1 coincident points of intersection at Af constitute 
n + 2 equations for the determination of the parameters. 
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For example, the equations of a straight line depend on four 
parameters. Hence, through each point JIf of a given surface S, 
there exist one or more straight lines which have contact of the 
second order with the surface. In order to determine these lines, 
let us take the origin at the point M, and let us suppose that the 
z axis is not parallel to the tangent plane at M, Let z = y) 
be the equation of the surface with respect to these axes. The 
required line evidently passes through the origin, and its equations 
are of the form 



Hence the equation cp = F(ap, bp) should have a triple root p = 0 ; 
that is, we should have 

c = ap bq, 

0 = a^r -f- 2cLb8 + b^t, 

where p, q, r, s, t denote the values of the first and second deriva- 
tives of JP(ic, y) at the origin. The first of these equations expresses 
that the required line lies in the tangent plane, which is evident 
a priori. The second equation is a quadratic equation in the ratio 
h/a^ and its roots are real it — rt is positive. Hence there are in 
general two and only two straight lines through any point of a given 
surface which have contact of the second order with that surface. 
These lines will be real or imaginary according as — rt is positive 
or negative. We shall meet these lines again in the following 
chapter, in the study of the curvature of surfaces. 

EXERCISES 

1. Find, in finite form, the equations of the evolutes of the curve which 
cuts the straight line generators of a right circular cone at a constant angle. 
Discuss the problem. 

[Licence, Marseilles, July, 1884.] 

2. Do there exist skew curves F for which the three points of intersection 
of a fixed plane P with the tangent, the principal normal, and the binormal are 
the vertices of an equilateral triangle ? 

3. Let r be the edge of regression of a surface which is the envelope of 
a one-parameter family of spheres, i.e. the envelope of the characteristic circles. 
Show that the curve which is the locus of the centers of the spheres lies on 
the polar surface of F. Also state and prove the converse. 

4. Let F be a given skew curve, M a point on F, and O a fixed point in 
space. Through O draw a line parallel to the polar line to F at Jlf, and lay off 
on this parallel a segment ON equal to the radius of curvature of F at If. Show 
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that the curve r' deacrihed by' the point If and the carve r" described by the 
center of curvature of T have their tangents perpendicubtr, their eiamopts of 
length equal, and their radii of curvature equal, at corresponding points. 

[Rouquet.] 

6. If the OBCulating sphere to a given skew curve r hsE a constant radius a, 
show that r lies on a sphere of radius a, at least unless the radius of curvature 
of r is constant and equal to a. 

6. Show that the necessary and sufficient condition that the locus of the 
center of curvature of a helix drawn on a cylinder should be another helix on a 
cylinder parallel to the first one is that the right section of the second cylinder 
should be a circle or a logarithmic spiral. In the latter case show that all the 
helices lie on circular cones which have the same axis and the same vertex. 

[Tissot, Nouvellea Annalea^ Vol. XI, 1862.] 

7*. If two skew curves have the same principal normals, the osculating 
planes of the two curves at the points where they meet the same normal make 
a constant angle with each other. The two points just mentioned and the cen- 
ters of curvature of the two curves form a system of four points whose anhar- 
monic ratio is constant. The product of the radii of torsion of the two curves 
at corresponding i>oint8 is a constant. 

[Paul Serret ; Mannheim ; Schell.] 

8*. Let X, y, * be the rectangular coordinates of a point on a skew curve P, 
and s the arc of that curve. Then the curve Fo defined by the equations 



where xo* i/o, zo are the running coordinates, is called the conjugate curve to F; 
and the curve defined by the equations 

JT = X cos ^ + Xo sin 9 , Y =z y cos ^ + l/o sin 0y Z = z cos ^ + Zo sin S , 

where X, T, Z are the running coordinates and 9 is a constant angle, is called 
a related curve. Find the orientation of the fundamental trihedron for each of 
these curves, and find their radii of curvature and of torsion. 

If the curvature of F is constant, the torsion of the curve Fo is constant, and 
the related curves are curves of the Bertrand type (§ 238). Hence find the 
general equations of the latter curves. 

9. Let F and F" be two skew curves which are tangent at a point A. From 
A lay off infinitesimal arcs AM and AM' from A along the two curves in the 
same direction. Find the limiting position of the line MM'. 

[Caucht.] 

10. In order that a straight line rigidly connected to the fundamental trihe- 
dron of a skew curve and passing through the vertex of the trihedron should 
describe a developable surface, that straight line must coincide with the tangentt 
at least unless the given skew curve is a helix. In the latter case there are an 
infinite number of straight lines which have the required property. 



496 


SKEW CURVES 


[XI, Kxa, 


For a curve of the Bertrand type there ezUt two hyperbolic paraboloids 
rigidly connected to the fundamental trihedron, each of whose generators 
describes a developable surface. 

[CbsIbo, Bivixta di Mathnnadica^ VoL II, 1802, p. 166.] 

11*. In order that the principal normals of a given skew curve should be the 
blnonnsls of another curve, the radii of curvature and the radii of torsion of 
the first onrve must satis^ a relation of the form 



where A and B are constants. 

[Mannheim, Comptes rendua, 1877.] 

[The case in which a straight line through a point on a skew curve rigidly 
connected with the fundamental trihedron is also the principal normal (or the 
binormal) of another skew curve has been discussed by Pellet {Comptea rendua. 
May, 1887), by Ceskro {NouveUea AnnaZea, 1888, p. 147), and by Balitrand 
(Matheaia, 1804, p. 159).] 

12. If the osculating plane to a skew curve T is always tangent to a fixed 
sphere whose center is O, show that the plane through the tangent perpen- 
dicular to the principal normal passes through O, and show that the ratio of 
the radius of curvature to the radius of torsion is a linear function of the arc. 
State and prove the converse theorems. 
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I. CURVATURE OF CURVES DRAWN ON A SURFACE 


239. Fundamental formula. Heusnier'a theorem. In order to study 
the curvature of a surface at a non-singular point M, we shall sup- 
pose the surface referred to a system of rectangular codrdinates 
such that the axis of z is not parallel to the tangent plane at M. 
If the surface is analytic, its equation may be written in the form 


(1) * = y). 

where F(x, y) is developable in power series according to powers of 
x — x^ and y — y^ in the neighborhood of the point M (xg, yo> *o) 
(§ 194). But the arguments which we shall use do not require the 
assumption that the surface should be analytic : we shall merely 
suppose that the function F(x, y), together with its first and second 
derivatives, is continuous near the point (xo, yo) We shall use 
Monge’s notation, p, q, r, s, t, for these derivatives. 

It is seen immediately from the equation of the tangent plsme 
that the direction cosines of the normal to the surface are propor- 
tional to Pf y, and — 1. If we adopt as the positive direction of the 
normal that which makes an acute angle with the positive * axis, 
the actual direction cosines themselves X, /i, v are given by the 
formulae 

^ —p — q « = — ^=^==- 

+ + ^ VT+p*Ti* 

Let C be a curve on the surface S through the point 3f, and let 
the equations of this curve be given ii. parameter form ; then the 
functions of the parameter which represent the coordinates of a 
point of this curve satisfy the equation (1), and hence their diffeiv 
entials satisfy the two relations 


( 3 ) 

W 


dz =pdx -b qd,y, 

^pd^x -b + rdx® -f 2adxdy -f- #dy*, 
407 
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The first of these equations means that the tangent to the curve C 
lies in the tangent plane to the surface. In order to interpret the 
second geometrically, let us express the difierentials which occur in 
it in terms of known geometrical quantities. If the independent 
variable be the arc <r of the curve C, we shall have 

da'~ d<T»~ r’ d<r® ~ R* da^~ r' 

where the letters /3, y, a', y*, R have the same me anings as in 

§ 229. Substituting these values in (4) and dividing by -|- g'®, 

that equation becomes 


or, by ( 2 ), 


R Vl-h 79* H- 3 '*'* Vl H- 

\a* + /x/3^ 4- vy' _ rct^ + 2saP + 
R Vl -f -f 


But the numerator ka* -f- /x/S* vy* is nothing but the cosine of the 
angle 0 included between the principal normal to C and the positive 
direction of the normal to the surface ; hence the preceding formula 
may be written in the form 

^r=i\ cos 6 __ ra^ -h 2sal3 -h 

^ ^ R ~ VT+^» + gr* 


This formula is exactly equivalent to the formula (4); hence it 
contains all the information we can discover concernin g the curva- 
ture of curves drawn on the surface. Since R and Vl H- 
are both essentially positive, cos 0 and ra^ 4 - 2sa^ -h have the same 
sign, i.e. the sign of the latter quantity shows whether $ is acute or 
obtuse. In the first place, let us consider all the curves on the sur- 
face S through the point M which have the same osculating plane 
(which shall be other than the tangent plane) at the point M. All 
these curves have the same tangent, namely the intersection of the 
osculating plane with the tangent plane to the surface. The direc- 
tion cosines a, /S, y therefore coincide for all these curves. Again, 
the principal normal to any of these curves coincides with one of 
the two directions which can be selected upon the perpendicular to the 
tangent line in the osculating plane. Let a> be the angle which the 
normal to the surface makes with one of these directions ; then we 
shall have $ u> or 0 = ir — u>. But the sign of rcr® 2sa/3 -f- 
shows whether the angle 0 is acute or obtuse ; hence the positive 
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directioQ of the principal normal is the same for all these curves* 
Since 6 is also the same for all the curves, the radius of curvature 
R is the same for them all ; that is to say, all the curves on the sur- 
face through the point M which have the same osculating plane have 
the same center of curvature. 

It follows that we need only study the curvature of the plane 
sections of the surface. First let us study the variation of the 
curvature of the sections of the surface by planes which all pass 
through the same tangent MT, We may suppose, without loss of 
generality, that ror* + 2sap -h tp^ > 0, for a change in the direction 
of the z axis is sufficient to change the signs of r, s, and t. For all 
these plane sections we shall have, therefore, cos ^ > 0, and the 
angle 0 is acute- If Rx be the radius of curvature of the section 
by the normal plane through MT, since the corresponding angle B 
is zero, -we shall have 

1 _ ra^ -t- 2aaP -4- t$^ 

Rx Vl-hjp“ H- 

Comparing this formula with equation (5), which gives the radius 
of curvature of any oblique section, we find 

1 cos B 
lii~ R ’ 

or R = Ri COB $, which shows that the center of curvature of any 
oblique section is the projection of the center of curvature of the 
normal section throuyh the same tanyent Itne* This is ^Ccusnicr s 
theorem. 

The preceding theorem reduces the study of the curvature of 
oblique sections to the study of the curvature of normal sections. 
We shall discuss directly the results obtained by Euler. First let 
us remark that the formula (5) will appear in two different forms 
for a normal section according as ra* + 2saP + tfi^ is positive or 
negative. In order to avoid the inconvenience of carrying these 
two signs, we shall agree to affix the sign + or the sign — to ^e 
radius of curvature iZ of a normal section according as the direction 
from M to the center of curvature of the section is the same as or 
opposite to the positive direction of the normal to the surface. 
With this convention, R is given in either case by the formula 

1 _ ^ 


( 7 ) 
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which shows without ambiguity the direction in which the center 
of ourrature lies. 

From (7) it is easy to determine the position of the surface with 
respect to its tangent plane near the point of tangency. For if 

^ rt <i 0, the quadratic form ra^ + 2safi + tff* keeps the same 
sign — the sign of r and of ^ — as the normal plane turns around 
the normal; hence all the normal sections have their centers of 
curvature on the same side of the tangent plane, and therefore all 
lie on the same side of that plane : the surface is said to be convex 
at such a point, and the point is called an elliptic point. On the 
contrary, if > 0, the form rar® 28a^ -h vanishes for two 

particular positions of the normal plane, and the corresponding 
normal sections have, in general, a point of inflection. When the 
normal plane lies in one of the dihedral angles formed by these two 
planes, R is ^sitive, and the corresponding section lies above the tan- 
gent plane ; when the normal plane lies in the other dihedral angle, 
R is negative, and the section lies below the tangent plane. Hence 
in this case the surface crosses its tangent plane at the point of 
tangency. Such a point is called a hyperbolic point. Finally, if 
= 0, all the normal sections lie on the same side of the tan- 
gent plane near the point of tangency except that one for which 
the radius of curvature is infinite. The latter section usually 
crosses the tangent plane. Such a point is called di, parabolic point. 

It is easy to verify these results by a direct study of the differ- 
ence u = z — of the values of z for a point on the surface and for 
the point on the tangent plane at M which projects into the same 
point (aj, y) on the xy plane. For we have 


*' =2»(* — ®o) + aiy — yo)> 
whence, for the point of tangency (x©, yo)» 


and 





0 , 


d^u d^u 


It follows that if s? — < 0, w is a maximum or a minimum at M 

(§ 66), and since n vanishes at M, it has the same sign for all other 
points in the neighborhood. On the other hand, if 5® — > 0, u 

has neither a maximum nor a minimum at AT, and hence it changes 
sign in any neighborhood of M, 
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340. Sitter's ttisorans. TI 10 liidicstriz. In order to study the variar 
tion of the radius of curvature of a normal section, let us take the 
point M as the origin and the tangent plane at AT as the rry plane. 
With such a system of axes we shall have = 7 = 0, and the 
formula (7) becomes 

( 8 ) ^ ^ cos®^ 4 - 2s cos tf> sin -h t 

where is the angle which the trace of the normal plane makes 
with the positive x axis. Equating the derivative of the second 
member to zero, we hnd that the points at which fi may be a maxi- 
mum or a minimum stand at right angles. The following geomet- 
rical picture is a con veu lent means of visualizing the variation of R. 
Let us lay off, on the line of intersection of the normal plane with 
the xt/ plane, from the origin, a length Om equal numerically to the 
square root of the absolute value of the corresponding radius of cur- 
vature. The point m will describe a curve, which gives an instanta- 
neous picture of the variation of the radius of curvature. This curve 
is called the huliratrur. Let us examine the three possible cases. 

1) < 0, In this case the radius R has a constant sign, which 

we shall suppose positive. The coordinates of m are ( = cos ^ 
and -q ^ R sin ; henc^ the equation of the indicatrix is 

(9) re + -h = 1 , 

which is the equation of an ellipse whose center is the origin. It is 
clear that R is at a maximum for the section made by the normal 
plane through the major axis of this ellipse, and at a minimum for 
the normal plane through the minor axis. The sections made by two 
planes which are equally inclined to the two axes evidently have the 
same curvature. The two sections whose planes pass through the 
axes of the indicatrix are called the principal normal sections, and 
the corresponding radii of cui'vature are called the principal radii of 
(urcatnre. If the axes of the indicatrix are taken for the axes of x 
and y, we shall have s = 0 , and the formula ( 8 ) becomes 

i = r cos®<^ + t sin®<^. 

R 

W^ith these axes the principal radii of curvature R^ and correspond 
to = 0 and = ^/ 2 , respectively; hence l//?i = l/f ?2 == 

1 co 8 *<^ sin®^ 

R~ n, Rs ' 


( 10 ) 
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2) -- rt > 0. The normal sections which correspond to the 
values of <l> which satisfy the equation 

r cos^<f> 4- 2s cos <f> sin <l> t sin^<^ = 0 

have infinite radii of curvature. Liet L[OLi and L^OL^ be the inter- 
sections of these two planes with the ary plane. When the trace of 
the normal p]ane lies in the angle L 1 OL 2 , for example, the radius 
of curvature is positive. Hence the corresponding portion of the 
indicatrix is represented by the equation 

- 4 - 2s(rf 

where f and rj are, as in the previous case, the coordinates of the 
point m. This is an hyperbola whose asymptotes are the lines 
L[OLi and When the trace of the normal plane lies in the 

other angle L^OL^y II is negative, and the coordinates of m are 

i = V — R cos <^ , rf = "y/ — H sin <f> . 

Hence the corresponding portion of the indicatrix is the hyperbola 

re -h 2sirf -h V = - 1 » 

which is conjugate to the preceding hyperbola. These two hyper- 
bolas together form a picture of the variation of the radius of curva- 
ture in this case. If the axes of the hyperbolas be taken as the 
X and y axes, the formula (8) may be written in the form (10), as in 
the previous case, where now, however, the principal radii of curva- 
ture Ry and have opposite signs. 

3) s^ — = 0. In this case the radius of curvature R has a 

fixed sign, which we shall suppose positive. The indicatrix is still 
represented by tlie e(iuation (9), but, since its center is at the origin 
and it is of the parabolic type, it must be composed of two parallel 
straight lines. If the axis of y be takeii parallel to these lines, we 
shall have .s = 0, ^ = 0, and the general formula (8) becomes 

i = »-C 08 *<^, 

or 

r'^ Ri ^ 

This case may also be considered to be a limiting case of either of 
the preceding, and the formula just found may be thought of as the 
limiting case of (10), when R 2 becomes infinite. 
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established without using the formuU (6). Takiug 
the point M of the given surface as the origin and the tangent pl^e as the ay 
plane, the expansion of z by Taylor’s series may be written in the form 

^ _ rx^ -f 2sa;y -f 

1.2 + 


where the terms not written down are of order greater than two. In order 
to find the radii of curvature of the section made by a plane y =: x 0 ^ ^0 
may introduce the transformation 


X = x'^cos 0 — sin 0 , 2/ = x' sin 0 H- y' cos 0 , 

and then set y' = 0. This gives the expansion of z in powers of x', 
__ r cos^ 0 4 - 28 sin 0 cos 0 + t sin^ 0 


1.2 


- X'2 + ■ 


which, by § 214, leads to the formula (8). 

Notes. The section of the surface by its tangent plane is given by the equation 
0 = rx* -h 28xy + ty^ + 08 (x, y) + • • , 

and has a double point at the origin. The two tangents at this point are the 
asymptotic tangents. More generally, if two surfaces S and are both tangent 
at the origin to the xy plane, the projection of their curve of intersection on the 
xy plane is given by the equation 

0 = (r ~ ri)x2 4- 2(« — «i)xy + (« - «i) y“ -f • • • , 
where ri, Si, ti have the same meaning for the surface Si that r, n, t have 
for S. The nature of the double point depends upon the sign of the expression 
(« — SiY^ — (r — ri){t — fi). If this expression is zero, the curve of intersection 
has, in general, a cusp at the origin. 


To recapitulate, there exist on any surface four remarkalDle posi- 
tions for the tangent at any point : two j)erperi(iiculai* tangents for 
which the corresponding radii of curvature have a niaxiinum or a 
minimum, and two so-called asymptotic^ or principal,^ tangents, for 
which the corresponding radii of curvature are infinite. The latter are 
to be found by equating the trinomial rcx^+ 2$<rp-^tff^ to zero (§ 238). 
We proceed to show how to find tlie principal normal sections and 
the principal radii of curvature for any system of rectangular axes. 


241. Principal radii of curvature. There are in general two different 
normal sections whose radii of curvatuie are equal to any given 
value of R. The only exception is the case in which the given 
value of R is one of the principal radii of curvature, in which case 


* The reader should tlistinguish sharply the directions of the principal tangents 
(the cutymptotes of the indicatrix) and the dir€>ctioiis of the principal norrnaZ sections 
(the axes of the indicatrix). To avoid confusion we shall not use the term 
tangent. — Trans. 
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The first equation shows that X is independent of the second that is inde- 
pendent of X ; hence the common value of dX/dx, dfi/dy is independent of both 
X and y, i.e. it is a constant, say 1/a. This fact leads to the equations 

x — xo y — Vo Va* — <x — xo)® — (y — y©)* 

X= , /4 = — - — > * 

a a a 

_ _ X X — Xq 

^ •' Va^ — (x — xo)“ — (y — yo)® * 

^ M y — 2/0 

(X — xo)=* — (y — yo)* 

whence, integrating, the value of z is found to be 

z = 2o + Va2 — (X — - (y “ yo)’®, 

which is the equation of a sphere. It is evident that if d\/dx = dfx/dy = 0, the 
surface is a plane. But the equations (15) also have an infinite number of 
imaginary solutions which satisfy the relation 1 -h p* _j_ ^2 = 0, as we can see by 
differentiating this equation with respect to x and with respect to y. 


II. ASYMPTOTIC LINES CONJUGATE LINES 

242. Definition and properties of asymptotic lines. At every hyper- 
bolic point of a surface there are two tangents for which the corre- 
sponding normal sections have infinite radii of curvature, namely 
the asymptotes of the indicatrix. The curves on the given surface 
which are tangent at each of their points to one of these asymptotic 
directions are called asij7tt2>totic lines. If a point moves along any 
curve on a surface, the differentials are proportional to 

the direction cosines of the tangent. For an asymptotic tangent 
-h 2sap -h = 0 ; hence the differentials c/x and dy at any point 
of an asymptotic line must satisfy the relation 

(1 6) r dx^ -H 2s dx dy -J- t dy"^ = 0 . 

If the equation of the surface be given in the form x = y), and 

we substitute for ?•, 5 , and t their values as functions of x and y, 
this equation may be solved for dy/dx, and we shall obtain the two 
solutions 

We shall see later that each of these equations has an infinite num- 
ber of solutions, and that every pair of values (xo, ?/©) determines 
in general one and only one solution. It follows that there pass 
through every point of the surface, in general, two and only two 
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asymptotic lines : all these lines together form a double system of 
lines upon the surface. 

Again, the asymptotic lines may be defined without the use of 
any metrical relation : the asymptotic lines on a surface are those 
curves for which the osculating plane always coincides with the tan^ 
gent plane to the surface. For the necessary and sufficient condition 
that the osculating plane should coincide with the tangent plane to 
the surface is that the equations 

dz — pdx — qdy ^ Q, d^z — p d^x — q d^y = 0 

should be satisfied simultaneously (see § 215). The first of these 
equations is satisfied by any curve which lies on the surface. Dif- 
ferentiating it, we obtain the equation 

d^z — p d^x — q d^y — dp dx — dq dy = 0, 


which shows that the second of the preceding equations may be 
replaced by the following relation between the first differentials : 

(18) dp dx dqdy 0, 


an equation which coincides with (16). Moreover it is easy to 
explain why the two definitions are equivalent. Since the radius of 
curvature of the normal section which is tangent to an asymptote 
of the indicatrix is infinite, the radius of curvature of the asymp- 


totic line will also be infinite, by Meusnier^s theorem, at least unless 
the osculating plane is perpendiculai* to the normal plane, in which 
case Meusnier’s theorem becomes illusory. Hence the osculating 
plane to an asymptotic line must coincide with the tangent plane, 
at least unless the radius of curvature is infinite; but if this were 
true, the line would be a straight line and its osculating plane 
would be indeterminate. It follows from this property that any 
projective transformation carries the asymptotic Hues into asymp- 
totic lines. It is evident also that the differential equation is of 
the same form whether the axes are rectangular or oblique, for the 


equation of the osculating plane remains of the same form. 

It is clear that the asymptotic lines ex-’st only in case the points of 
the surface are hyperbolic. But when the surface is analytic the 
differential equation (16) always has an infinite number of solu- 
tions, real or imaginary, whether - r« is positive or negative. As a 
generalization we shall say that any convex surface possesses two sys- 
tems of imaginary asymptotic lines. Thus the asymptotic lines of an 
unparted hyperboloid are the two systems of rectilinear generatora 
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For an ellipsoid or a sphere these generators are imaginary, but 
they satisfy the differential equation for the asymptotic lines. 

Example. Let us try to find the asymptotic lines of the surface 

z = 

In this example we have 

r = m(m — l)x"*”*y«, a = i = n(n — 

and the differential equation ( 16 ) may be written in the form 

”*<”* " - ») = 0- 

This equation may be solved as a quadratic in (y dx)/{x dy). Let hi and be 
the solutions. Then the two families of asymptotic lines are the curves which 
project, on the xy plane, into the curves 

y*i = OiX, y** = CaX. 


243. Differential equation in parameter form. Let the equations of 
the surface be given in terms of two parameters u and v : 

(19) * = f(u, V), y = v), * = v) . 

Using the second definition of asymptotic lines, let us write the 
equation of the tangent plane in the form 

(20) A(X -x) + B(Y-y)+ C{Z - *) = 0, 
where A, B, and C satisfy tlie equations 


( 21 ) 




A^-l 

du 

Ay+B^^+C^ = 0 , 

OV Clf ov 


which are the equations for A, B, and C found in § 39. Since the 
osculating plane of an asymptotic line is the same as this tangent 
plane, these same coefficients must satisfy the equations 

A dx Bdy C dz = 0 , 

A cPx 4- B d^y •\-Cd^z^ 0. 

The first of these equations, as above, is satisfied identically. Differ- 
entiating it, we see that the second may be replaced by the equation 

(22) dA dx 4- dB dy 4- dC rfx = 0, 

which is the required differential equation. If, for example, we 
set C = — 1 in the equations (21), A and B are equal, respectively, 
to the partial derivatives p and ^ of x with respect to x and y, and 
the equation (22) coincides with (18). 
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Examples. As an example let us consider the conoid z 0(y/x)« This equa- 
tion is equlyalent to the system x = u, y = uv, 2 = 0(e), and the equatkms (21) 
become 

-d + Be = 0, Bu + C70^(e) = 0. 

These equations are satisfied if we set C = — u, ^ = — e0^(e), B = 0^(e) ; hence 
the equation (22) takes the form 

ii0''(e)dea - 20^(u)dude = 0. 

One solution of this equation is e = const., which gives the rectilinear genera- 
tors. Dividing by <2e, the remaining equation is 

0^^(e) de _ 2du 
0'(e) ” u * 

whence the second system of asymptotic lines are the curves on the surface 
defined by the equation = jK0'(e), which project on the xy plane into the 
curves 

Again, consider the surfaces discTisscd by Jamet, whose equation may be 
written in the form 

x/(|)=F(z). 

Taking the independent variables z and u = y/x^ the differential equation of 
the asymptotic lines may be written in the form 


ar-+ rft, 


from which each of the systems of asymptotic lines may be found by a single 
quadrature. 

A helicoid is a surface defined by equations of the form 


x = pcosc(P, y=:psin«, 2 =/(p)-|-A«. 

The reader may show that the differential equation of the asymptotic lines is 
Pf"{p) - 2 A d« dp + pPf'ip) doi® = 0 , 
from which w may be found by a single quadrature. 


244. A 83 riiiptotic lines on a ruled surface. Eliminating A, B, and C 
between the equations (21) and the equation 

A cPx -^ Bd^y + Ccl ^» = 0, 

we find the general differential equation of the asymptotic lines : 


( 23 ) 



dtf, 


du 

du 

du 

if 


dtff 

dv 

dv 

dv 

d^x 


d^z 
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This equation does not contain the second differentials d^u and tPv, 
for we have 




dv^ 


dv^ 


and analogous expressions for d^y and d^z. Subtracting from the 
third row of the determinant (23) the first row multiplied by d^u 
and the second row multiplied by the differential equation 

becomes 




diff 

du 

du 

du 

df_ 

d4> 

dtj, 

dv 

dv 

dv 


d2£ 

du^ 


du^ 4 - 2 




dudv dv^ 

ou ov 


= 0 . 


Developing this determinant with respect to the elements of the 
first row and arranging with respect to du ahd dv, the equation 
may be written in the form 

(24) D du^ 2D' du dv 4- D" dv^ = 0 , 

where D, D', and D" denote the three determinants 


(25) 


D = 


dx 

^y 

dz 


dx 

dy 

dz 

du 

du 

du 


du 

du 

du 

dx 

dy 

dz 

, jy' = 

dx 

^y 

dz 

dv 

d^ 

dv 

dv 

dv 

dv 

d^x 

d'^y 

d^z 


d^x 

d^y 

d^z 

du^ 


du^ 


du do 

du dv 

du dv 


D" = 


dx 

du 

dx 

dv 

d^x 

dv^ 


du 

dv 

d^y 

dv^ 


dz 

du 

dz 

dv 

^z 

dv^ 


As an application let us consider a ruled surface, that is, a surface 
whose equations are of the form 

x = Xo-h ctu, y = yo 4- pu, z = Zo-\- yu, 

where ^ yo » ? o:, y are all functions of a second variable param- 

eter V. If we set u = 0, the point (xo, y©, »o) describes a certain 
curve r which lies on the surface. On the other hand, if we set 
V = const, and let u vaiy, the point (x, y, z) will describe a straight- 
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lin 0 g^enerator of the ruled surface, and the value of w at any point 
of the line will be proportional to the distance between the point 
(a;, z) and the point (xq, y^ «©) s-t which the generator meets the 
curve r. It is evident from the formulae (26) that i> == 0, that D* 
is independent of w, and that is a polynomial of the second 
degree in u : 

ac 

X)" = ari -h or'w 

Xq -|- 

Since dv is a factor of (24), one system of asymptotic lines consists 
of the rectilinear generators v = const. Dividing by dty, the remain- 
ing differential equation for the other system of asymptotic lines is 
of the form 

(26) H- Lu^ 4- Mu -1- iV = 0 , 

where X, ilf, and N are functions of the single variable v. An equa- 
tion of this type possesses certain remarkable properties, which we 
shall study later. For example, we shall see that the anhamionic 
ratio of any four solutions is a constant » It follows that the anhar- 
monic ratio of the four points in which a generator meets any four 
asymptotic lines of the other system is the same for all generators, 
which enables us to discover all the asymptotic lines of the second 
system whenever any three of them are known. We shall also 
see that whenever one or two integrals of the equation (26) are 
known, all the rest can be found by two quadratures or by a single 
quadrature. Thus, if all the generators meet a fixed straight line, 
that line will be an asymptotic line of the second system, and all 
the others can be found by two quadratures. If the surface pos- 
sesses two such rectilinear directrices, we should know two asymp- 
totic lines of the second system, and it would appear that another 
quadrature would be required to find all the others. Dut we can 
obtain a more complete result. For if a surface possesses two 
rectilinear directrices, a projective transformation can be found 
which will carry one of them to infinity and transform the surface 
into a conoid ; but we saw in § 243 that the asymptotic lines on a 
conoid could be found without a single quadrature. 

245. Conjugate lines. Any two conjugate diameters of the indica- 
trix at a point of a given surface S are called conjugate tangents. 
To every tangent to the surface there corresponds a conjugate 
tangent, which coincides with the first when and only when the given 
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tangent is an asymptotic tangent. Let z = F(Xy y) be the equation of 
the surface S, and let m and m' be the slopes of the projections of 
two conjugate tangents on the xy plane. These projections on the 
xy plane must be harmonic conjugates with respect to the projeo* 
tions of the two asymptotic tangents at the same point of the sur- 
face. But the slopes of the projections of the asymptotic tangents 
satisfy the equation 

r -h 2sil -h = 0. 

In order that the projections of the conjugate tangents should be 
harmonic conjugates with respect to the projections of the asymp- 
totic tangents, it is necessary and sufficient that we should have 

(27) r -f- ^ (w -h -H tmm^ = 0 . 

If C be a curve on the surface S, the envelope of the tangent 
plane to S at points along this curve is a developable surface which 
is tangent to S all along C. At every point M of C the generator of 
this developable is the conjugate tangent to the tangent to C. Along 
C, x^ y, Zy py and q are functions of a single independent variable a. 
The generator of the developable is defined by the two equations 

Z ^z^p{X^x)^q(Y-^y)^0y 
— dz pdx -f- q dy — dp(X — £c) — dq{Y — y) = 0, 

the last of which reduces to 

Y — y dp rdx + 

X — X dq s dx -h t dy 

Let m be the slope of the projection of the tangent to C and m' the 
slope of the projection of the generator. Then we shall have 



and the preceding equation reduces to the form (27), which proves 
the theorem stated above. 

Two one-parameter families of curves on a surface are said to 
form a conjugate network if the tangents to the two curves of the 
two families which pass through any point are conjugate tangents 
at that point. It is evident that there are an infinite number of 
conjugate networks on any surface, for the first family may be 
assigned arbitrarily, the second family then being determined by a 
differential equation of the first order. 
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Given a surface represented by equations of the form (X0), let us find the 
conditions under which the curves u = const, and v ss const, form a conjugate 
network. If we move alon^ the curve v = const., the characteristic of the 
tangent plane Is represented by the two equations 

AiX - X) + B{Y - y) + C(Z - 2) = 0 , 


In order that this straight line should coincide with the tangent to the curve 
u =s const., whose direction cosines are proportional to dx/dv^ dy/dv^ dz/dv^ it 
is necessary and sufficient that we should have 


+c^ = 0 , 

dv cv dv 

dA ^ ^ ^ ^ -t- — ^ ^ — 0 

du dv du dv du dv 


Differentiating the first of these equations with regard to u, we see that the 
second may be replaced by the equation 


( 28 ) 


J!5- + 

du dv du dv du dv 


and finally the elimination of A, B, and C between the equations (21) and (28) 
leads to the necessary and sufficient condition 


dz 

^y. 

dz 

du 

cu 

du 



dz 

dv 

dv 

dv 

d^x 

d^y 

d^z 

du dv 

du dv 

dudv 



This condition is equivalent to saying that x, y, z are three solutions of a 
differential equation of the form 


( 20 ) 


du dv du dv 


where M and N are arbitrary functions of u and e. It follows that the knowl- 
edge of three distinct integrals of an equation of this form is sufficient to 
determine the equations of a surface which is referred to a conjugate network. 
For example, if we set If = JVT = 0, every integral of the equation (29) is 
the sum of a function of u and a function of v ; hence, on any surface whose 
equations are of the form 

(SO) ? = f(u) + /i(*) . V = ♦(“) + ♦!(») . * = 1^(“) + ’ 

the curves (u) and (e) form a conjugate network. 

Surfaces of the type (80) are called surfaces of translation. Any such surface 
may be described in two different ways by giving one rigid curve T a motion of 
translation such that one of its points moves along another rigid curve T'. For, 
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let Mot f M2, M he four points of the surface which correspond, respectively, 
to the four sets of values (uo, vo), (u, Vo), (uq, v), (u, v) of the parameters u and v. 
By ( 30 ) these four points are the vertices of a plane parallelogram. If vo ie fixed 
and u allowed to vary, the point Mi will describe a curve r on the surface ; like- 
wise, if Uo is kept fixed and v is allowed to vary, the point M2 will describe 
another curve on the surface. It follows that we may generate the surface by 
giving r a motion of translation which causes the point M2 to describe F', or by 
giving F' a motion of translation which causes the point Mi to describe F. It is 
evident from this method of generation that the two families of cuiwes (u) and (o) 
are conjugate. For example, the tangents to the different positions of F'’ at the 
various points of F form a cylinder tangent to the surface along F ; hence the 
tangents to the two curves at any point are conjugate tangents. 


III. LINES OF CURVATURE 


246. Definition and properties of lines of curvature. A curve on a 
given surface S is called a line of curvature if the normals to the 
surface along that curve form a developable surface. 1£ z = f(x, y) 
is the equation of the surface referred to a system of rectangular 
axes, the equations of the normal to the surface are 

iX = -pZ->r(x-irp»'), 

\y = — qZ + (y + ?*). 

The necessary and sufficient condition that this line should describe 
a developable surface is that the two equations 


(32) 


— Z dp d(x -h pz) = 0 , 

— Z dq + d(y -h qz) = 0 


should have a solution in terms of Z (§ 223), that is, that we 
should have 

d(x -1- pz) _ d(y H- qz) 
dp dq 

or, more simply, 

dx pdz dy q dz 

dp dq 


Again, replacing dz, dpy and dq by their values, this equation may 
be written in the form 


(33) 


(1 -I- j?^) dx H- pq dy _ pq dx + (1 ^ q^ dy 
r dx s dy sdx t dy 


This equation possesses two solutions in dy/dx which are always 
real and unequal if the surface is real, except at an umbilic. For, 
if we replace dx and dy by tr and respectively, the preceding 
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equation coincides with the equation found above [(14), § 241] for 
the determination of the lines of intersection of the principal normal 
sections with the tangent plane. It follows that the tangents to the 
lines of curvature through any point coincide with the axes of the 
indicatrix. We shall see in the study of differential equations that 
there is one and only one line of curvature through every non- 
singular point of a surface tangent to each one of the axes of the 
indicatrix at that point, except at an umbilic. These lines are 
always real if the surface is real, and the network which they form 
is at once orthogonal and conjugate, — a characteristic property. 


£!xample. Let us determine the lines of curvature of the paraboloid z = 
xy/a. In this example 


P - 


y 


g = 


a ^ a 
and the differential equation (33) is 
(a^ + V^) — {ofl + x«) dy* 


r = f = 0, 


1 

•=a’ 


or — 


dx 


rr- ± 


dy 


Vx* H- a* Vy* -f a® 


: = 0 . 


If we take the positive sign for both radicals, the general solution is 


(x + Vx'-* -I- a*)(y + Vy* 4- a*) = C , 
which gives one system of lines of curvature. If we set 
(34^ X = X Vy* + a-* -4- y Vx* + a* , 

the equation of this system may be written in the form 


X + Vx* + a* = C 

by virtue of the identity 

(x Vy* + a* + y Vx* + o*)® + a« = [xv + Vtx* + a*)(v» + o»)]* 

It follows that the projections of the lines of curvature of this first system are 
represented by the equation (34), where X is an arbitrary constant. It may be 
shown in the same manner that the projections of the lines of curvature of the 
other system are represented by the equation 


(36) X v'y* + — y Vx® + a* = . 

From the equaUon xy = az of the given paraboloid, the equations (84) and 
(35) may be written in the form 

Vx* + *» + Vp* + *» = C, Vx» + - Vv* + tfl = C'. 


But the expressions and represent res^Uvrfy. <*e dis- 

tances of the point (X, y, z) from the axes of x and p. It follows ^at f^ t me s 
of curvature on the paraboloid are those curves for which the sum or the differ^e 
of the distances of any point upon them from the axes of x and y i» a eorwtant. 
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M7. Svolnte of a surface. Let C be a line of ounrature on a sur- 
face S. As a point M describes the curve C, the normal itfAT to the 
surface remains tangent to a curve T. Liet (Xy Yy Z) be the coor- 
dinates of the point A at which MN is tangent to F. The ordinate 
Z is given by either of the equations (32), which reduce to a single 
equation since C is a line of curvature. The equations (32) may 
be written in the form 

^ ^ z = (^ + ^ ^ P9 + (1 -h q^) dy 

r dx -h s dy a dx H- t dy 

Multiplying each term of the first fraction by each term of the 
second by dy, and then taking the proportion by composition, we 
find 

^ _ da;^ -f- dy* -^{pdx-\- q dyY 

* r dx^ 2s dx dy t dy® 

Again, since dx, dy, and dz are proportional to the direction cosines 
a, fiy y of the tangent, this equation may be written in the form 

- _ g’* 4- /y* + jpg 4- ^ 1 

m® -f- 28ap ra^ + 2sa/3 + t/3^ 


Comparing this formula with (7), which gives the radius of curva- 
ture R of the normal section tangent to the line of curvature, with 
the proper sign, we see that it is equivalent to the equation 


(36) 


Z — z 


n 

Vl -h 4- S'® 


= Hv, 


where v is the cosine of the acute angle between the z axis and the 
positive direction of the normal. But z -h Rv is exactly the value 
of Z for the center of curvature of the normal section under con- 
sideration. It follows that the point of tangency A of the normal 
MN to its enxtelope F coincides with the center of curvature of the 
principal normal section tangent to C at M, Hence the curve F is 
the locus of these centers of curvature. If we consider all the lines 
of curvature of the system to which C belongs, the locus of the cor- 
responding curves F is a surface S to which every normal to the 
given surface S is tangent. For the normal MN, for example, is 
tangent at A to the curve F which lies on 2. 

The other line of curvature C' through M cuts C at right angles. 
The normal to 5 along C' is itself always tangent to a curve F' 
which is the locus of the centers of curvature of the normal sections 
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taugpBnt to Tho locus of tiiis curve for b 11 t he lines of ourvn* 
ture of the system to which C' belongs is a surface to which Cll 
the normals to S are tangent. The two surfaces S and S' are not 
usually analytically distinct, but form two nappes of the same sur- 
face, which is then represented by an irreducible equation. 

The normal MN to S is tangent to each of these nappes S and S' 
at the two principal centers of curvature A and A* of the surface S 
at the point M. It is easy to find the tangent 
planes to the two nappes at the points A and A* 

(Fig. 61). As the point Af describes the curve 
C, the normal MN describes the developable 
surface D whose edge of regression is F; at 
the same time the point A ' where MN touches 
S' describes a curve y* distinct from F', since 
the straight line AIN cannot remain tangent to 
two distinct curves F and F'. The developable 
D and the surface S' are tangent at hence 
the tangent plane to S' at A' is tangent to D 
all along MN, It follows that it is the plane 
NMTy which passes through the tangent to C. 

Similarly, it is evident that the tangent plane 
to S at A is the plane NMT* through the tan- 
gent to the other line of curvature C'. 

The two planes NMT and NMT^ stand at right angles. This fact 
leads to the following important conception. Let a normal OM be 
dropped from any point O in space on the surface 5, and let A and 
A' be the principal centers of curvature of on this normal. The 
tangent planes to S and S' at A and A\ respectively, are perpendic- 
ular. Since each of these planes passes through the given point O, it 
is clear that the two nappes of the evolute of any surface Sy observed 
from any point O in space, appear to cut each other at bright angles. 
The converse of this proposition will be proved later. 

MB. Rodrigues* formuUe. If X, /x, v denote the direction cosines 
of the normal, and H one of the principal radii of curvature, the 
corresponding principal center of curvature will be given by the 
formula) 

(37) X = x-hJlX, r^y^Ly, 

As the point (*, y, at) describes a line of curvature tangent to 
the normal section whose radius of curvature is /?, this center of 
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oiOTature, as we have just seen, will describe a curve T tangent to 
the normal MN; hence we must have 

dX _dY ^ dZ 

X §M, V 

OTf replacing X, Y, and X by their values from (37) and omitting the 
common term dH, 

dx R dX dy R dyu da Rdv 

A ft V 

The value of any of these ratios is zero, for if we take them by 
composition after multiplying each term of the first ratio by A, of 
the second by /x, and of the third by v, we obtain another ratio 
equal to any of the three ; but the denominator of the new ratio is 
unity, while the numerator 

A dx -h fjL dy + V dz R(X dX dy. + y dy) 

is identically zero. This gives immediately the formulae of Olinde 
Rodrigues : 

(38) dx RdX 0^ dy R dfjL =: 0 , dz Rdv — 0, 

which are very important in the theory of surfaces. It should be 
noticed, however, that these formulae apply only to a displacement 
of the point (x, y, z) along a line of curvature. 

249. Lines of curvature in parameter form. If the equations of the 
surface are given in terms of two parameters u and v in the form 
(19), the equations of the normal are 

X^xY—yZ—z 
A ~ B ~ C ’ 

where A, B, and C are determined by the equations (21). The 
necessary and sufficient condition that this line should describe a 
developable surface is, by § 223, 

dx dy dz 
A B e = 0, 
dA dB dC 

where x, y, z, A, B, and C are to be replaced 'by their expressions 
in terms of the parameters u and v\ hence this is the differential 
equation of the lines of curvature. 
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As an example let us find the lines of curvature on t he helicoid 

z = a arc tan - . 

X 

whose equation is equivalent to the system 

X = p cos y =■ p sin ^ , z = . 

In this example the equations for A, R, and C are 

A cos 0 B sin ^ = 0 , — Ap sin e Bp cos ^ + Ca = 0 . 

Taking C = p, vre find A = a sin R = — a cos 0. After expansion and simpli- 
fication the differential equation (39) becomes 

dp2 - (p* H- a2)d^ =0 or d0 = ± 

Vp* -f a* 

Choosing the sign +i for example, and integrating, we find 

p -f- Vp* + a=* = ae^ • , or p = ^ . 

The projections of these lines of curvature on the xy plane are all spirals which 
are easily constructed. 

The same method enables us to form the equation of the second 
degree for the principal radii of curvature. With the same symbols 
A, B, C, X, p, V we shall have, except for sign, 

^ A. B ^ ^ C 

” B»+ C*’ ^ Vv4* + B®+ C“’ " V/1* + JB* + C* 

We shall adopt as the positive direction of the normal that which 
is given by the preceding equations. If R is a principal radius of 
curvature, taken with its proper sign, the coordinates of the corre- 
sponding center of curvature are 

X = X pA , V = ^ pB , X = X pC , 

where 

R = pVa* -h B^ 

If the point (xy y, z) describes the line of luirvature tangent to the 
principal normal section whose radius of curvature is R, we have 
seen that the point (A, Y, Z) describes a curve T which is tangent 
to the normal to the surface. Hence we must have 
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or, denoting the common values of these ratios by dp + 


(40) 


dx -f- p dA — AK = 0 f 
dy + p dB — BK = 0, 
dx fide CK== 0 . 


Sliminating p and K from these three equations, we find again the 
differential equation (39) of the lines of curvature. But if we 
replace dx, dy^ dx, dA, dB, and dC by the expressions 


rfw + da, 
du ^ da ’ 


du ov 


respectively, and then eliminate du, dv, and K, we find an equation 


for the determination of p : 





dx dA 

dx 




du ^ du 

dv 


A 

(41) 

d_y dB 

du ^ du 

dy 



dv 

H- p — 
cv 

B 


d C 

dx 




du ^ du 

dv 

^ dv 

C 


If we replace p by /?/ V.4* -h JS* 4- this equation becomes an 
equation for the principal radii of curvature. 

The equations (39) and (41) enable us to answer many questions 
which we have already considered. For example, the necessary 
and sufficient condition that a point of a surface should be a para- 
bolic point is that the coefficient of p^ in (41) should vanish. In 
order that a point be an umbilic, the equation (39) must be satisfied 
for all values of du and dv 


As an example let ub find the principal radii of curvature of the rectilinear 
helicoid. With a slight modification of the notation used above, we shall have 
in this example 

X = u cos V , y = u sin v , z = av, 

A = a sin v, B = ^ a cos v, C =^u, 

and the equation (41) becomes 

a*p* = a* + ti*, 

whence it ~ 4: (a^ + u*)/a. Hence the principal radii of curvature of the helicoid 
are numerically equal and opposite in sign. 

250. Joachimsthal’s theorem. The lines of curvature on certain 
surfaces may be found by geometrical considerations. For example, 
it is quite evident that the lines of curvature on a surface of revolu- 
tion are the meridians and the parallels of the surface, for each of 
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these curves is tangent at every point to one of the axes of the 
indioatrix at that point. This is again confirmed by the remark 
that the normals along a meridian form a plane, and the normals 
along a parallel form a circular cone, — in each case the normals 
form a developable surface. 

On a developable surface the first system of lines of curvature 
consists of the generators. The second system consists of the 
orthogonal trajectories of the generators, that is, of the involutes of 
the edge of regression (§ 231). These can be found by a single quad- 
rature. If we know one of them, all the rest can be found without 
even one quadrature. All of these results are easily verified directly. 

The study of the theory of evolutes of a skew curve led Joa- 
chimsthal to a very important theorem, which is often used in that 
theory. Let S and S' be two surfaces whose line of intersection C 
is a line of curvature on each surface. The normal MN to S along 
C describes a developable surface, and the normal MN' to S' along 
C describes another developable surface. But each of these normals 
is normal to C, It follows from § 231 that if two surfaces have a 
common line of curvature^ they intersect at a constant angle along 
that line. 

Conversely, if two surfaces intersect at a constant angle^ and if 
their line of intersection is a line of curvature on one of them^ it is 
also a line of curvature on the other. For we have seen that if one 
family of normals to a skew curve C form a developable surface, 
the family of normals obtained by turning each of the first family 
through the same angle in its normal plane also form a developable 
surface. 

Any curve whatever on a plane or on a sphere is a line of curva- 
ture on that surface. It follows as a corollary to Joachimsthal’s 
theorem that the necessary and sufficient condition that a plane curve 
or a spherical curve on any surface should he a line of curvature is 
that the plane or the sphere on which the curve lies should cut the 
sufface at a constant angle. 

251. Dupin’s theorem. We have already considered [§§ 43, 146] 
triply orthogonal systems of surfaces. The origin of the theory of 
such systems lay in a noted theorem due to Dupin, which we shall 
proceed to prove : 

Qiv&n any three families of surfaces which form a triply oHhogofml 
system : the intersection of any two surfaces of different families is a 
line of curvature on each of them. 
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We shall base the proof on the following remark. Liet F(Xy y^z)^0 
be the equation of a surface tangent to the xy plane at the origin. Then 
we shall have, for as = y = « = 0, dF/dx = 0, dF/dy = 0, but dF/dz does 
not vanish, in general, except when the origin is a singular point. 
It follows that the necessary and sufficient condition that the x and 
y axes should be the axes of the indicatrix is that 5 = 0. But the 
value of this second derivative s = d^z/dx dy is given by the equation 

d^F d^F . d^F . d^F , dF 

dlTy ^ ^ + IT* = 

Since p and y both vanish at the origin, the necessary and sufficient 
condition that s should vanish there is that we should have 


(42) 


d>F 
dx dy 


0 . 


Now let the three families of the triply orthogonal system be given 
by the equations 


(*» y, *) = Pi » (*» y, *) = Pa > (*, y, *) = P», 

where Fi, F 2 , F^ satisfy the relation 


(43) 


dFi dF^ dFi dF^ dF^ dF^ 
dx dx dy dy dz dz 


and two other similar relations obtained by cyclic permutation of 
the subscripts 1, 2, 3. Through any point M in space there passes, 
in general, one surface of each of the three families. The tangents to 
the three curves of intersection of these three surfaces form a trirec- 
tangular trihedron. In order to prove Uupin^s theorem, it will be 
sufficient to show that each of these tangents coincides with one of 
the axes of the indicatrix on each of the surfaces to which it is 
tangent. 

In order to show this, let us take the point M as origin and the 
edges of the trir octangular trihedron as the axes of coordinates ; 
then the three surfaces pass through the origin tangent, respec- 
tively, to the three coordinate planes. At the origin we shall have, 
for example, 


II 

0 

II 

0 

0 

AV 


o' 

II 
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The axes of x and y will be the axes of the indicatrix of tiie surface 
^ origin if (d* F^/dxdy)^ = 0. To show that this 

is the case, let us differentiate (43) with respect to y, omitting the 
terms which vanish at the origin ; we find 



From the two relations analogous to (43) we could deduce two 
equations analogous to (44), which may be written down by cyclic 
permutation : 



From (44) and (45) it is evident that we shall have also 



which proves the theorem. 

A remarkable example of a triply orthogonal system is furnished 
by the coiifocal quadrics discussed in § 147. It xvas doubtless the 
investigation of this particular system which led Dupin to the gen- 
eral theorem. It follows that the lines of curvature on an ellipsoid 
or an hyperboloid (which had been determined previously by Monge) 
are the lines of intersection of that surface with its confocal quadrics. 

The paraboloids represented by tlie equation 


y". 

p - \ 



-A, 


where A. is a variable x^arameter, form another triply orthogonal 
system, which determines the lines of curvature on the paraboloid. 
Finally, the system discussed in § 246, 

S'=«, = + + y, 

z 


is triply orthogonal. 
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study of triply orthogonal systems is one of the most interest- 
ing and one of the most difficult problems of differential geometry. 
A very large number of memoirs have been published on the subjectfi 
the results of which have been collected by Darboux in a recent 
work.* Any surface S belongs to an infinite number of triply 
orthogonal systems. One of these consists of the family of surfaces 
parallel to S and the two families of developables formed by the 
normals along the lines of curvature on 5. For^ let O be any point 
on the normal MN^ to the surface /S^ at the point Af, and let MT 
and MT* be the tangents to the two lines of curvature C and C* 
which pass through A/; then the tangent plane to the parallel sur- 
face through O is parallel to the tangent plane to iS^ at Af, and the 
tangent planes to the two developables described by the normals to 
S along C and C* are the planes MNT and MNT*^ respectively. These 
three planes are perpendicular by pairs, which shows that the system 
is triply orthogonal. 

An infinite number of triply orthogonal systems can be derived 
from any one known triply orthogonal system by means of succes- 
sive inversions, since any inversion leaves all angles unchanged. 
Since any surface whatever is a member of some triply orthogonal 
system, as we have just seen, it follows that an inversion carries the 
lines of curvature on any surface over into the lines of curvature on 
the transformed surface. It is easy to verify this fact directly. 

ass. Applications to certain claaaea of auxfacea. A large number of problems 
have been discussed in which it is required to find all the surfaces whose lines 
of curvature have a preassigned geometrical property. We shall proceed to 
indicate some of the simpler results. 

First let us determine all those surfaces for which one system of lines of 
curvature are circles. By Joachimsthars theorem, the plane of each of the 
circles must cut the surface at a constant angle. Hence all the normals to the 
surface along any circle C of the system must meet the axis of the circle, i.e. 
the perpendicular to its plane at its center, at the same point O. The sphere 
through C about O as center is tangent to the surface all along O ; hence the 
required surface must be the envelope of a one-parameter family of spheres. 
Conversely, any surface which is the envelope of a one-parameter family of 
spheres is a solution of the problem, for the characteristic curves, which are 
circles, evidently form one system of lines of curvature. 

Surfaces of revolution evidently belong to the preceding class. Another 
interesting particular case is the so-called tulnilar sur/acej which is the envelope 
of a sphere of constant radius whose center describes an arbitrary curve T. The 
characteristic curves are the circles of radius B whose centers He on T and 
whose planes are normal to F. The normals to the surface are also normal to F ; 


*Ze9ons sur les sffstkmes orthogonaux et les ooordonnSes curviligHes, 1808 . 
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liiifiO0 Uie MooiMi ^atetn of lines of curvature axe the Unee In wblch tii ft emfaee 
ie out by the develofNtble surfaces which may be formed from tiie normals to t*» 

If both systems of lines of curvature on a surface are circleSf it is idear from 
the preceding argument that the surface may be thought of as the envelope of 
either of two one-parameter families of spheres. Let 5s be any tbxee 

spheres of the first family, Ci, C*, Cs the corresponding characteristic curves, 
and Ml , Jfs, -Mg the three points in which Ci , Ci, Cg are cut by a line of curva- 
ture C' of the other system. The sphere S' which is tangent to the suzface along 
cr is also tangent to the spheres 5i , 5a, Sg at JIf i , a » Jfa » respectively. Hence 
the required surf wee ie the envelope of a family of^epher^ each of which Umchee 
three fixed sphere. This surface is the well-known Dupin cyclide* Mannheim 
gave an elegant proof that any Dupin cyclide is the surface into which a certain 
anchor ring is transformed by a certain inversion. Let y be the circle which 
is orthogonal to each of the three fixed spheres 5i , 5a , 5$ . An inversion whose 
pole is a point on the cironmference of y carries that circle into a straight line 
OO'y and carries the three spheres 5i, 52, 5g into three spheres Si, Sa, Za 
orthogonal to OO', that is, the centers of the transformed spheres lie on OO'. 
Let Ci, Ca, Cg be the intersections of these spheres with any plane through 
0(y, C' a circle tangent to each of the circles Ci, Cg, Cg, and Z" the sphere 
on which C' is a great circle. It is clear that remains tangent to each of the 
spheres Zi, Zg, Zg as the whole figure is revolved about OCK, and that the 
envelope of Z^ is an anchor ring whose meridian is the circle C'. 

Let us now determine the surface for which all of the lines of curvature of 
one system are plane curves whose planes are all parallel. Let us take the xy 
plane parallel to the planes in which these lines of curvature lie, and let 

X cos or + y sin a = F{a, z) 


be the tangential equation of the section of the surface by a parallel to the xy 
plane, where F{a, z) is a function of a and z which depends upon the surface 
under consideration. The coordinates x and y of a point of the surface are 
given by the preceding equation together with the equation 


, dF 

— x sin cr + y cos a = - — 
d(x 

The formule for x, y, z are 


d F 

(46) x = F cos cc sin cr , 

doc 


y — Fsmot + — cos ac , 
da 


s = z. 


Any surface may be represented by equations of this form by choosing the 
function F(£r, z) properly. The only exceptions are the ruled surfaces whose 
directing plane is the xy plane. It is easy to show that the coefficients A, 5, O 
of the tangent plane may be taken to be ^ ^ 

A = cosa, B = 8ino:, ^ * 


hence the cosine of the angle between the normal and the z axis is 

^ ->F,<Qr,z) 

y/l^ Fl{a, z) 

In order that all the sections by planes parallel to the xy plane be lines of curva- 
ture, It is necessaiy and sufficient, by Joachimsthal’s theorem, that each of 
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these planes cut the surface at a constant angle, i.6. that v be independent of a* 
This is equivalent to saying that Fs(or, z) is independent of a, i.e. that F(or, x) 
is of the form 

F(or, z) = ft>{z) + ^(cr) , 

where the functions 0 and ^ are arbitrary. Substituting this value in (46), we 
see that the most general solution of the problem is given by the equations 

r * = yl^(a) cos a — ^'(or) sin a -f ^(«) cos or, 

(47) \y = sin or + ^'(or) coeo: + ip(z) sin a:, 

l* = z. 

These surfaces may be generated as follows. The first two of equations (47), 
for z constant and ct variable, represent a family of parallel curves which are 
the projections on the xy plane of the sections of the surface by planes parallel 
to the xy plane. But these curves are all parallel to the curve obtained by set- 
ting ^( 2 ) = 0. Hence the surfaces may be generated as follows : Taking in the 
xy plane any curve whatever and its parallel curves^ lift each of the curves verti- 
cal/^ a distance given by some arbitrary law ; the curves in their new positions form 
a surface which is the most general solution of the problem. 

It is easy to see that the preceding construction may be replaced by the 
following : The required surfaces are those described by any plane curve whose 
plane rolls without slipping on a cylinder of any base. By analogy with plane 
curves, these surfaces may be called rolled surfaces or roulettes. This fact may 
be verified by examining the plane curves cc = const. The two families of lines 
of curvature are the plane curves z = const, and cx = const. 


IV. FAMILIES OF STRAIGHT LINES 

The equations of a straight line in space contain four variable 
parameters. Hence we may consider one-, two-, or three-parameter 
families of straight lines, according to the number of given relations 
between the four parameters. A one-parameter family of straight 
lines form a ruled surface. A two-parameter family of straight 
lines is called a line congruence., and, finally, a three-parameter 
family of straight lines is called a line complex. 

253. Ruled surfaces. Let the equations of a one-parameter family 
of straight lines (G) be given in the form 

(48) a; = a« -h JO, y ^ 

where ay by py q are functions of a single variable parameter u. Let 
us consider the variation in the position of the tangent plane to the 
surface S formed by these lines as the point of tangency moves along 
any one of the generators G. The equations (48), together with the 
equation z Zy give the coordinates Xy y, z of a point M on S in terms 
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of the two parameters * and u ; hence,- by § 39, the equation of the 
tangent plane at M is 

X ^ X Y — f/ Z z 

<i b 1=0, 

€L'z-\rp' 4- 0 

where a', h\ p\ q' denote the derivatives of a, by />, y with respect 
to u. Replacing x and y hy az p and bz 4- y, respectively, and 
simplifying, this equation becomes 

(49) (b^z 4- y')(^ -aZ -p)-^ (a'z + p^V bZ - y) = 0. 

In the first place, we see that this plane always passes through the 
generator Gy which was evident a prioriy and moreover, that the plane 
turns around G as the point of tangency M moves along Gy at least 
unless the ratio + p*)/{b^^ 4- y') is independent of i.e. unless 
a'y' — b*p* = 0, — we shall discard this special case in what follows. 
Since the preceding ratio is linear in Zy every plane through a gen- 
erator is tangent to the surface at one and only one point. As the 
point of tangency recedes indefinitely along the generator in either 
direction the tangent plane P approaches a limiting position P', 
which we shall call the tangent plane at the point at infinity on that 
generator. The equation of this limiting plane P' is 

(50) b\X ^ aZ —p) — a\Y—hZ — y) = 0. 

Let ci> be the angle between this plane P' and the tangent plane P at 
a point M (x, y, «) of the generator. The direction cosines (cr', y') 

and (a, y) of the normals to P' and P are proportional to 

b\ — a\ a*b — ab^ 

and 

b'z 4-2'', — (a'« 4- p') , b(a^z + p') — a(b*z -f y') , 


respectively; hence 

cos o. = .:«' + fifi' + yy'=^^ + c 


^■r 

A=a'^ + + (ab' - hoy, 

B — a'p' + b'g' + (ab' — bayag' — bp’), 
C=p”‘ +2’'® +{aq’ — bp’y. 


After an easy reduction, we find, by Lagrange’s identity (§ 131), 

-JaC (a'q’ - b’p’) VH- + 6“ 

(61) tan.»^ 



628 


SURFACES 


[Xll»f 25 a 


It loUows that the limiting plane P' is perpendiculax to the tangent 
plane Pi at a point Oi of the generator whose ordinate «i is giTen by 
the formula 


(62) ;ri 


B a'p* 4 - — ha^(aq* — 

A""” a'^-f + W)» 


The point is called the central point of the generator, and the tan* 
gent plane Pi at is called the central plane. The angle B between 
the tangent plane P at any point M of the generator and this central 
plane Pi is w /2 ~ «>, and the formula (51) may be replaced by the 
formula 

^ — ^ fa'* + V* + — ia'fKie — *1) 

^AC -B* ia'g' - b'p') VI 4 - a* + ** 


Let p be the distance between the central point and the point M, 
taken with the sign 4 - or the sign — according as the angle which 
OiM makes with the po sitive z axi s is acute or obtuse. Then we 
shall have p =; (» — «i) Vl 4 - a* 4 - and the preceding formula may 
be written in the form 

(63) tan 0 == kp, 


where k, which is called the parameter of diatributionj is defined by 
the equation 

^ (a* f 4- 4 b^) 


The formula (53) expresses in very simple form the manner in which 
the tangent plane turns about the generator. It contains no quantity 
which does not have a geometrical meaning : we shall see presently 
that k may be defined geometrically. However, there remains a cer* 
tain ambiguity in the formula (53), for it is not immediately evident 
in which sense the angle B should be counted. In other words, it is 
not clear, a priori, in which direction the tangent plane turns around 
the generator as the point moves along the generator. The sense of 
this rotation may be determined by the sign of k. 

In order to see the matter clearly, imagine an observer lying on a 
generator G. As the point of tangency Af moves from his feet toward 
his head he will see the tangent plane P turn either from his left 
to his right or vice versa. A little reflection will show that the 
sense of rotation defined in this way remains unchanged if the 
observer turns around so that his head and feet change places. 
Two hyperbolic paraboloids having a generator in common and 
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lying symmetrically with respect to a plane through that generator 
give a clear idea of the two possible situatioxiB. Xjet us now move 
the axes in such a way that the new origin is at the central point Oj , 
the new z axis is the generator O itself, and the xz plane is the cen- 
tral plane It is evident that the value of the parameter of dis- 
tribution (54) remains unchanged during this movement of the axes, 
and that the formula (53) takes the form 

(53') tsina=zkz, 

where B denotes the angle between the xz plane and the tangent 
plane P, counted in a convenient sense. For the value of w© which 
corresponds to the z axis we must have a = b= p^q^Of and the 
equation of the tangent plane at any point M of that axis becomes 

(b^z -{a^z+p*)Y=0. 

In order that the origin be the central point and the xz plane the 
central plane, we must have also a' == 0 , = 0 ; hence the equation 

of the tangent plane reduces to F = (b* z/p^)Xy and the formula ( 54 ) 
gives k /p\ It follows that the angle B in (53') should be 

counted positive in the sense from Oy toward Ox. If the orienta- 
tion of the axes is that adopted in § 228, an observer lying in the 
z axis will see the tangent plane turn from his left toward his right 
if h is positive, or from his right toward his left if k is negative. 

The locus of the central points of the generators of a ruled surface 
is called the line of striction. The equations of this curve in terms 
of the parameter u are precisely the equations (48) and (52). 

Note. If a'y' = 5'jp' for a generator O, the tangent plane is the 
same at any point of that generator. If this relation is satisfied 
for every generator, i.e. for all values of m, the ruled surface is a 
developable surface (§ 223), and the results previously obtained can 
be easily verified. For if a' and do not vanish simultaneously, 
the tangent plane is the same at all points of any generator G, 
and becomes indeterminate for the point 5 ? = — i.e. 
for the point where the generator touches its envelope. It is ea^ 
to show that this value for z is the same as that given by (52) when 
= h^p\ It follows that the line of striction becomes the edge 
of regression on a developable surface. The parameter of distribution 
is infinite for a developable. 

If a' =r 6 ' = 0 for every generator, the surface is a cylinder and 
the central point is indeterminate. 
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S 54 . Direct definition of the perameter of dietribntion. The central 
point and the parameter of distribution may be defined in an entirely 
different manner. Let G and Gi be two neighboring generators coi> 
responding to the values u and m ^ of the parameter, respectively, 
and let Gi be given by the equations 

(65) a; = (a + Aa) » 4- i? H- Ap, y = (6 H- A6) « 4- y 4- Ag'. 

Let S be the shortest distance between the two lines G and Gi , cc the 
angle between G and G^j and (AT, K, Z) the point where G meets the 
common perpendicular. Then, by well-known formulsB of Analytic 
Geometry, we shall have 


Aa A 7 +A& A/)4-(fl^ A 6 — 6 Aa)[(a4- Aa)Ay —ij> 4- A^)Ajp] 
(Aa)* + (A^)* 4- (« A^ — h Aa)* ^ 

Aa Ay — A& Ajg 

V(Aa)* -f {phY 4- (« A<i — Aa)* 

"n/ (A a)* 4- (A^)* + (g A & — 6 Aa)* 

Va* 4 - + 1 V(a 4 - Aa)* 4- 4- A6)* -h 1 


As h approaches zero, Z approaches the quantity defined by (62), 
and (sin a)/8 approaches A;. Hence the central point is the limiting 
position of the foot of the common perpendicular to G and Gi, while 
the parameter of distribution is the limit of the ratio (sin a) /8. 

In the expression for 8 let us replace Aa, A&, Ajo, A^ by their 
expansions in powers of h\ 

Aa = Aa' -f- ^ a" 4- • • * 


and the similar expansions for A8, A^, A^. Then the numerator of 
the expression for 8 becomes 

Aa Ay — A8 Aj» = A*(a'gr' — 6'j:>')4- ^ (a"y' 4- a'y" — — 8'y>") H , 


while the denominator is always of the first order with respect 
to A. It is evident that 8 is in general an infinitesimal of the first 
order with respect to A, except for developable surfaces, for which 
a'y' = b*p\ But the coefficient of A*/2 is the derivative of a'y' — 
hence this coefficient also vanishes for a developable, and the shortest 
distance between two neighboring generators is of the third order 
(S 230). This remark is due to Bouquet, who also showed that if 
this distance is constantly of the fourth order, it must be precisely 
zero ; that is, that in that case the given straight lines are the 
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tangents to a plane curve or to a conical surface. In order to prove 
this, it is sufficient to cany the development of Aa — A^ Ap to 
terms of the fourth order. 


255. Congruences. Focal surface of a congruence. Every two-parameter 
family of straight lines 

(56) x=zaz^p, 

where 5, p, q depend on two parameters a and is called a line 
congruence. Through any point in space there pass, in general, a 
certain number of lines of the congruence, for the two equations (66) 
determine a certain niunber of definite sets of values of tz and p when 
a;, y, and * are given definite values. If any relation between a and p 
be assumed, the equations (66) will represent a ruled surface, which 
is not usually developable. In order that the surface be developable, 
we must have 

da dq — db dp = 0, 


or, replacing da by (da/da) da (da/dp') dp, etc., 
<dh 


(57) 


(If''- 


- (If ■'“ + 8 (if 8 


This is a quadratic equation in dp/da. Solving it, we should usu- 
ally obtain two distinct solutions. 


( 68 ) 


(“j P ) » 


da 




either of which defines a developable surface. Under very gen- 
eral limitations, which we shall state precisely a little later and 
which we shall just now suppose fulfilled, each of these equations 
is satisfied by an infinite number of functions of nr, and each of them 
has one and only one solution which assumes a given value ^.when 
« = a.. It follows that every straight line G of the congruence 
belongs to two developable surfaces, all of whose generators ^ 
members of the congruence. Let V and r' be the edges of 
of these two developables, and ^ and X the points ® 

r and r, respectively. The two points A and A' are caUed 
poitus of the generator G. They may be found as 
Stegrating the equation (67). The ordinate * of one of these points 
must satisfy both of the equations 

eda + dp = 0, »db-^dq^0. 
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OI& replacing <2a, db, dp, dq by their developmente, 

*(lf + If 
*(ll H If + ll'^^ “ 


Kliminating z between these two equations, we find again the equa- 
tion (57). But if we eliminate dp /da we obtain an equation of the 
second degree 



€a / \ dp oP/ \ op ^p/\ 



0 , 


whose two solutions are the values of z for the focal points. 

The locus of the focal points ^1 and .4' consists of two nappes 
2 and S' of a surface whose equations are given in parameter form 
by the formulae (56) and (59). These two nappes are not in general 
two distinct surfaces, but constitute two portions of the same ana- 
lytic surface. The whole surface is called the focal surface. It is 
evident that the focal surface is also the locus of the edges of regres- 
sion of the developable surfaces which can be formed from the lines 
of the congruence. For by the very definition of the curve V the 
tangent at any point a is a line of the congruence ; hence a is a 
focal point for that line of the congruence. Every straight line 
of the congruence is tangent to each of the nappes S and S', for it 
is tangent to each of two curves which lie on these two nappes, 
respectively. 

By an argument precisely similar to that of § 247 it is easy to 
determine the tangent planes at A and to 2 and (Fig. 51). 
As the line G moves, remaining tangent to F, for example, it also 
remains tangent to the surface 2'. Its point of tangency A* will 
describe a curve y' which is necessarily distinct from F'. Hence 
the developable described by G during this motion is tangent to S' 
at .4', since the tangent planes to the two surfaces both contain the 
line G and the tangent line to y'. It follows that the tangent plane 
to S' at .4' is precisely the osculating plane of F at A. Likewise, 
the tangent plane to S at A is the osculating plane of F' at A^, 
These two planes are called the focal planes of the generator G, 

It may happen that one of the nappes of the focal surface degen- 
erates into a curve C, In that case the straight lines of the con- 
gruence are all tangent to S, and merely meet C, One of the 
families of developables consists of the cones circumscribed about S 
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whose irertioes au'e on C. If both of tlie nappes of the focal surface 
degenerate into curves C and C\ the two families of developables 
consist of the cones through one of the curves whose vertices lie 
on the other. If both the curves C and C* are straight lines, the 
congruence is called a linear oongntenoe^ 


256. Congruenoe of normals. The normals to any surface evidently 
form a congruence, but the converse is not true : there exists no 
surface, in general, which is normal to every line of a given con- 
gruence. For, if we consider the congruenoe formed by the normals 
to a given surface 5, the two nappes of the focal surface are evidently 
the two nappes % and 'Z' of the evolute of iS (§ 247), and we have seen 
that the two tangent planes at the points A and A* where the same 
normal touches S and S' stand at right angles. This is a character- 
istic property of a congruence of normals, as we shall see by trying 
to find the condition that the straight line (56) should always remain 
normal to the surface. The necessary and sufficient condition that it 
should is that there exist a function /(cr, such that the surface S 
represented by the equations 

(60) 35 = a* y -\r q, « P) 

is normal to each of the lines (G). It follows that we must have 


3a5 ^ 


4. fc -U — — O 


or, replac ing a; and y by a* +p and bz + q, respectively, and divid- 
ing by Vo* + + 1, 


(61) 


da 


(z Va* 4- 4- 1) + 


da 


da 


= 0 , 


— (* Vo* + i* + 1) -! — 


Va® 4- + 1 

gg -0. 


0/3'' ' Vo*4-0*+l 

The necessary and sufficient condition that these equations be com- 


patible is 


a r h b 

da da 


a/8 ^ a/3 
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If this condition is satisfied, » can be found from (61) by a single 
quadrature. The surfaces obtained in this way depend upon a con- 
stant of integration and form a one-parameter family of parallel 
surfaces. 

In order to find the geometrical meaning of the condition (62), it 
should be noticed that that condition, by its very nature, is inde- 
pendent of the choice of axes and of the choice of the independent 
variables. We may therefore choose the z axis as a line of the con- 
gruence, and the parameters a and fi as the coordinates of the point 
where a line of the congruence pierces the xt/ plane. Then we shall 
have p = cc, q = fiy and a and b given functions of a and fi which van- 
ish for a = /3 = 0. It follows that the condition of integrability, for 
the set of values a = = 0, reduces to the equation da/dfi = db/da. 

On the other hand, the equation (57) takes the form 

(da db\ j % n 

which is the equation for determining the lines of intersection of 
the xy plane with the developables of the congruence after a and 
P have been replaced by x and y, respectively. The condition 
da/ dp = db/da, for or = >8 = 0, means that the two curves of this 
kind which pass through the origin intersect at right angles ; that 
is, the tangent planes to the two developable surfaces of the congru- 
ence which pass through the z axis stand at right angles. Since the 
line taken as the z axis was any line of the congruence, we may state 
the following important theorem: 

The necessary and sufficient condition that the straight lines of a 
given congruence he the normals of some surface is that the focal 
through every line of the congruence should be perpendicular to each 
other. 


Note, If the parameters a and /9 be chosen as the cosines of the angles which 
the line makes with the x and y axes, respectively, we shall have 


g = - ** t, = . VI + g* + ■ }. .=, 

Vl - ar“ - ^ VI - a* - /»» Vl - g* - 

and the equations (61) become 


da 


= 0 . 

da 


da ^ 

A/ » 

dfi \Vl — a* — jS*/ 5/S 6/S 


( 68 ) 
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Then the condition of integraUUty (62) redooee to the form a* /6a = »p/ip, which 
meana thntp and^ muat be the partial deriTatiTea of the aame function FXa,/f): 


where F{a, ean be found by a aingle quadrature. It foUowa that x ia the 
solution of the total differential equation 


d(-y=j=) 

VVl — a* — fil*/ \ Safl ’^Badp) \ SaBfi 

whence 

z = ^l- a<‘~is*(c+ F- a—-p — \, 

\ 0a e/J / 

where C is an arbitrary constant. 




^F \ 




257. Theorem of Malua. If rays of light from a point source are reflected (or 
refracted) by any surface, the reflected (or refracted) rays are the normals to 
each of a family of parallel surfaces. This theorem, which is due to Malus, has 
been extended by Cauchy, Dupin, Oergonne, and Quetelet to the case of any 
number of successive reflections or refractions, and we may state the following 
more general theorem 

1/ a family of rays of light are normal to some surface at any time, they retain 
that property after any number of r^ections and r^ractions. 

Since a reflection may be regarded as a refraction of index — 1, it is evidently 
sufficient to prove the theorem for a single refraction. Let S be a surface nor- 
mal to the unrefracted rays, mM an incident ray which meets the surface of 
separation 2 at a point JH, and MR the refracted ray. By Descartes’ law, the 
incident ray, the refracted ray, and the normal MM lie in a plane, and the 
angles i and r (Fig. 62) satisfy the relation 
n sin i = sin r. For deflniteness we shall sup- 
pose, as in the figure, that n is less than 
unity. Let I denote the distance Mm, and 
let us lay off on the refracted ray extended 
a length I' = Mm' equal to k times f, where 
A; is a constant factor which we shall deter- 
mine presently. The point m' describes a 
surface S', We shall proceed to show that 
k may be chosen in" such a way that Mm' is 
normal to S'. Let C be any curve on S. 

As the point m describes C the point M 
describes a curve F on the surface 2, and 
the corresponding point m' describes another 
curve C' on S'. Let a, <r, s' be the lengths of the arcs of the three curves C, F, 
O' measured from corresponding fixed points on those curves, respectively , 
w the angle which the tangent MT^ to F makes with the tangent MT to the 
normal section by the normal plane through the incident ray, and 0 and ^ the 
angles which MT\ makes with 3fin and Mm', respectively. In ordsr to find 
cos 0, for example, let us lay off on Mm a unit length and project it upon Ti, 
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flsit directly, then by projecting it upon JlfFand from iVTupon M^Ti. This, 
and the aimilar projection from Jim* upon Jlf 2i , give the equations 

cos <p = sin i cos w , cos = sin r cos ta , 

Applying the formula (100 of § 82 for the differential of a segment to the seg- 
ments Mm and Mm', we find 

dl = ^ dtr. cos w sin i , 

dU' = ^ da- cos ia sin r ^ dJ' cos $ , 


where 0 denotes the angle between m'M and the tangent to C*. 
dV by k dl, we find 

cos u dcr{k sin i — sin r) = da' cos 0, 

or, assuming k = n, 

da' cos 6 = 0, 


Hence, replacing 


It follows that Mm' is normal to C', and, since C' is any curve whatever on 
S', Mm' is also normal to the surface S', This surface S' is called the anti- 
caustic surface, or the aecondary caustic. It is clear that 8' is the envelope of 
the spheres described about M as center with a radius equal to n times JIfm ; 
hence we may state the following theorem : 

Lest US consider the surface 8 which is normal to the incident rays aa the enn^pe 
of a family of spheres whose centers lie on the surface of separation S. Then the 
anticaustic for the refracted rays is the envelope of a family of spheres with the 
same centers, whose radii are to the roMi of the corresponding spheres of the first 
family as unity is to the index of refraction. 

This envelope is composed of two nappes which correspond, respectively, 
to indices of refraction which are numerically equal and opposite in sign. In 
general these two nappes are portions of the same inseparable analytic surface. 


868. Complexes. A line complex consists of all the lines of a three-parameter 
family. Let the equations of a line be given in the form 

(64) X = az + p, y = hz q . 

Any line complex may be defined by means of a relation between a, b, p, q of 
the form 


(66) r(a,b,p,q) = 0, 

and conversely. If JF* is a polynomial in a, b, p, q, the complex is called an 
algebraic complex. The lines of the complex through any point (xo, yo, Zo) form 
a cone whoee vertex is at that point ; its equation may be found by eliminating 
Pt between the equations (64), (66), and 

(66) Xo = azo.-j- p, vo^bzo ^ q. 


Hence the equation of this cone of the complex is 


(67) 



V — Vo XqZ - xzo 
Z — Zo Z — Zo 


Vox - yzo \ _ ^ 
* — *0 / 


Similarly, there are in any plane in space an infinite number of lines of the 
complex ; these lines envelop a curve which is called a curve of the complex. 
If the complex is algebraic, the order of the cone of the complex ie fAe same as the 
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eUu0 qfthe curve the eemptex. For. if we wieb to find the munlior ot linev ol 
the complex which pam throng any gtr^ point ^ and which lie in » F 
through that point, wo may either count the number of generatoxa in whioh -P 
cute the cone of the complex whose vertex is at or we may count the number 
of tangents which can bo drawn from A to the curve of tlie complex which lies 
in the plane P. As the number must be the same in either case, the theoxmn is 
proved. 

If the cone of the complex is always a plane, the complex is said to be linear^ 
and the equation (66) is of the form 

<68) Aa + B6 4- Cp + Dg + E<ag - lg>) + P = 0. 

Then the locus of all the lines of the complex through any given point (xo, Po. ^o) 
is the plane whose equation is 

(69) i - «o) -f B(j/ - t/o) + C(XoZ — zox) 

' ^ - *oP) + - stop) + P(* - So) = 0. 

The curve of the complex, since it must be of class unity, degenerates into a 
point, tliat is, all the lines of the complex which lie in a plane pass through a 
single point of that plane, which is called the pole or the focne, A linear com- 
plex therefore establishes a correspondence between the points and the planes 
of space, such that any i>oint in space corresponds to a plane through that point, 
and any plane to a point in that plane. A correspondence is also established 
among the straight lines in space. L»et D be a straight line which does not 
belong to the complex, F and F' the foci of any two planes through D, and A 
the line FF'. Every plane through A has its focus at its point of intersection 0 
with the line 2>, since each of the lines i»F and 4tF' evidently belongs to the 
complex. It follows that every line which meets both 2> and A belongs to the 
complex, and, finall}^ that the focus of any plane through J) is the point where 
that plane meets A. The lines D and A are called conjugate lines; each of them 
is the locus of the foci of all planes tlirough the other. 

If the line X) recedes to infinity, the planes through it become parallel, and 
it is clear that the foci of a set of parallel planes lie on a straight line. There 
always exists a plane such that the locus of the foci of the planes parallel to it 
is perpendicular to that plane. If this particular line be taken as the z axis, 
the plane whose focus is any point on the z axis is parallel to the xy plane. By 

(69) the necessary and sufficient condition that this should be the case is that 
A = B= C=2) = 0, and the equation of the complex takes the simple form 

(70) af/-6p + jr = 0. 

The plane whose focus is at the point (jc, y, z) is given by the equation 

(71) JTy - rz 4- K{Z - z) =0, 

where AT, Y, Z are the running coordinates. 

As an example let us determine the curves whose tangents belong to the 
preceding complex. Given such a curve, whose coordinates x, y, z are known 
functions of a variable parameter, the equations of the tangent at any point are 

X ~ z _ y _ 
dx dy dz 
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Tbe necessary and sufELcient condition that this line should belong to the given 
complex is that it should lie in the plane (71) whose focus is the point {x^ p, s), 
that is, that we should have 

(72) xdy — ydx r=: Kdz. 

We saw in § 218 how to find all possible sets of functions x, y^ z of 9, single 
parameter which satisfy such a relation; hence we are in a position to find 
the required curves. 

The results of § 218 may be stated in the language of line complexes. For 
example, differentiating the equation (72) we find 

(73) 

and the equations (72) and (73) show that the osculating plane at the point 
(x, y^ z) is precisely the tangent plane (71) ; hence we may state the following 
theorem : 

1/ all the tangents to a skew curve belong to a linear line complex^ the osculating 
plane at any point of that curve is the plane whose focus is at that point. 

(Appkll.) 

Suppose that we wished to draw the osculating planes from any point O in 
space to a skew curve F whose tangents all belong to a linear line complex. Let 
M be the point of contact of one of these planes. By AppelFs theorem, the 
straight line MO belongs to the complex ; hence 3f lies in the plane whose focus 
is the point O. Conversely, if the point M of F lies in that plane, the straight 
line MO., which belongs to the complex, lies in the osculating plane at M ; hence 
that osculating plane passes through O. It follows that the required points are 
the intersections of the curve with the plane whose focus is the point O (see 
§218). 

Linear line complexes occur in many geometrical and mechanical applica- 
tions. The reader is referred, for example, to the theses of Appell and Picard.* 


EXERCISES 

1. Find the lines of curvature of the develox>able surface which is the 
envelope of the family of plan *^*8 defined in rectangular coordinates by the 
equation 

z = crx -f y<t>{oc) Vl -r — 0 -(a) . 

where a is a variable parameter, an arbitrary funrti(m of that parameter, 

and B. a given constant. 

[Licence., Paris, August, 1871.] 

2. Find the conditions that the lines x ~ az -l- *t, // — + j9, where a, b, tr. 

are functions of a variable parameter, should form a developable surface fnr 
which all of the system of lines of curvature perpendicular to the generators lie 
on a system of concentric spheres. 

[Licence., T^vris, July, 1872.] 

* A nnales scientifqneH dn V fZcole N'orntale superieure. lS7t> and 1877. 
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3. Determine the linee of curvature of the enrfhee whoee equation in i'ec> 
tangular coordinates is 


= coBX c<My. 


[Licence^ Paris, July, 1875.] 


4. Consider the ellipsoid of three unequal axes defined by the equation 


a® 6=2 



0 , 


and the elliptical section E in the xz plane. Find, at each point 3f of Ei 1) the 
values of the principal radii of curvature R\ and of the ellipsoid, 2) the rela- 
tion between Rt and R ^ , 3) the loci of the centers of curvature of the principal 
sections as the point M describes the ellipse B. 

[Xicence, Paris, November, 1877.] 


5. Derive the equation of the second degree for the principal radii of curva- 
ture at any point of the paraboloid defined by the equation 


a 6 


= 2z. 


Also express, in terms of the variable z, each of the principal radii of curva- 
ture at any point on the line of intersection of the preceding paraboloid and the 
paraboloid defined by the equation 


x* 


a — X 


6 ~ X 


= 2z - X. 

[iicew'e, Paris, November, 1880.] 


6. Find the loci of the centers of curvature of the principal sections of the 
paraboloid defined by the equation xy — az as the point of the surface describes 


the X axis. 


[Licence^ Paris, July, 1883.] 


7. Find the equation of the surface which is the locus of the centers of cur- 
vature of all the plane sections of a given surface 8 by planes which all pass 
through the same point M of the surface. 

8. Det MT be any tangent line at a point jW of a given quadric surface, O the 
center of curvature of the section of the surface by any plane tlirough Ml, 
and O' the center of curvature of the evolute of that plane section. Find the 

locus of O' as the secant plane revolves about MT. 

\Ltcenve, Clermont, July, 1883.] 


9. Find the asymptotic lines on the anchor ring formed by revolving a circle 

about one of its tangents. . i 

[Licence^ Pans, November, 1882. J 

10. Let C be a given cuvve in tlie iz plane in a system of rectangular coordi- 
nates. A surface is described by a circle whose plane remains parallel to tlie 
plane and whose center describes the curve C, while the radius varies .n suel. 
a way that the circle always n.ee.s the r aM-s. Derive the differential equation 
of the asymptotic lines on this surface, taking as the variable parameters the 
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eoMUnate z of any point, and the angle d which the imdinaof the elrole throned 
the point makes with the trace of the plane of the circle on the one plane. 

Apply the result to the particular caee where the curve G is a jMuraboia 
whose vertex is at the origin and whose axis is the x axis. 

[Xicenoe, Paris, July, 1880.] 

11. Determine the asymptotic lines on a ruled surface which is tangent to 
another ruled surface at every p>oint of a generator A of the second surface, 
every generator of the first surface meeting A at some point. 

18. Determine the curves on a rectilinear helicoid whose osculating plane 
always contains the normal to the surface. 

[Xicence, Paris, July, 1870.] 

IS. Find the asymptotic lines on the ruled surface defined by the equattons 
X = (1 + u) cos « , y = (1 — u) sin o , s = it . 

[Xicence, Nancy, November, 1900.] 

14*. The sections of a surface S by planes through a straight line A and the 
curves of contact of the cones circumscribed about 5 with their vertices on A 
form a conjugate network on the surface. 

[Kobnigs.] 

18*. As a rigid straight line moves in such a way that three fixed points 
upon it always remain in three mutually perpendicular planes, the straight line 
always remains normal to a family of parallel surfaces. One of the family of 
surfaces is the locus of the middle point of the segment of the given line bounded 
by the point where the line meets one of the coordinate planes and by the foot 
of the perpendicular let fall upon the line from the origin of coordinates. 

[Darboux, Comptea rendus^ Vol. XCII, p. 446, 1881.] 

16*. On any surface one imaginary line of curvature is the locus of the points 
for which the equation 1 + = 0 is satisfied. 

[In order to prove this, put the differential equation of the lines of curvature 
in the form 

{dpdy — dgdx)(l + p^ + 9*) + (pdy — qdx){pdp + qdq) = 0.] 

[Darboux, AnncUea de V^cole normale, 1864.] 
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177. 
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theorem. 
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tegrals : 186^ 98 ; multiple integrals : 
SlSj 150 ; triple integrals : SOO^ 145. 
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Chctalea : 166, 83. 

Chasles* theorem : 166^ 83. 
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Cesdro : 495^ exs. 10 and 11. 
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etc.): 536, 258. 
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vergence. 
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533, 255 f of normals : 533, 250. 
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222, 108. 

Conjugate curves: 495, ex. 8; lines: 
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Conoid : 509, 248. 
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(of skew curves) : 486, 234 ; (of 
curves and surfaces) : 490, 230. 
Contact transformations: see Trans- 
formations. 
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Integrals, etc. ; absolute : 344, 104 ; 
351, 167 ; 355, 169; conditional: 347, 
105; interval of: 375, 177; of inte- 
grals: 369, 175; uniform: 367, 174. 
Convex surfaces : 500, 239. 
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Curvature, of a plane curve (center of) : 
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32; 66, 34; 433, 205; of a skew 
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240 ; (principal radii of) : 128, 61 ; 
501, 240; 503, 241; 519, 249; lines 
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192 ; 409 , 193 ; deficiency of : 221, 
108 ; see also Curves, unlcursal ; 
plane : 5, 5 ; 62, 32 ; 92, 45 ; 407, 
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Dc V Hospital : see Hospital, de. 
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tions : 38, 21 ; 40 , 23 ; 42, 24 ; rules 
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Fourier's series, etc. 



INDEX 


543 


Dextrorsal (skew ounre) : 476^ 228. 

I^ifferential equations : aee Equationa ; 
invariants : see Invariants ; notation : 
19, 14 fi. ; parameters : 81, 43 ; 87, 
ex. 21 ; 510, 244. 

llifferentialsy binomial : see Binomial 
differentials; definition of: 19, 14; 
higher orders: 20, 14; total: 22, 
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Differentiation, order immaterial : 13, 
11; of integrals: 154, 76; 192, 97; 
194, 97; 368, 175 ; 370, 175; of line 
integrals : 194, 97 ; of series : S 64 , 
174 ; 380, 179 ; 405, 189. 

Direction cosines: 764,- 81. 
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319, 153. 

Dirichlet : 250, 124 ; 308, 148 ; 347, 
165; 414 , 190. 

Dirichlet^s integrals : 308, 148 ; condi> 
tions: 4^4^ 195. 

Discontinuity : 4, 4 ; 6, ftn. 

Discontinuous functions: see Func- 
tions. 

Division of series : 392, 183. 

Dominant functions : see Functions. 

Double integrals: see Integrals, double 
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221, 108; of involutions: 23?, 112; 
of unicursal curves : 222, 108. 
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Double series: 353, 169; 367, 174; 
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Duhamelx 135, ftn. ; 157, ftn. ; 340 , 
163. 
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Dupin ; 521, 251 ; 524, 252 ; 535, 257. 
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531, 261. 
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Ellipse, area of: 189, 94; 220 , 106; 
248 , ex. 19; length of: 234, 112; 
366, 174. 
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of: 285, 187. 

Elliptic coordinates : see Coordinates ; 
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(of skew curves) : 465, 223 ; (of sur- 
faces) : 459 , 219. 
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Equations, total differential : see l>if- 
ferentials, total. 
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210; reciprocal: 2S4, 113; solutions 
of : see Hoots and D’Alembert’.s 
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184, 92 ; 280, 134 ; see also Function 
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integrals); 197, 99; 199, 100; 201, 
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(logP): 291, 141. 
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254 , 123; 297, 143; 311, 160; 373, 
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Evolute: 432, 204 ; 436, 206 ; 480, 
231 ; 516, 247. 
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Extrema: 116, 66; 118, 56; 125, 65) ; 
128, 61 ; 251, 120 ; see also Maxima 
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268 If. 

J^ermot : 137 ^ 66. 
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Focal planes : 6SS^ 256 ; points : 531 j 
255; surface: 631, 255. 

Forms, binary cubic: 60, 30; in- 
determinate : see Indeterminate 
forms. 

Formule of reduction : see Reduction 
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Fourier i 4^8, lO^. 
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Fravklini £67, 123. 

Frenetz 477, 229. 
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Galileo : 439, 207. 
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Greatest limit: 328, 156; 335, 160; 
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Green: £62, 126; 288, 140 ; 309, 149; 

316, 152 ; 318, 158. 

Green's theorem ; £88, 140 ; 309, 149 ; 
3t6, 152; 318, 163, 

Hadamard : 378, ftn. 
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Harmonic series : 103, 49 ; 347, 165. 
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Helicoid : 509, 248 ; 519, 249. 
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Houel : £19, 106. 
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Hyperbolic functions : see Functions. 
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91; SS7^ 166; sltemating: 18£^ 
91 ; oomplez terms ; S50^ 167 fl. ; 
constant terms : S£9^ 167 ft , ; devel- 
opment in: 93,46; 98, 4B ; 901, 101; 
S7S, 177; 404, 189; 4^^, 196; 413, 
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196 ff.; variable terms: 360, 113; 
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Infinitesimal : 19, 14 ; 130, 72 ; 939, 
120. 

Integrable functions : see Functions. 

Integrals, Abelian ; 913, 106; 991, 108; 
996, 110; differentiation of : see Dif- 
ferentiation of integrals; definite: 
149, 68 ff. ; see also Evaluation of 
integrals ; double : 930, 120 ff.; ellip- 
tic: 996, 110; 931, 112; 933, 112; 
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see Functions; hyperellipUc : 996, 
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161; 339,173; 369,176; indefinite; 
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integrals; integration of: see Inte- 
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901, 102; 963, 126 ; 316, 162; 399, 
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Integral Pdx^Qdp, and Orson’s 
theorem; logarithm: 943, 118; mul- 
tiple: 310, 160 ff.; 333, 171 ; 367, 
174; Pdsc + <8dy: 316, 162 ff . ; 
pseudo-elliptic: 934^ 118 ; 946, ex. 6 ; 
247, ex. 7 ; surface ; 980, 186 ff . ; 399, 
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189, 94 ; 191, 06 ; 906, ex. 14. 
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294, 109; of integrals: 956, 123; 
mechanical : 901, 102 ; of series : 
901, 101; 364, 174; 368, 174; see 
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Interpolation : 198, 100. 

Interval : function defined in : 9,2; 7, 
6 ; of convergence : see Convergence. 
Intrinsic equations : see Equations. 
Invariants : 59, 30 ; 70, 87. 

Inverse functions : see Functions. 
Inversion, of functions : see Fnno» 
tions; transformation of: 66, 85; 
69, 36. 

Involutes: 4^;?, 204; 4^6,206; 480, 281. 
Involutions: 931, 112; 234, 118 ; 947, 
ex. 7. 

Involutory transformations: 69, 36; 
78,41; 79, 42. 

Jacobi i 92, ftii.; 32, ex. 6; 40, ftn.; 
68, ftn. 

Jacobians : see Functional determi- 
nants. 

Jamet : 309, 243. 

Joachimsthal i 390, 250. 

Joachimsthal’s theorem : 590, 260 
Jordan : 360, ftn. 

Kelvin, Lord : 85, ex. 10. 

Kepler : 406, 189. 

Kepler’s equation : 949, ex. 19 ; 406, 
189. 

Koenigs i 540, ex. 14. 

Lagrange : 3, 6; 7, 6; 99, 18 ; 90, 44 ; 
198, 100; 974, 181 ; 404, 189; 443, 
212. 

Lagrange’s formula (implicit func- 
tions): 34f ex. 8 ; 404, 189 ; formula 
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(inter|M>latioii) : 198^ 100; identity: 
£74^ 131. 

Zfian4 : 80^ ftn. ; 8S^ 43 ; S£5, ex. 10. 
Xai>toc6: 7S, 38; 84 ^ ex. 8; 404 , 180. 
lAplace^s equation : 75, 38. 

ZoLtigeli 140 ^ ftn. 

Law of the mean, for derlTatives : 5, 
8; i5, 11; 25, ftn.; 55,48; 156^7% \ 
265^ 127 ; for integrals (1st law) : 252, 
74 ; 555, 121 ; for integrals (2d law) : 
252, 74; 555, ex. 13; generalizations: 
25, 8 ; 55, 48 ; 555, 127. 

Xe&espue: 4^5, 190. 

Legendre : 55, ex. 0 ; 55, 36 ; 275, 88 ; 

555, 174; 554, 184. 

Legendre's polynomials : 55, ex. 9 ; 
275, 88 ; 552, 101; formula: 452, 
203; integrals: 555, 112; 555, 174; 
554 , 184 ; transformation : 55, 36 ; 
77, 41. 

Leibniz i 7,6 \ 19, ; 27, 17 ; 29, 18. 

I^eibniz' formula : 27, 17. 

Lenmiscate: 22S, 108; 554, 112- 
Length : 252, 80 ; 254, 80 ; etc. 

Lie : 55, ftn. 

L"* Hospital, de : 25, 8. 

L' Hospital, de, theorem : 10, 8. 

Limit : 2, 1 ; a lower : 245, 08 ; an 
upper : 52, ftn. ; I 40 , 62 ; greatest : 
aee Greatest limit ; of error ; see 
Evaluation ; of integration : see In- 
tegrals ; the lower : 24 ^, 68 ; the 
upper: I 4 I, 62. 

Line complexes : see Complexes ; 
gruences : see Congruences ; inte- 
grals : see Integrals. 

Line of curvature : see Curvature. 

Line of striction : see Striction. 

Linear transformations : see Trans- 
formations. 

Liouvillei 231, 111. 

Logarithm : 777, 28 ; lOO, 49 ; 102, 49 ; 
S82, 179. 

Loop-circuit: 319, 163. 

Lyon: 4^4, ftn. 

Malus : 5S5, 267. 

Malus' theorem : 535, 267. 

Mannheim : 495, exs. 7 and 11 ; 524, 262. 


Mainsion : 207 , ex. 24. 

Mass: 296 , 143. 

Maximum : 5, 3 ; 225, 66 ff. ; . 2 J 2 . 120 ; 
see also Extremum. 

McLauriu's series: .95, 48; 55 /. 179* 
see also Taylor's series. 

Mean, law of the : see Law. 

Mechanical quadrature : 201, 102 . 

Mertensi 352, 168. 

Meusnieri 497, 239. 

Meusnier’s theorem : 497, 239. 

Minimum : 5, 3 ; 225, 56 ; see also 
Extremum. 

Mdbius' strip : 380, ftn 

Mongei 29, 18 ; 44, 24 ; .T/J, 261. 

Monotonically increasing functions : 
see Functions, nioiiotonic. 

Multiple series : 525, 150 ff., 358, 171; 
557, 174. 

Multiplication of .series : see Series. 

Murphy i 373, ex. 1 . 

Newton z 19, ftn. 

Normal sections : 497, 2-39 ; 501, 240. 

Normals, congruence of : 533, 256 ; 
length of : 55, 19 ; plane curves : 30, 
19; principal (skew curves): 471, 
226. 

Numbers, incommensurable: 142 , ftn.; 
171, 87; 249 , ex. 21; transcenden- 
tal : 272, 87. 

Order of contact: see Contact. 

Ordinary points : see Points 

Orthogonal systems, of curves: 275, 
132; triple: 55, 43 ; 521, 251. 

Oscillation : 142 , 69; 251, 120; 44 .V, 213. 

Osculating plane: 453, 216 ; 455 , 216 ; 
sphere : 492, 237. 

Osculation: 93, 46; 445 , 213; 453, 
215 ; 4 ^.-?, 216 ; 455, 235 ; 492, 287. 

Osgood : .55, ftn. ; 152, ftn. ; 369, ftn. 

Ostrogradsky z 309, ftn. 

Ostrogradsky's theorem : 309, 149. 

Painlev^ : 55, ex. 23. 

Parabola : 135, 64 ; 257, 06 ; 220, 107. 

Parabolic point : 500, 239 ; 520, 249. 

Paraboloid; 515, 246; 523, 261. 
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Parallel curves : ^07, ex. 20 ; surfaces : 
ex. Id. 

Parameter of distribution : 25*3 ; 

S30, 264. 

Parameters, differential; see Differ- 
ential. 

Partial differential equations : see 
Equations, partial differential. 

Peano : ftn. 

Pedal curves: 39^ 36; 207^ exs. 21 
and 22. 

PeUeti 496, ex. 11. 

Periodic functions : see Functions. 

Periods: 318, 153. 

Picard : 38S, 164 ; 538, 258. 

Planimeter: SOI, 102. 

Poincar^ z 386, 181. 

Point transformations : see Transfor- 
mations. 

Points, ordinary : 110, 53 ; 4 O 8 , lt>2. 

Points, singular: 110, 63; I 14 , 64; 
57.9, 153 ; 40 s, 192 ; 4 OO, ftn. 

Poisson : J 04 , ex. 0 ; ex. 8. 

Polar coiirdinates : see Coordinates. 

Polar line : 473, 227. 

Polar surface : 473, 227. 

Polynomials, continuity of : 5, 3 ; rela- 
tively prime: Sll, 104 ; SI 4 , 104. 

Potential equation : see Laplace equa- 
tion. 

Power series: 376, 177 ff. ; double: 
394, 185. 

Piiinitive functions: 75.9,67, 754,70; 
see also Integrals. 

Principal normals, tangents, etc. : see 
Normals, Tangents, etc. 

Pringsheim : 340, 162. 

Prisiiioid: 386, 138; 310, 150. 

Piismoidal formula: 286, 138. 

Projective transformations : see Trans- 
formations. 

Pseudo-elliptic integrals : see Integrals. 

Puiseux, : 484, 232. 

Quadrature : 134, 84 ; 136, 65 ; 160, 
78 ; see also Area, Integrals, etc. 

Quadrics, oonfocal : 633, 251. 

Quartic curves : SS3^ 108. 

Quetelet : 636, 257. 


liaabei 340, 183. 

Kaabe’s teat : 340, 18*3. 

Raditis of curvature, of torsion: see 
Curvature, Torsion. 

Rational functions : see Functions. 
Reciprocal equations: see Equations; 
polars : see Transformations ; mdii : 
see Transformations. 

Rectification of curves : see Length. 
Reduction formulae: 308, 183; 310, 
104; 336i 110; 337, 110; £39, 115; 
340 , 118; 344 , 118; 348, exs, 16, 
16, and 17 ; 349, ex. 21. 

Regression, edge of: 463, 221. 

Regular curves : see Curves. 

Remainder (Taylor's series): 90, 44; 
98, 48. 

Reversion of series : 407, 190. 

Kiccati equations: 611, 244. 
liiemannz 140, ftn.; 309, ftn.; 347, 
165. 

Riemann's theorem : 309, ftn. ; see also 
Green's theorem. 

Roberts i 394, ex. 10. 
ttodriguesi 33, ex. 8; 617, 248. 
Rodrigues' formula : 517, 248. 

Roile's theorem : 7, 7. 

Roots, existence of: 5, 3; 391, 142; 
331, 154 ; see also Functions, im- 
plicit, and D'Alembert's theorem. 
Roulette : 307, ex. 23 ; 330, 107 ; 636, 
252. 

Rouqueti 496, ex. 4 
Ruled surfaces : see Surfaces. 

Scheffer : 136, 56. 

Schell : 496, ex. 7. 

Schwarz : 77, 9. 

Schwarzian : 88, ex. 22. 

Sequences : 337, 156 ; see also InOnite 
series. 

Serie ; see Infinite series, Taylor's 
series, Double series, etc. 

Serreti 334t ftn.; 496, ex. 7. 

Serret’s curves : 3S4i Rn- 
Simpson z 199, 100, 

Singular points: 110, 53; 774, 54; 

319, 163; 40 s, 192; 409, ftn, 
Siniatrorsal (skew curve) : 476, 228. 
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Sl«ew curves : .^ee Curves. 

Smner : J07, ex. 2k 
S&keai 13G. 

Stokes' theorem: 136. 

Stiiction, line of : 258. 

Sturm : 274^ 88, 

Sturm sequences : 174^ 88. 

Subnormal : 19. 

Substitution of series : SSSy 182 ; 397^ 
186 ; see alao Double series. 
Substitutions : see Transformations. 
Subtangent: 30^ 10. 

Surface integrals : see Integrals. 
Surfaces: T'J, 30; 487^ 239 ff.; ana- 
lytic : 410^ 194 ff. ; apsidal : 8€, ex. 
17 ; developable : 79, 42 ; 461, 221 ; 
464, 222 ; 505, 241 ; focal : 531, 255 ; 
parallel: 86, ex. 16; ruled : ^85, 138 ; 
500, 244; 5B6, 253; translation : 523, 
245 ; tubular : o£4, 252 ; unilateral : 
380, 135; wave: 86, ex. 17. 

Tangential equations : 307, ex. 21. 
Tangents, asymptotic : 503, 240 ; con- 
jugate : 511, 245 ; length of : 30, 19 ; 
principal: 503, 240; stationary: 457, 
217 ; to curves (plane) : 5 , 5 ; 63, 32 ; 
93, 46 ; 97, 47 ; to curves (skew) ; 5, 
5; 51, 27; to surfaces: 16, 12; 39, 
22 ; 76, 39 and ftn. 

Tannery: 358, ftn. 

Taylor’s series : 89, 44 ff. ; 98, 48 ff . ; 

171, 86 ; 197, 61 ; 384, 180 ; 396, 186. 
Tchdyychtffi 357, 123. 

Term-by-term differentiation ; see Dif- 
ferentiation of series ; Integration : 
see Integration of series. 

Tests for convergence: see Conver- 
gence. 

Thompson, Sir Wni . : sec Kelvin, Lord. 
Tisaot : 435, ex. 6. 

Torsion and Radius of torsion : 473 
and 474, 228. 

Total differentials : see Differentials. 


Tractrix : 44^i 200. 

Transcendental numbers : 171, 87 . 
Transformations, contact : 67, 38 ; 77, 
41 ; 78, 42 ; involiitory : 69, W; 78, 
41 ; 79, 42 ; linear : 59, 30 ; of coordi- 
nates: 65, 34; 76, 40; etc. ; of curves: 
66, 35; of independent variable : 61, 
31 ; 79, 38 ; 74, 39 ; of integrals: see 
Change of variables ; point : 66, 35 ; 

68, 36 ; 77, 40 ; projective : 66, 85 ; 

69, 37 ; reciprocal polars : 69, 80 ; 
78, 41 ; reciprocal radii : 66, 36 ; 69, 
36. 

Trigonometric functions: see Func- 
tions ; series : 411, 195. 

Triple integrals : see Integrals. 

Triply orthogonal systems: see Orthog- 
onal systems. 

Umbilics ; 505, 241 ; 530, 249. 

Uniform curves, continuity, conver- 
gence, infinitesimal : see Curves, 
Continuity, Convergence, Infinitesi- 
mal, etc. 

Unilateral surfaces: see Surfaces and 
MObius’ strip. 

Upper limit : see Limit. 

Value, absolute : 5, 3 ; 375. 

Variable, complex: 375. 

Variations, calculus of : 267, 128. 
Vivianii 286, 139. 

Viviani’s formula : 386, 139. 

Volume: 354, 122 ; 284, 137; 335, ex. 8; 
336, ex. 13. 

WaUiai 240, 116 . 

Wallis’ formula: 340, 116. 

Wave surface : 86, ex. 17. 

WeierstroMi 6, 6; 153, 75 ; 300, ftn.; 

402, 87; 422, 199. 

Weierstrass' theorem: 433, 199. 

Ziwetz 4O6, ftn. 



Catalogue of Dover 

SCIENCE BOOKS 


BOOKS THAT EXPLAIN SCIENCE 


THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky; how are shadows formed? Prof. Minnaert of U. of Utrecht answers these and similar 
questions in optics, light, colour, for non-specialists. Particularly valuable to nature, 
science students, painters, photographers. ^'Can best be described in one word — fascinating!'* 
Physics Today. Translated by H. M. Kremer-Pnest. K. Jay. 202 illustrations, including 42 
photos, xvi + 362pp. 5% x 8. T196 Paperbound fl.9S 


THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and its relatives, electrons and ions, waves and particles, electronic structure of the 
atom, nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 32$pp, 
6x9. T412 Paperbound S2.00 


MATTER AND LIGHT, THE NEW PHYSICS, L. de Broglie. Non technical papers by a Nobel 
laureate explain electromagnetic theory, relativity, matter, light, radiation, wave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training is needed for all but 2 of the 21 chapters. “Easy simplicity 
and lucidity . . . should make this source-book of modern physcis available to a wide 
public," Saturday Review. Unabridged. 300pp. 5% x 8. T3S Paperbound S1.S0 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James New^ 
man, edited by Karl Pearson. For 70 years this has been a guide to classical scientific, 
mathematical thought. Explains with unusual clarity basic concepts such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected. 130 diagrams redrawn. 249pp. 5% x 8. 

T61 Paperbound 91*60 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein's 
special, general theories of relativity, with historical implications, analyzed in non-technical 
terms. Excellent accounts of contributions of Newton, Riemann, Weyl, Planck, Eddington, 
Maxwell, Lorentz, etc., are treated in terms of space, time, equations of electromagnetics, 
finiteness of universe, methodology of science. "Has become a standard work," Nature. 21 
diagrams. 482pp. 5% x 8. t2 Paperbound 92*00 

BRIDGES AND THEIR BUILDERS, 0. Stelnman, S. R. Watson. Engineers, historians, everyone 
ever fascinated by great spans will find this an endless source of information and interest. 
Dr. Steinman, recent recipient of Louis Levy Medal, is one of the great bridge architects, 
engineers of all time. His analysis of great bridges of history is both authoritative and 
easily followed. Greek, Roman, medieval, oriental bridges; modern works such as Brooklyn 
Bridge, Golden Gate Bridge, etc. described in terms of history, constructional principles, 
artistry, function. Most comprehensive, accurate semi-popular htstorv of bridges in print In 
English. New. greatly revised, enlarged edition. 23 photographs, 26 line drawings, xvri + 
401pp. 5% X 8. Paperbound 
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mm EUeClO TO COOmOTONt a study Of THE CONCEPTIONS OF THE EXTERNAL WOftLO, Sir 
C4imiiul WDitUiktr. foremost British scientist traces development of theories of natural phi- 
losophy from western rediscovery of Euclid to Eddington. Einstein, Dirac, etc. 5 ma|Of 
divisions: Space, Time and Movement; Concepts of Classical Physics; Concepts of Quantum 
Mechanics; Eddington Universe. Contrasts inadequacy of classical physics to understand 
physical world with present day attempts of relativity, non-Euclidean geometry, space 
curvature, etc. 212pp. 5^ x 8. T491 Paperbound $t.3S 

THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses accord with the new 
physics? This volume covers such topics as logical analysis of physics, prerelatlvity 
physics, causality, scientific inference, physics and perception, special and general rela- 
tivity, Weyl's theory, tensors, invariants and their physical Interpretation, periodicity and 
qualitative senes. “The most thorough treatment of the subject that has yet been pub- 
lished,” The Nation. Introduction by L. E. Oenonn. 422pp. 5% x 6. T231 Paperbound $1.95 

LANDUAGE* TRUTH, AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. Specific tests to evaluate validity of ideas, etc. Contents: 
function of philosophy, elimination of metaphysics, nature of analysis, a prion, truth and 
probability, etc. 10th printing. ”i should like to have written it mysetf,” Bertrand Russell. 
160pp. 5% X 8. TIO Paperbound $1.25 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do Ideas 
come from? What role does the unconscious piay? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincare, 
Galton, Riemann? How can these techniques be applied by others? One of the world’s 
leading mathematicians discusses these and other questions, xiii 4- 145pp. 5% x 8. 

T107 Paperbound $1.25 

GUIDE TO PHILOSOPHY, C. E. M. load. By one of the ablest expositors of alJ time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle, Scholastics, Leibniz, 
Kart, Whitehead, Russell, and many others. Especially valuable to persons in the physical 
sciences; over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp. 
5% X 8. T50 Paperbound $2.00 

SUBSTANCE AND FUNCTION, and EINSTEIN’S THEORY OF RELATIVITY, Ernst Cassirer. Two 

books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics, shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz and Kronecker, Russell and cardinal 
numbers. Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index, 
xxi + 464pp. 5% X 8. T50 Paperbound $2.00 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective 
and metrical geometry Most interesting as the solution offered in 1897 by a great mind 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. “Ad- 
mirably clear, precise, and elegantly reasoned analysis,” International Math. News, xii + 
201pp. 54i X 8. S233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly 
unorthodox physicist — a Nobel laureate. Pointing out many absurdities of science, demon- 
strating inadequacies of various physical theories, weighs and analyzes contributions of 
Einstein, Bohr, Heisenberg, many others. A non-technical consideration of correlation of 
science and reality, xi + 138pp. 5% x 8. S33 Paperbound $1.25 

EXPERIMENT AND THEORY IN PHYSICS, Max Bom. A Nobel laureate examines the nature 
and value of the counterclaims of experiment and theory in physics. Synthetic versus 
analytical scientific advances are analyzed in works of Einstein, Bohr. Heisenberg, Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 549 x 8. S308 Paperbound 60$ 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of “The Evolution of Anatomy.” Classic traces anatomy, phys- 
iology from prescientific times through Greek, Roman periods, dark ages. Renaissance, to 
beginning of modern concepts. Centers on individuals, movements, that definitely advanced 
anatomical knowledge. Plato, Diodes, Erasistratus, Galen, da Vinci, etc. Special section 
on Vesalius. 20 plates. 270 extremely Interesting illustrations of ancient, Medieval, enais- 
sance. Oriental origin, xii + 209pp. 549 x 8. T389 Paperbound $1.75 

SPACE -TIME -MATTER, Hermann Weyl. “The standard treatise on the general theory of 
relativity,” (Nature), by world renowned scientist. Deep, clear discussion of logical coher- 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry, non- 
Euclldean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general 
theory, etc. 15 diagrams, xviii + 330pp. 549 x 8. S267 Paperbouno $1.75 
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MATTER ANO MRTieM, iMiMifl CUvk Mtiwstl. ExcAllent exposttlon tMgms with 
tides, proceeds eradeeMy to physical systems beyond complete anatyflSj motkm, tproe. 
properties of centre of mass of material system; worA. energy, gravitation, etc. Written 
with all Maxwell's original insights and clarity. Notes by E. Larmor. 17 diagrams. l79pp. 

X 8. 5188 Paperbound $1*R9 

PRINCIPLES OF MECHANICS. Heinrich Hertx. Last work by the great 19th century physicist 
is not only a classic, but of great Interest in the logic of science. Creating a new system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under* 
standing of the formal or structural aspects of science, taking Into account logic, observe* 
tion. a priori elements. Of great historical importance to Poincard. Carnap. Einstein, Milne. 
A 20 page introduction by R. S. Cohen, Wesleyan University, analyzes the implications of 
Hertz’s thought and the logic of science. 13 page introduction by Helmholtz, xlii + 274pp. 
5% x 8. 5316 Clothbound $8.M 

5317 Paperbound |l.75 

FROM MAGIC TO SCIENCE. Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance. Includes perhaps best discussion of early herbats. 
penetrating physiological interpretation of "The Visions of Hiidegarde of Bingen." Also 
examines Arabian, Galenic influences; Pythagoras’ sphere, Paracelsus; reawakening of 
science under Leonardo da Vinci, Vesatius; Lorica of Gildas the Briton; etc. Frequent 
quotations with translations from contemporary manuscripts. Unabridged, corrected edi- 
tion. 158 unusual illustrations from Classical, Medieval sources, xxvii + 36Spp. 5% x 8. 

T390 Paperbound 52.00 

A HISTORY OF THE CALCULUS. AND ITS CONCEPTUAL DEVELOPMENT. Carl B. Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin* 
nmgs in antiquity to final elaboration as mathematical abstraction. Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
Pythagoras, Eudoxus. Arabic and Scholastic mathematicians, Newton, Leibniz. Taylor, Des* 
cartes, Euler, Lagrange, Cantor, Weierstrass, and others. This first comprehensive, critical 
history of the calculus was originally entitled "The Concepts of the Calculus." Foreword 
by R. Courant. 22 figures. 25 page bibliography, v + 364pp. 5% x 8. 

5509 Paperbound 52.00 


A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
Technical Arts In Plates Selected from "L'EncyclopBdie ou Dlctionnaire Raisonni des 
Sciences, des Arts, et des MBtiers" of Denis Diiterot. Edited with text by C. Giilispie. First 
modern selection of plates from high-point of 18th century French engraving. Storehouse 
of technological information to historian of arts and science. Over 2,000 Illustrations on 
485 full page plates, most of them original size, show trades, industries of fascinating 
era in such great detail that modern reconstructions might be made of them. Plates teem 
with men, women, children performing thousands of operations, show sequence, general 
operations, closeups, details of machinery. Illustrates such important, interesting trades, 
industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting iron, extracting mercury, making gunpowder, cannons, bells, 
shoeing horses, tanning, papermaking, printing, dying, over 45 more categories. Professor 
Giilispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc. Material is presented in lively, lucid fashion. Of great interest to all 
studying history of science, technology. Heavy library cloth. 920pp.^ 9^ volume set 518,50 

DE MAGNETE, William Gilbert. Classic work on magnetisn>. founded new science. Gilbert 
was first to use word "electricity," to recognize mass as distinct from weight, to discover 
efflcl lf heat on magnetic bodlek; invented an electroscope, . differentiated between static 
electricity and magnetism, conceived of earth as magnet. This lively work, by first great 
SxperVmeXtal only, a valuable historical landmark but a deiightfuMy easy 

to follow record of a searching, ingenious mmd. Translated by P. F Mottelay. 25 paw 
biographical memoir. 90 figures. Ilx + 368pp. 5% x 8. S470 Paperbound 52.00 

HISTORY OF MATHEMATICS, 0. E. Smith. Most comprehensive, non-technical history of math 
in Fneiish*^ Discusses lives and works of over a thousand major, minor figures, with foot- 
notes ^aivina technical information outside book's scheme, and indicating disputed matters. 
vSl l-^T^chronolog^^^^^^^ from primitive concepts through Egypt Babylonia 

container. 

TUC puiinsoPHY OF SPACE AND TIME, H. Relchenbach. An important landmark in develpp- 
THE PHILOSOPHY OP SPAUt AHu iim , covering foundations of geometry, time theory, 

ment of ?elativity°"in^^ relations between theory and observations; 

consequences of Einstein s relativity. inauaj K metrical properties of spacei 

coordinate definitions; relations Between “P clldean structures; many more topics 

psychological problem ot visual inxumon u ^ require only knowledge of 

Important to ibbrjfrn science and philosophy. jority o Carnap. Introduction by 

Intermediate math. “Still t^ best bo^ in me neio, nuuo S443 Paperbound 52.00 
R. Carnap. 49 figures, xviil + 296pp. 5 % x b. 
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tmumunm ar. scumcei the raiusopiiv of tneoot and exfeniment, ». campbsii. 

A entiiiutf'of tiito ’fnost fundamental concepts of science, particularly physics. Examines why 
‘certain pittpositlons are accepted without question, demarcates science from philosophy, 
etc. Part I analyzes presuppositions of scientific thought: existence of material World, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 
mathematics: conditions for measurement, relations between numerical laws and theories, 
error, etc. An appendix covers problems arising from relativity, force, motion, space, 
time. A classic in its field. "A real grasp of what science is,” Higher Educational Journal, 
xiii + 565pp. X 8%. S372 Paperbound $2.65 

THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
6. Sarton. Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, incessant efforts and genius of previous generations. Ex- 
plains how today’s discipline differs from previous methods. 200 item bibliography with 
critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods is especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 5^ X 8. T240 Paperbound $1.25 


MATHEMATICAL PUZZLES 

MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Oardner. 117 choice 
puzzles by greatest American puzzle creator and innovator, from his famous "Cyclopedia 
of Puzzles.” AM unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo- 
metrical dissection. Includes famous ”14-15” puzzle which was national craze, "Horse of 
a Different Color” which sold millions of copies. 120 line drawings, diagrams. Solutions. 
XX + 167pp. 5% X 8. T498 Paperbound $1.00 

SYMBOLIC LOGIC and THE GAME OF LOGIC. Lewis Carroll. "Symbolic Logic” is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of 
drawing conclusions. In "The Game of Logic” Carroll’s whimsical imagination devises a 
logical game played with 2 diagrams and counters (Included) to manipulate hundreds of 
tricky syllogisms. The final section, "Hit or Miss” Is a lagniappe of 101 additional puzzles 
in the delightful Carroll manner. Until this reprint edition, both of these books were rarities 
costing up to $15 each. Symbolic Logic: Index, xxxi + 199pp. The Game of Logic: 96pp. 

2 vols. bound as one. 5% x 8. T492 Paperbound $1.50 

PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll’s 
works, "Pillow Problems” contains 72 original math puzzles, all typically ingenious. Particu- 
larly fascinating are Carroll’s answers which remain exactly as he thought them out, 
reflecting his actual mental process. The problems In "A Tangled Tale” are in story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for insight. Both of these books were rarities until this edition, "Pillow 
Problems” costing up to $25, and "A Tangled Tale” $15. Pillow Problems: Preface and 
Introduction by Lewis Carroll, xx + 109pp. A Tangled Tale: 6 illustrations. 152pp. Two vols. 
bound as one. 5^ x 8. T493 Paperbound $1.50 

NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com- 
binations, never before published. Most are new types invented by author, for beginners 

and experts both. Squares of letters follow chess moves to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
"Excellent,” Recreation. 100 puzzles. 196 figures, vi -I- 122pp. 5% x 8. 

T344 Paperbound $1.00 

MATHEMATICAL EXCURSIONS, N. A. Merrill. Fun, recreation, insights into elementary prob- 
lem solving. Math expert guides you on by-paths not generally travelled m elementary math 
courses — divide by inspection, Russian peasant multiplication; memory systems for pi; odd, 
even magic squares-, dyadic systems; square roots by geometry; Tchebichev’s machine; 
dozens more. Solutions to more difficult ones. "Brain stirring stuff ... a classic," Genie. 
50 illustrations. 145pp. 5% x 8. T350 Paperbound $1.00 

THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate- 
rial based on same appeal as crosswords, deduction puzzles, but with different principles, 

techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 

Solutions. 116 illustrations. 192pp. 5% x 8. T143 Paperbound $1.00 

MATHEMAGIC, MAGIC PUZZLES. AND GAMES WITH NUMBERS, R. V. Heath. Over 60 puzzles, 
stunts, on properties of numbers. Easy techniques for multiplying large numbers mentally, 
identifying unknown numbers, finding date of any day in any year. Includes The Lost Digit. 

3 Acrobats, Psychic Bridge, magic squares, trjangles, cubes, others not easily found else- 
where. Edited by J. S. Meyer. 76 illustrations. 128pp. 5% x 8. TllO Paperbound $1.00 
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pUZaCLC QUIZ AND SZIMT FUN, I. Mayer. 238 filgfH»rlQrlty P«a2l6t. 
puzzles like* Tlie Clever Carpenter, Atom Bon^, PieaM Helf. AUce; ^my^erle 


nuzzles flKCr* me wievor uarpenior, worn potno, riaa9« now nHvoi niyowrim. 

Uke The Bridge of Sighs, Secret Code; observation puzzlers like The AmerK^n pleg. 

Cards, telephone OlaT; over 200 others with magic squares, tongue twisters, ran 
grams. Bptutlons. Revised, enlarged edition of ‘"Fun-To-Oo.’^ Over 100 lltuswtiof 
puzzles, stunts, tricks. 256pp 5% x 8. T337 Faperbouni 

101 PU2ZLES IN TNOUBHT AND LOGIC. C. B. Wylie, Jr. For readers wdo enjoy challenge* 
stimulation of logical puzzles without specialized math or scientific knowledge. Proplenw 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, niany 
more. £asy-to-understand introduction to logic of puzzle solving and general scieim^ 
method. 128PP 5% x 8 T367 ^aiierbound 31.00 

CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for senras students. 
Not just old material ^ " ^ " ** * 


codes. New to this edition solutions to codes 


but much not generally known, except to experts Concealmra^ 

. ^ . ./ — Jniayfair, multafid, dozens of other 

App%dix with sequence charts, 


frequencTes ln^^ngfish,’’ 5 other'' languages," Engl ish'^’^^'-d frequencies ^ Bibliography 


'^Elementary Cryptanalysis ' 


latter 

167 


VI + 2>0pp 5% X 8% ^ ^ ^ 

T97 Paperbound 31*89 


CRYPT06RAPY, L. D. Smith. Excellent elementary introduction to enciphering, decipherir^ 
secret writine Explains transposition, substitution ciphers, codes, solutions, geomeUlcal 
oatterns route transcription, columnar transposition, other methods Mixed cipher systetm; 
sfng?e? polyalphabetical substitutions, mechanical devices. Vigenere, 'P{jf 

anese, explanation of Baconian blliteral cipher, frequency tables Over 150 problems.^ 
llography Index 164pp 5% x 8 T247 Paperbound 31*00 

MATHEMATICS, MAGIC AND MYSTERY, M Gardner. Card tricks, metal 

mind-reading, other “magic” explained as applications of probability, sets, number theoix 

amjiicpmfmts in MATHEMATICS. H. E Dudeney. Foremost British originator of math puzzles, 
SK,a?f witty ntrVguing. pa adix"cal In this Classic One of largest collections More than 

iSiSsa '.rrw ffi”. r" “■ ns 

THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer's pilgrims set one 

5% X 8 

properties of To^Oraw^an^Slipse^ Cousin, more than 180 

problems includes the Odic Force, How w mots tnanxular numbers, primes, etc. 

|S!,“VeTsed"Xr Paperdoupd ,1.00 

MATHEMATICAL "ECHEATIOHS, M. Araitchft^ Some 250^ '’“unusuar™histoncaf* probfems’''tro^ 
recreation mathemiatics o" problems on “mathematics without num- 

Greek. Medieval. Arabic, sources, modern p^^^^ figurative. Mersenne, 

bers,” geometry, loPology, arithm^ solutions Excellent insights 

Fermat numbers fairy chess, recommended to all who are interested In the 

into special fields of Mathematical 6az 181 illustrations 330pp 5% x 8 

lighter side of mathematics. Mathematical uai Paperbound 31-75 


FICTION 


a 2- 


FLATLANO E A. Abbott. A P®'^®”"*®*'^ * P®P"i?IhPr^*d?mMlfions Political f**SitVic!*humor 

“•"Vl" terns »?5fe 

5% X 8. 
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•tVtM tflENeE FICTION NOVELS OT H. 0. WELLS. C«mpl«t« tsxtt. WMbrUMO, of MVM Sf 
W«lls' cr«atMt novels. The War of the Worlds, The Invisible Men, The Ulenfil of Dr^ Moreeu, 
The Food of the Gods, First Men in the Moon, In the Days of the Comet, The Time Machine. 
Stiff conMdered by many experts to be the best science-fiction ever written, they will offer 
amusements and instruction to the scientific minded reader. “The great master,** Sky and 
Telescope. 1051pp. 5% x 8. T264 Clothbound fa.98 


2S SCIEMCE FICTION STORIES OF H. fi. WELLS. Unabridged! This enormous omnibus contains 
2 full length novels — Men Like Gods, Star Begotten — plus 26 short stories of space, time, 
invention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, 
The Man Who Could Work Miracles, Aepyornis island, A Story of the Days to Come, and 
20 others “A master . . . not surpassed by . . . writers of today," The English Journal. 
915pp. 5Ab X 8 T265 Clothbound S3.95 

FIVE ADVENTURE NOVELS OF H. RIDER HAGGARD. Afl the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years, who knew African 
ethnology, folkways as did few of /4s contemporaries They have been regarded as examples 
of the very best high adventure ^ / such critics as Orwell, Andrew Lang, Kipling Contents. 
She. King Solomon's Mines, Aifa^ Quatermain, Allan's Wife, Maiwa's Revenge. “Could spin 
a yarn so full of suspense and color that you couldn't put the story down," Sat. Review. 
821pp. 5^ x 8. T108 Clothbound 83.95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS, Fred Reinleld. Easiest, most instructive way to im- 
prove your game — play 10 games against such masters as Marshall, Znosko-Borovsky, Bron- 
stein, Najdorf, etc., with each move graded by easy system. Includes ratings for alternate 
moves possible. Games selected for interest, clarity, easily isolated principles. Covers 
Ruy Lopez, Dutch Defense, Vienna Game openings; subtle, intricate middle game variations; 
ail-important end game. Full annotations. Formerly “Chess by Yourself." 91 diagrams, viit 
+ 144pp. 5% X 8. T362 Paperbound 81-00 

REINFELO ON THE END GAME IN CHESS. Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Ffohr, Tarrasch, Morphy, Capablanca, Rubinstein, Lasker, Reshevsky, other masters. Only 
1st rate book with extensive coverage of error — tell exactly what is wrong with each move 
you might have made. Centers around transitions from middle play to end play. King and 
pawn, minor pieces, queen endings; blockage, weak, passed pawns, etc. “Excellent ... a 
boon," Chess Life. Formerly "Practical End Play." 62 figures, vi + 177pp. 5^ x 8. 

T417 Paperbound 81*25 

HYPERMODERN CHESS as developed In the games of its greatest exponent, ARON NIMZO- 
VICH, edited by Fred Reinfeld. An intensely original player, analyst, Nimzovich's approaches 
startled, often angered the chess world. This volume, designed for the average player, 
shows how his iconoclastic methods won him victories over Alekhine, Lasker, Marshall, 
Rubinstein. Spielmann, others, and infused new life into the game. Use his methods to 
startle opponents, invigorate play. "Annotations and introductions to each game . . . are 
excellent," Times (London). 180 diagrams, viii + 220pp. 5^ x 8. T448 Paperbound $1.35 

THE ADVENTURE OF CHESS, Edward Lasker. Lively reader, by one of America's finest chess 
masters, including- history of chess, from ancient Indian 4-handed game of Chaturanga 
to great players of today, such delights and oddities as Maelzel's chess-piaying automaton 
that beat Napoleon 3 times; etc. One of most valuable features is author's personal recollec- 
tions of men he has played against — Nimzovich, Emanuel Lasker, Capablanca, Alekhine, 
etc. Discussion of chess-playing machines (newly revised). 5 page chess primer. 11 illus- 
trations. 53 diagrams. 296pp. 54^8 x 8. S510 Paperbound 81-45 

THE ART OF CHESS, James Mason. Unabridged reprinting of latest revised edition of most 
famous general study ever written. Mason, early 20th century master, teaches beginning, 
intermediate player over 90 openings-, middle game, end game, to see more moves ahead, 
to plan purposefully, attack, sacrifice, defend, exchange, govern general strategy. "Classic 
. . . one of the clearest and best developed studies," Publishers Weekly. Also included, a 
complete supplement by F. Reinfeld, "How Do You Play Chess?", invaluable to beginners 
for its lively question-and-answer method. 448 diagrams. 1947 Reinfeld-Bernstein text. 
Bibliography, xvi + 340pp. 5% x 8. T463 Paperbound 81-55 

MORPHY'S GAMES OF CHESS, edited by P. W. Sergeant. Put boldness into your game by 
flowing brilliant, forceful moves of the greatest chess player of all time 300 of Morphy’s 
best games, carefufly annotated to reveal principles. 54 classics against masters like 
Anderssen, Harrwitz, Bird, Paulsen, and others. 52 games at odds, 54 blindfold games; plus 
over 100 others. Follow his interpretation of Dutch Defense, Evans Gambit, Giuoco Piano, 
Ruy Lopez, many more. Unabridged reissue of latest revised edition. New Introduction by 
F. Reinfeld. Annotations, introduction by Sergeant. 235 diagrams, x + 352pp. 5% x 8. 

T386 Paperbound 81-75 
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WtN AT CIMCXEIIA, M. llspAM‘. (Foriiiftif'ly '^CfHicfcers former Worltf’e UitrestrictMl diAii^^Air 
Champion discosaes prmctpies of came, expert's shots, traps, problems for beSSSr 
ard lyenings, locating best move, end game, opening ''blitzkrieg'* WJes Id 
behind, etc. Over 100 detailed Questions, answers anticipate promems Aopendi k th nrrSi- 
lems with solutions, diagrams. 7^ figures, xl + 107pp. a t363 ii% 


HOW TO FORCE CHECKMATE. Fred Reinfeld. If you have trouble fmishme nff wnnr 
here Is a collection of lightning strokes and combinations from actual tou°na^^ 
s with l^move checkmates, works uo to a-mow*. matAc 


ners a uunaviiun OT iignining STroxes ano Combinations from artiTai ITIV 

Starts with l-movo checkmates works up to S-moire mates Develops abi itJ to look *ahoa2' 
gain new InsighU Into combinations, complex or deceptive positions, ways to eVmSte w2k‘ 
nesses, strengths of you and your opponent 'A good deal of amusement and instruct?™ •> 
PlavVr’s "*‘*111dd‘ 5% Solutions to all positions Formerly "Challenge to Chau 

riayers. iiipp. o-w x o f417 Paperbound S1.2S 

A TREMURT OF CHESS LORE, edited by Fred ReintaM. Delightful collection of anecdotes 
short storie^ aphorisms by, about masters; poems, accounts of games tournaments ohoto; 
graphs, hundreds of humorous pithy, satirical, wise, historical eplsodesr commente wort 
portraits. Fascinating “must" for chess players, revealing and perhaps seductiVrto those 

photographs (14 full page plates). 12 
diagrams. xi + 306pp. 5% x 8. 7458 Paperbound $1.75 



MATHEMATICS : 

ELEMENTARY TO INTERMEDIATE 


NOW TO CALCULATE QUICKLY. H. Sticker. Tried and true method to help mathematics of 
everyday life. Awakens “number sense” — ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught m schools: ieft-to-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 
higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 7V4. 

Paperbound $ 1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers. pi, etc. “A modern classic ... no knowledge of higher mathematics is required,” 
Scientia. Notes by R. Archibald. 16 figures. xi + 92pp. 5^8 x 8. T298 Paperbound $ 1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier’s theorem probability, theory of errors, calculus 
of variations, determinants. “If the reader is not familiar with this book, it will repay 
him to examine it,” Chem. and Engineering News. 800 problems. 189 figures, xxi -H 641pp. 
5 % X 8. S193 Paperbound $2.25 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
cover most important aspects of plane, spherical trigonometry — particularly useful in clearing 
up difficulties in special areas. Part h plane trig, an^es, quadrants, functions, graphical repre- 
sentation, interpolation, equations, logs, solution of triangle, use of slide rule, etc. Next 
188 pages discuss applications to navigation, surveying, elasticity, architecture, other 
special fields. Part 3: spherical trig, applications to terrestrial, astronomical problems. 
Methods of time-saving, simplification of principal angles, make book most useful. 913 
questions answered. 1738 problems, answers to odd numbers. 494 ftgures. 24 pages of for- 
mulas, functions, x + 629pp. 5 % x 8 . T371 Paperbound $ 2.00 


CALCULUS REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 756 questions examine most im- 
portant aspects of integral, differential calculus. Part I; simple differential calculus, con- 
stants, variables, functions, increments, logs, curves, etc. Part 2: fundamentol ideas of 
integrations, inspection, substitution, areas, volumes, mean value, double, triple integration, 
etc. Practical aspects stressed. 50 pages illustrate applications to specific problems of civil, 
nautical engineering, electricity, stress, strain, elasticity, similar helds. 756 questions 
|Mwared. 566 probrems, mostly answered. 36pp. of useful constants, 
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MOItOftIUNPHS ON TOPICS OF MODERN MATHEMATICS, MlltAli Dy J. W. A. Yowig. Advanced 
matliematics for persons who have forgotten, or not gone beyopO, high school algebra. 
9 monographs cm foundation of geometry, modern pure geometry, non^uciidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of 
numberSf> etc. Each monograph gives proofs of important results, and descriptions of lead- 
ing methods, to provide wide coverage. “Of high merit,” Scientific American. New Intro- 
duction by Prof. M. Kline. N.Y. Univ. 100 diagrams, xvi -P 416pp. 6^ x 9V4. 

S289 Paperbound S2XI0 

MATHEMATICS IN ACTION, 0. 6. Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of computing 
machines, waves, wave-like phenomena, theory of fluid flow, meteorological problems, 
statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations, Fourier senes, group concepts. Eigenfunctions, Planck’s constant, airfoil theory, 
and similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2nd edition. 88 
figures, viii + 236pp. 5% x 8. T450 Clothbound ^3.50 

ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. Classic text, 
an outgrowth of Klein's famous integration and survey course at GOttingen. Using one field 
to interpret, adjust another, it covers baste topics in each area, with extensive analysis. 
Especially valuable in areas of modern mathematics. ”A great mathematician, inspiring 
teacher, . . . deep insight,” Bui., Amer. Math Soc. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS, introduces concept of function immediately, en- 
livens discussion with graphical, geometric methods. Partial contents: natural numbers, 
special properties, complex numbers. Real equations with real unknowns, complex quan- 
tities. Logarithmic, exponential functions, infinitesimal calculus. Transcendence of e and pi, 
theory of assemblages, index. 125 figures, ix -l- 274pp. 5% x 8. SlSl Paperbound SI .75 

Vol. II. GEOMETRY. Comprehensive view, accompanies space perception inherent in geom- 
etry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifold; line segments, Grassman determinant principles, ciassication of con- 
figurations of space. Geometric transformations, affine, projective, higher point transforma- 
tions, theory of the imaginary. Systematic discussion of geometry and its foundations. 141 
Illustrations, ix + 214pp. 5% x 8. SlSl Paperbound $1.75 

A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
coverage, going beyond usual college level, one of few works covering advanced trig in 
full detail. By a great expositor with unerring anticipation of potentially difficult points. 
Includes circular functions; expansion of functions of multiple angle; trig tables; relations 
between sides, angles of triangles; complex numbers; etc. Many problems fully solved. 
“The best work on the subject,” Nature. Formerly entitled “A Treatise on Plane Trigonom- 
etry.” 689 examples. 66 figures, xvi -I- 383pp. 5% x 8. S353 Paperbound $1.95 

NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. Examines from both a historical and mathematical point of view geometries which 
have arisen from a study of Euclid’s 5th postulate on parallel lines. Also included are 
complete texts, translated, of Bolyai’s “Theory of Absolute Space,” Lobachevsky’s “Theory 
of Parallels.” ISO diagrams. 431pp. 5% x 8. S27 Paperbound $1.95 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 
at infinity. non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimen- 
sional geometry. Perpendicularity, simple angles. Angies of planes, higher order. Symmetry, 
order, motion; hyperpyramids, hypercones, hyperspneres; figures with parallel elements; 
volume, hypervolume in space-, regular polyhedroids. Glossary. 78 figures, ix + 348pp. 
54b X 8. S182 Paperbound $1.95 


MATHEMATICS: INTERMEDIATE TO ADVANCED 

GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF REN^ DESCARTES. With this book, Descartes founded analytical geometry. 
Original French text, with Descartes’s own diagrams, and excellent Smith-Latham transla- 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles; 
On the Nature of Curved Lines; On the Construction of Solid or SupersoHd Problems. Dia- 
grams. 258pp. 54b x 8. S68 Paperbound $1.50 
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THE WOHKS OF AHOHMOOES, MllteO by T. L. ttebtb. AM the khQwn works of the treat Orbbfc 
mathematician, IncVutfTbg the recently discovered Method of Archimedes Contains. On 
Sphere end Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. OehnlUve 
edition of greatest mathematical intellect of ancient world. 186 page study by Heath dis- 
cusses Archimedes and History of Greek mathematics. 663pp. 5% x 8 Sd Paperbound $2.00 

COLLECTED WORKS OF BEIINARO RIEMANN. Important sourcebook, first to contain complete 
text of 1892 “Werke'* and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory df complex variables, other areas of mathematics Edited by 
R. Dedeklnd, H Weber, M Noether, W Wirtinger. German text, English Introduction by 
Hans Lewy 690pp. 5% x 8. S226 Paperbound $2.85 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world Complete translation of Heiberg text, 
plus spurious Book XIV 150 page introduction on Greek. Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, analyzing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This IS the full Euclid Unabridged reproduction of Cambridge U 2nd edition 3 vol- 
umes. 995 figures. 1426pp. 5% x 8. S88, 89. 90, 3 volume set, paperbound $6.00 

AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, 0. M. Y. Sommerville. Presupposes no 
previous knowledge of field Only book in English devoted exclusively to higher dimensional 
geometry Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures 60 
diagrams 196pp 5% x 8 S494 Paperbound $1.50 

ELEMENTS OF NON-EUCLIDEAN GEOMETRY, 0. M. Y. Sommerville. Unique in proceeding step- 
by-step Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries, space curvature and its 
implications, radical axes, homopethic centres and systems of circles, parataxy and parallel- 
ism Gauss’ proof of defect area theorem, much more, with exceptional clarity 126 prob- 
lems at chapter ends 133 figures xvi -I- 274pp 5% x 8 S460 Paperbound $1.50 


THE FOUNDATIONS OF EUCLIDEAN GEOMETRY. H. G. Farder. First connected, rigorous ac- 
count in light of modern analysis, establishing propositions without recourse to empiricism, 
without multiplying hypotheses Based on tools of 19th and 20th century mathematicians, 
who made it possible to remedy gaps and complexities, recognize problems not earlier 
discerned Begins with important relationship of number systems in geometrical figures 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc Lists 
axioms employed, constructions, symbols in frequent use 295pp 5% x ^ ^ 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 

FIVE VOLUME “THEORY OF FUHCTIONS” SET BY KONRAD KNOPF. Provides complete, readily 
fallowed ""count of theory of functions. Proofs given concisely, yet w'thout secrihce of 
r Amnifftpnpss Of riEor Thcse volumes used as texts by such universities as M.I.T., Chicago, 
N Y."ci*ty College" many others. ‘ Excellent introduction . . remarkably readable, concise, 
clear, rigorous,” J. of the American Statistical Association. 

Cl cucMTe OF THE THEORY OF FUNCTIONS, Konrad Knopp. Provides background ror further 
J sit or texts on s^^^ Partial contents: Foundations, system of com- 

SSmSeS and ’GaussUn plane of numbers, Riemann sphere of numbers, mapping by 

Mathematical Journal. 140pp. 5% x b. 

•MKARfAiRv nc ciiurTioNc PART I Konrad Knopp. With volume II, provides coverage of basic 
THEORY OF FUNCTIONS, PART I. and points, functions of a complex 

« i;vS%rm^ a»’',u!!l:’.:^r:n ^’'’^.rer 

irytc’contin’uatio^^^^^ of analytic -nctions. i-«™"t^expansjonj 

Of singularities, vii 4- 146pp. 5% x 8. 

THEORY OF FUHCTIONS. PART eS 

general theory, special ffinrtions Multiple valued functions. Riemann surfaces. 
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" ^ 0ATAm^m OF 

y>mwuii BOM IN TNf THEOBY OF FUNCTIONS, VOLOME J, KOMOO N »« M . FroOlsilM in «le- 

meotary theory, for use with Knapp's "Theory of Functions/* or any other teet. Arr^ngerl 
atcordicig to increasing difficulty Fundamental concepts, sequences of numbers and tnfinite 
series, complex variable, integral theorems, development In series, conformal mapping. 
Answers, vtti + 126pp 5% x 8 S 158 Paperbeiind 81 Js 

mBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME lli Kenrad Knopp. Advanced theory 
of functions, to be used with Knopp’s “Theory of Functions," or comparable text. Singular- 
ities. entire and meromorphic functions, periodic, analytic, continuation, multiple-vafued 
functions, Riemann surfaces, conformal mapping. Includes section of elementary problems. 
"The difficult task of selecting problems just within the reach of the beginner ts 

here masterfully accomplished,’^ AM. MATH SOC. Answers. 138pp. 5% x 8. 

SI 59 Paperbound 91.35 

ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
texts Immense amount of welt-represented, fundamental material, including chapters on 
vector functions ordinary differential equations, special functions, calculus of variations, 
etc , which are excellent introductions to these areas Requires only one year of calculus 
Over 1300 exercises cover both pure math and applications to engineering and physical 
problems Ideal reference, refresher 54 page introductory review, ix + 566pp 5% x 8 

S504 Paperbound 92.45 

LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book in 
English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrass, 
Hermite, Liouville, and Riemann Unusual fullness of treatment, plus applications as well as 
theory in discussing universe of elliptic integrals, originating in works of Abel and 
Jacobi Use is made of Riemann to provide most general theory 40-page table of formulas 
76 figures XXI II + 498pp 5% x 8 S483 Paperbound 92.55 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EOUATIONS, Vito 
Volterri. Unabridged republication of only English translation, General theory of functions 
depending on continuous set of values of another function Based on author’s concept of 
transition from finite number of variables to a continually infinite number Includes much 
material on calculus of variations Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other directions of theory, 
etc New introduction by G C Evans Biography, criticism of Volterra's work by E Whit- 
taker xxxx + 226pp 5% x 8 S502 Paperbound 91-75 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications Re- 
quires only knowledge of calculus Covers complex qualities with methods of computing ele- 
mentary functions for complex values of argument and finding approximations by charts, 
Fourier series, harmonic anayisis, much more Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, etc 828 prob- 
lems, answers Formerly entitled "Fourier Methods ' x + 289pp 5% x 8 

S452 Paperbound 91-75 

THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, has been used by generations of mathematicians and physicists interested 
in heat or application of Fourier integral Covers cause and reflection of rays of heat, 
radiant heating, heating of closed spaces use of trigonometric series in theory of heat, 
Fourier integral, etc Translated by Alexander Freeman 20 figures xxii + 466pp 5% x 8 

S93 Paperbound $2.00 

ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations with 
cubics, quatrics under root sign, where elementary calculus methods are inadequate Prac- 
tical solutions to problems in mathematics, engineering, physics differential equations re- 
quiring integration of Lam6 s, Briot’s, or Bouquet's equations, determination of arc of 
ellipse, hyperbola lemiscate solutions of problems in elastics, motion of a projectile under 
resistance varying as the cube of the velocity, pendulums, more Exposition in accordance 
with Legendre Jacobi theory Rigorous discussion of Legendre transformations 20 figures 
5 place table 104pp 5 Vs x 8 S484 Paperbound $1-25 

THE TAYLOR SERIES. AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE, P. Dienes. Uses Taylor series to approach theory of functions, using ordinary 
calculus only, except m last 2 chapters Starts with introduction to real variable and com- 
plex algebra, derives properties of infinite series, complex differentiation, integration, etc 
Covers b uniform mapping, overconvergence and gap theorems, Taylor senes on its circle 
of convergence, etc Unabridged corrected reissue of first edition 166 examples, many 
fully worked out 67 figures xii + 555pp 5% x 8 S391 Paperbound 92.75 

LINEAR INTEGRAL EQUATIONS, W. V. Lovttt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics 
Includes integral equation of 2nd kind by successive substitutions, Fredholm's equation 
as ratio of 2 integral senes m lambda, applications of the Fredholm theory, Hilbert-Schmidt 
theory of symmetric kernels, application, etc. Neumann, Dinchlet, vibratory problems 
IX + 253PP SVk X 8 S175 Ciothbound 93-50 

S176 Paperbound 91-50 
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DOVS^ 


OtCTlOUMRY nr mPfimmKriW^, M. ltob«r. Oe^O^eit by Brmth U 

solve Laplace^s ^quetlbti In t tflmenslons* $bor«s of gecMneti'Kiaf forms and transform«fioii& 
for electrleal ebiineore. Jmikowekl aerofoil for aerodynamics, Schwaru^Cbrlstoffel treats 
formations for hydro*4ynamics, transcendental functions. Contents classified according to 
analytical functions describing transformations with corresponding regions. Glossary. Topo* 
logical Index. 447 diagrams. GVb x 9V4. ^9160 Paperbound $2010 


ELEMENTS Of THE THEOHY OF REAL FUNCTIONS, J. E. Lfttlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
Students to modern theory of functions. Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition, vii + 71pp. 5^ x 8 . S171 Ctothbound $2.8$ 

SI 72 Paperbound $1.28 


INFINITE SEOUENCES AND SERIES, Konrad Knopp. 1st publication in any language. Excellent 
introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone. Sequences and sets, real and complex numbers, etc. Functions of 
a real and complex variable. Sequences and series. Infinite series. Convergent power series. 
Expansion of elementary functions. Numerical evaluation of series, v + i? 6 PP- x 8 . 

5152 CloihbDund $3.90 

5153 Paperbound $1.75 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier's senes. Requires only a good background in calculus. 

metric and descriptive properties of sets of points; transfinite numbers and order ypes, 
SnMons of a real variable; the Ricmann and Lebesgue Integrals; sequences and series 
of numbers; power-senes, functions representable by senes sequences of continuous func- 
tions' trigonometrical series; representation of functions by Fourier s senes; and much 
more'. “The best possible guide,” Nature Vol. I; 88 •"**®*‘ 

736PP. Vol.ni: 117 detailed examples, 13 figures, x + Opp* 36 ^, Ue^ound $3.00 

Vol. II: S388 Paperbound $S.Q0 

gLMOST PERIODIC FUNCTIONS, A. S. Besicowitch. Unique and important summary by * 
known mathematician covers In detail the two stages of development in . ® 

of almost periodic functions; ( 1 ) as a generalization of pure periodicity, with ®!!? 


iftiranniirTiAM Td THE THEORY OF FOURIER'S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
analysis, perfodogram analysis, Lebesgue's theory. 84 examples, xiii + 5 ^^®®pPpg®^u*a®i, 2 .oo 


SYMBOLIC LOGIC 

Tue eiKUFNTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication j.'jy Jf JJ: 

;jay,irr=K« -®ers' -^3. p-'-'-pISotV.-’ES '.^c 'Sf"c.a?sVs*'« 

of lectures given at Lund Univ bweoen, propositional functions, expres- 

S«‘*lan*g"ua“geT com%°lto "d*eJe.opm^n? of math wijhm^ an object language para- 

doxes, theorems of Post, Goedel, Church, and simila p S 227 ^Paperbound $1.45 

.MTROOUCTIOH TO SYMBOLIC lOdlC AMD ITS APPU« 

rigorous, by P®''*'®P®. svsteins %or’ sir theory, %al, natural numbers), topology 

Applications to math (axiom systems tor s fggfjgpal analysis of determination, cau; 
(oidekind, Cantor continuity ”A masterpiece ” 

sality, space-time topology), ‘''S'°S?«^®GlenzglbUtr Over 300 exercises. 5 figures ^ 

Zentralblatt fiir Mathematik und Ihre Grenzgeoieie. u ci Paperbound $1.85 

241pp. 5% X 8 . 

AN tNTOOOOCTION TO ‘■^''-^jTnow.’edJe rf"l?a'th^~SS^re^d.‘= SUrtV ^fslmpl^^^ 

«,'’Vier'o^"*V^\?.r?e"ma"r;a^reT^^^^ 

Ih 5 Sld'"hive“no“d!“c'Slty," MAT’ISttATICs" OAZETTE. Revised, expa nded^^ 2 nd^ perbouhd $ 1 
value tables. 368pp. 5% 8 . 
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CATJ/iMfGtfM 

TlwmiMMETitWM. SEKICS, Antml XnmMHl. On modem advanced level. Centalne carefully 
organiza# anafyses^of trigonomatric, orthogonal, Fouriar systama of functions^ cigar 
adaquat# gaacriptions of summabllity of Fouriar sariase proxlmatlon theory, coniuggte series, 
convargtfitca, ^tlivergence of Fourier series. Especially valuable for Russian^ Eastern Euro- 
pean coiierage. 329pp. 5% x 8. S290 Paperboung f1.80 

THE UPfS OF THOUOHT, Oeorge Boole. This book founded symbolic logic some 100 years 
ago. It! is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi- 
tions of a perfect method, analysis. Aristotelian logic, probability, and similar topics. 
Kvii -f- 424pp. 5% X 8. S28 Paperbound g2.00 

SYMBOLIC LOGIC. C. I. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes; 
plus much material not avaiiabte elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec- 
tions on strict limitations, existence theorems. Partial contents: Boofe-Schroeder algebra; 
truth value systems, the matrix method; implication and deductibility,* general theory of 
propositions; etc. '‘Most valuable.” Times, London. 506pp. 5% x 8. S170 Paperbound $2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. Solution of quintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography. “Classical monograph . . . detailed, readable book," Math. Gazette. 2nd edi- 
tion. xvl + 289pp. 5% X 8. S314 Paperbound $1.65 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses in easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems, xvi -f- 447pp. 5% x 8. S299 Clothbound $3.95 

S300 Paperbound $2.00 

THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
still one of clearest introductions. Partial contents: permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself. Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu- 
tion, graphical representation, etc. “Clear and detailed discussion . . . numerous problems 
which are instructive,” Design News, xxiv -H 512pp. 5% x 8. S38 Paperbound $2.45 

COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
1st English translation of unique, valuable work, only one in English presenting systematic 
exposition of most important methods of linear algebra — classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most important methods of solution, for exact, 
iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator’s note, x -I- 252pp. 5% x 8. S424 Paperbound $1.95 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous series. Cantor’s tratisfinite numbers. “Admirable 
introduction to the rigorous theory of the continuum . . . reading easy,” Science Progress. 
2nd edition, vni + 82pp. 5% x 8. S129 Clothbound $2.75 

S130 Paperbound $1.00 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 
pendent study. Subdivisions of mam theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents; rudiments of set theory, arbitrary sets, 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers, vii -f- 144pp. 5% x S'. S141 Paperbound $1.35 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 

These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the 
background of his discoveries, their results, future possibilities, ix + 21 1pp. 54^ x 8. 

S45 Paperbound $1.25 
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DOV0k SCIENCE BOOKS 


NUMERICAL AND GRAPHICAL METHODS, TABLES 


JACOBIAN GLilPTiC FUNCTION TABLES, L. M. Mllne-Tlioiiisiifi. Easy-^O-foltoMr, practical, not 
only useful numerical tobies, but complete elementary sketch of application of e/llptte 
functions. Covers description of principle propertiest complete eltlptic integrals: Fourier 
sehes, expansions: periods, zeros, poles, residues, formulas for special values of ari^ent: 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body of book: 
Graph, 5 figure table of elliptic function sn <u m>j cn (u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K', E, E', nome q. 7 figure table of Jacobian zeto-functlon 
Z(u). 3 figures, xi + 123pp. 5% x 8. S194 PaperbouiHt $1.3b 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke.F. Emde.Most comprehensive 
1 -volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, new 76-page section giving tables, formulae for elementary functions not 
in other English editions. Partial contents: sine, cosine, logarithmic Integral; error Integral; 
elliptic integrals; theta functrons; Legendre, Bessel. RIemann, Mathieu, hypergeometrfc 
functions; etc. *'Out-of-the-w^ functions for which we know no other source.” Scientific 
Computing Service, Ltd. 212 figures. 400pp. 5^ x 8 %. S133 Paperbound $2.00 


MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im- 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to 1000 th of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a^ -I- b>) exp: V^a; complete elliptical In- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential integrals; Ei(x) and EK — x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
sources of more extensive tables, interpolation data, etc. Over half have columns of 
differences, to facilitate interpolation, vlil H- 231pp. 5% x 8 . S445 Paperbound $1.75 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Wlllers. Immensely prac- 
tical hand-book for engineers. How to interpolate, use various methods of numerical differ- 
entiation and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. W. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 5^ x 8 . 

S273 Paperbound $2.00 

NUMERICAL SOLUTIONS OF DIFFERENTIAL EOUATIONS, H. Levy, E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents: 
graphical integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 
“Should be in the hands of all in research and applied mathematics, teaching,” Nature. 
21 figures, viii + 238pp. 5% x 8 . S168 Paperbound $1.75 

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennet, Milne, Bateman. Unabridged 
republication of original prepared for National Research Council. New methods of integration 
by 3 leading mathematicians: “The Interpolationai Polynomial,” “Successive Approximation,” 
A. A. Bennett. “Step-by-step Methods of Integration,” W. W. Milne. “Methods for Partial 
Differential Equations,” H. Bateman. Methods for partial differential equations, solution 
of differential equations to non-integral values of a parameter will interest mathematicians, 
physicists. 288 footnotes, mostly bibliographical. 235 item classified bibliography. 108pp. 
5 :^ X 8 . 5305 Paperbound $1.35 
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